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PREFACE, ~~) 


In this edition of those parts of Euclid’s Elements most com- 
monly read in schools and required for examinations, no fundamental 
changes have been made, the axioms and enunciations remaining the 
same as-1n Simson’s edition. Minor changes have, however, been 
frequently introduced, when it appeared that, either by the insertion 
of an additional step or reference, the path of the beginner could be 
made smoother, or conciseness and clearness gained by the removal 
of redundant and antiquated phrases. In some cases, moreover, 
Euclid’s proofs have been displaced in favour of shorter ones based 
on his methods. Well-known_abbreyiations of words have been 
freely employed throughout, but the symb_ ls used in the text are _ 

_only such as are allowed m all the p principal public examinations, se 
and these are employed from the very_ y first in the belief .that their - 


=+% of 


sented in an attractive form, they help rather than hinder the 


mag weet aor! 


beginner. some. of the examples a few other symbols 1 in common 


ie ee ee 


"The text is so itive ged that the enunciation, figure, and proof of 
each proposition are all in view together. Notes and easy exercises 
are also directly appended to the propositions to which they refer, 
and numerous examples, fully worked out, are inserted at intervals 
as models; while at the end of the different books additional propo- 
sitions connected with those books are given, followed by collections 
of miscellaneous exercises. | 

Great care has been taken to provide large and clear diagrams, 
and, by the use of varied lines, to mark the distinction between 
given lines and lines of construction, as well as between real and 
hypothetical constructions. 

Appendices containing some of the simpler theorems of modern 
geometry, and a few alternative proofs of propositions on methods 
somewhat different from Euclid’s, and for this reason not inserted 1n 
the body of the work, have been added, together with a collection of 
the questions lately set in various public examinations. 


A. E. L. 


INTRODUCTORY NOTE. 


Geometry, as the name signifies, probably had its origin in land-surveying, 
of which the Egyptians had some knowledge as far back as 2000 B.c., and it 
was from Egypt that the Greeks, to whom the great development of the 
science which occurred between 600 B.C. and 400 A.D. is due, obtained their 
first knowledge of it. | 


One of the most celebrated of the early Greek mathematicians was Euclid, 
who was born about 330 B.c., and educated, probably, at Athens, but who 
afterwards settled at Alexandria, where he gained a great reputation as a 
teacher of geometry. Little is known of his life beyond a few sayings which 
tradition ascribes to him; among these is his reply to the Egyptian king that 
there was no royal road to geometry. 


Euclid was the author of several works on mathematics, of which the 
‘* Elements” is the most important. It at once became the standard text-book 
on elementary mathematics, a position which, so far as the geometrical part of 
it is concerned, it has now held for more than 2000 years. The first part of 
the work was compiled from the writings of the earlier Greek mathematicians, 
Pythagoras and Hippocrates. The Greek text, on which our English ones are 
based, is that of an edition prepared by Theon (the father of Hypatia) about 
380 A.D. 


Books I., II., III., IV. and VI. of Euclid’s Elements treat of Plane Geometry, 
Book V. of Proportion, Books VII., VIII. and IX. of rational numbers, Book 
X. of surd numbers, Books XI. and XII. of Solid Geometry, and Book XIII. 
contains additional propositions relating to the other books. 

Most modern English editions of Euclid follow a translation of the Greek 


text made by Robert Simson, who was born in 1687, and was professor of 
mathematics at Glasgow University. 
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ABBREVIATIONS OF WORDS. 


adj. for adjacent. invert. for invertendo. 
alt. n altitude. 1S08. mı isosceles. 
altern. n alternando. mag. 1 magnitude. 
ax. ` no axiom. max. "n = maximum. 
cent. u centre. mid. n middle. 
chd. chord. min. = minimum, 
circ? 1 circumscribed, mult. 1 multiple. 
com. 1 common. no. 1 number. 
compo. 1 componendo. opp. 1 opposite. 
compt u complement. post. 1 postulate. 
const. "n constant. prob. n problem. 
constr. n construction. prod. "n produce. 
conv. ıı converse. prop. ını proposition. 
conti n contained. prop? "n proportion. 
cor. ını corollary. pt. point. 
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diam. 1 diameter. rect! n rectilineal. 
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equilat. equilateral. rt. right. 
equimult. 1 equimultiple. segt "n segment. 
ext" "n exterior. ‘simé =, »„ similar. 
ex. æq "n ex æquali. Sq. "n square. 
fie. figure. st’ n straight. 
harm 1 harmonic. supp® "n supplement. 
hyp. "hypothesis. tang. 1 tangent. 
hypot. "n hypotenuse. tet? "n tetrahedron. 
inscé "n inscribed. theor. n theorem. 
int® 1 interior. vert! un vertical. 
join AB for ‘“‘draw a straight Tine from A to B.” 


rect. AB, CD ,, “the rectangle contained by AB and CD.” 


SYMBOLS. 


The following symbols are used in the Text:— - 


= for any one of the phrases “is equal to,” “are 
equal to,” “be equal to,” or “ equal to.” 
"n “is greater than.” 
“is less than.” 


> A 


" therefore.” 
1 ‘f because.” 

n “an ole.” 

n “triangle.” 


1 “ perpendicular.” 
no “parallel,” 


L; 
L^ 
£O] n» “parallelogram.” 
L 
I 

l! u “proportional.” 
© 


n “circle,” 


Oce n “circumference.” 


The following symbols are used in Examples only :— 


AF? for “the square described on AB.” 


AB.CD 1 “the rectangle contained by AB and CD.” 
+ on “the sum of.” 

~ 1 “the difference between.” 

a:b::e:d n “ais to bas cis to d.” 

A 


na 1 “the ratio of A to B.” 


A symbol, when used in the plural, is followed by the letter s, 


EKUCLID’S 
ELEMENTS OF GEOMETRY. 


BOOK LI. 


DEFINITIONS. 


1. A point is that which has no parts, or which has no magnitude. 
2. A line is length without breadth. 
3. The extremities of a line are points. 


4, A straight line is that which lies evenly between its extreme 
points. 


oO. A surface (or superficies) is that which has only length and 
breadth. 


6. The extremities of a surface are lines. 


7. A plane surface is that in which any two points being taken, 
the straight line between them lies wholly on that surface. 


NOTES. 


A point has position but no size, and so cannot be divided into parts. 

A straight line is sometimes called a right line. 

A plane surface is generally spoken of as “a plane.” (e.g., By “a plane 
curve ” is meant a curved line drawn upon a plane surface.) 


EXERCISES. 
1. How many dimensions has (i.) a solid, (ii.) a surface, (iii.) a line, (iv.) a 
point? 
. How many dimensions has (i.) a sheet of paper, (ii.) a shadow, (iii.) a 
brick, (iv.) a cricket-ball, (v.) a bit of spider’s web? 
3. Are the surfaces of the walls of an ordinary room plane? 
. How would you show that the surface of a cricket-ball is not plane? 
5. How many plane surfaces has a well-cut square of plate-glass? How 
many edge-lines? How many corner-points? 
6. Is it possible for a straight line to lie wholly upon the polished surface 
of a cedar pencil? Is this a plane surface? 
7. Is a point a magnitude? Is a line a magnitude? 
8. If two points were taken at random on a plane, would a straight line 


ion those points bridge over any part of the plane? 
(310) 
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8. A plane angle is the inclination of two lines 
to each other in a plane, which meet but 
are not in the same direction. 


9. A plane rectilineal angle is the inclina- 
tion of two straight lines to each other in a 
plane, which meet but are not in the same d 
straight line. 


10. When a straight line standing on another 
straight line makes the adjacent angles 
equal, each is called a right angle. 

The line which stands upon the other 1s 
called a perpendicular to it. 


11. An obtuse angle is greater than a right 
angle. 


N 
\ 
12. An acute angle is less than a right 
angle. 


13. A term, or boundary, is the extremity of anything. 


ADDITIONAL DEFINITIONS. 


The vertex of an angle is the point at which 
the lines, which form the angle, meet. 
Adjacent angles are such as lie next each B ó C 
other. Thus AOB and AOC are ad- 
jacent angles. 

The angles AOC and BOD are called opposite p 
vertical angles. 

If a right angle is divided into any two parts, 
each part is called the complement of 
the other. Thus, if POQ is a right 
angle, the angle ROP is the comple- 
ment of the angle ROQ. S 

The angle ROS is called the supplement of ROQ. 

The bisector of an angle is a straight line which divides it into two 
equal angles. 


> 


Q 


DEFINITIONS. 


NOTES. 


Def. 8 is of no importance, for only angles contained by straight lines 
are dealt with in Elementary Geometry, and ‘‘angle” when it occurs always 


means plane rectilineal angle. 


An angle is generally denoted by three letters, the 
letter which stands at the vertex of the angle being 
placed between the other two. The same angle may 
be named in various ways; for instance ` 


ABC, CBA, DBE, EBD, ABE, EBA, DBC, 
CBD are all names for the angle here represented. 


N.B.— The size of an angle does not depend on 
the length of the lines. 


If OA, OB, OC are three straight lines which 
meet at O, the angle AOC is the swm of the angles 
AOB and BOC; the angle BOC is the difference of 
the angles AOC and AOB. 


B 
Yc 


An angle equal to one-ninetieth part of a right angle is called a degree 


(written thus 1°). 


EXERCISES. 


1. Write down names for all the angles in the accompanying figure 
which have (i.) vertex A, (ii.) vertex B, (iii.) vertex C, (iv.) vertex D, 


(v.) vertex O. 


2. Name the angle which is equal to 


(i.) the sum of the angles ABO and CBO. AB¢ 
(ii.) the sum of the angles ABD and DBC. 44e 


(Gii) the sum of the angles BCO and ACD, BO? p 

(iv.) the difference of the angles ADC and BDC.A¥¢% 
(v.) the difference of the angles CDA and CDO.42 8 
(vi.) the difference of the angles BAD and BAC. DAC 


. Mention a pair of adjacent angles with vertex O. 


. Is an angle of 93° acute or obtuse? 

. What is the complement of an angle of 45°? 

. What is the supplement of an angle of 125°? 

. Are angles of 23° and 67° complementary? 

. Are angles of 68° and 102° supplementary? 
(810) . 
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. Mention a pair of opposite vertical angles with vertex O. 
. Mention an angle which is the supplement of the angle AOD. 


D 


A 2 
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14. A figure is that which is enclosed by one 


or more boundaries. 


15. A circle is a plane figure contained by one 
line called the circumference, and is such 
that all straight lines drawn from a certain 
point within the figure to the circum- 
ference are equal to one another. 


16. This point is called the centre of the 
circle. 


N 
17. A diameter of a circle is a straight line drawn 
through the centre and terminated both 
ways by the circumference. 


18. A semicircle is a figure contained by a dia- 
meter and the part of the circumference 
that it cuts off. 


19. A segment of a circle 1s a figure contained 


by a straight line and the part of the <N 


circumference that it cuts off. 


ADDITIONAL DEFINITIONS. 


A radius of a circle is a straight line drawn from the centre to the 


circumference. 
(In the fig. of Def. 15, OP and OQ are radii.) 


An arc is part of a circumference. S A 


Concentric circles are such as have the same point as centre. 

A chord of a circle is a straight line joining two points on its circum- 
ference. 

The perimeter of a figure (t.e. the measure round it) is the sum of 
the lengths of its sides. 

The area of a figure is the surface (or space) enclosed by its 
boundaries. 


OO 
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DEFINITIONS. 


EXERCISES. 


. Is a circumference a figure? 
. Is an angle a figure? 


. Is an arc a figure? 


Is a semicircle a plane figure? 


Can a figure be bounded by one straight line? 


. Mention a figure which is bounded by two lines. 
, If the diameter of a circle is 3 feet long, what is the length of its 


radius? 


. The radius of a circle is 7 inches long; find the length of a diameter. 


9. Draw a plane six-sided figure. 


10. 


11. 


12. 


13. 


14. 


15. 


If two figures are equal in area, must they be of the same shape? 


In Figure 1 mention by name A 
B 


(i.) a radius, 
(11.) a diameter, 
(iii.) an are, 
(iv.) a chord, 


(v.) a segment. 


In Figure 2 mention by name 
(i.) each circle, 
(ii.) their common radius, 
(iii.) their common chord, 


(iv.) their centres. 


With a pair of compasses, describe 


(i.) three unequal circles which do not cut each other; 
(ii.) three equal circles which mutually cut each other; 
(iii.) three concentric circles. 
Find the locus (or path) of a point which moves in a plane, so that its 
distance from a given fixed point is always the same. 


If a line, one extremity of which is fixed, revolve in a plane, what is 
the locus of its other extremity? 


10 


20. 


Al. 


22. A 


23. 


24. 


20. 


26. 


27. 


28. 
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Rectilineal figures are such as are contained by straight 


lines. 
A trilateral figure, or triangle, is contained 
by three straight lines. 


quadrilateral figure is contained by 


four straight lines. 


A multilateral figure, or polygon, is con- 
tained by more than four straight lines. 


TRIANGLES. 
An equilateral triangle has three equal 
sides. 


An isosceles triangle has two of its sides 
equal. 


A scalene triangle has three unequal sides. 


A right-angled triangle has a right angle. 


An obtuse-angled triangle has an obtuse 
angle. 


29. An acute-angled triangle has three acute 


angles. 


ADDITIONAL DEFINITIONS. 


The side opposite to any angle of a triangle is said to subtend that 


angle. 

In a right-angled triangle, the side which subtends 
the right angle is called the hypotenuse. 

(For example, if ABC is the right angle, AC B 

is the hypotenuse.) 

If aside BC of a triangle be produced to D, the 
angle ACD is called an exterior angle of the 
triangle. 


DEFINITIONS. ll 


NOTES. 


In Defs. 24, 25, 26, triangles are classed according to sides; in Defs. 27, 
28, 29, according to angles. 


It is often convenient to distinguish one particular side of a triangle by 
calling it the base. The angular point opposite to the base is called the 
vertex of the triangle. In the case of an isosceles triangle, the side which 
is not equal to either of the others is the base. 


EXERCISES. 
1. Is a semicircle a rectilineal figure? 


2. The side QR of the triangle PQR is produced to S; mention 
P 


(i.) an exterior angle of the triangle? 
(ii.) its adjacent interior angle? 


(iii.) the two opposite interior angles? Q R 


3. Which side subtends the angle PRQ? 


4, Write down names for the five triangles in E 
the accompanying figure. 
B C 
5. Draw two triangles standing on the same base and on the same side 
of it, with the vertex of each outside the other. 


6. Mention names for the eight triangles in A 
the accompanying figure. B C 
7. Mention exterior angles of the triangle O 
BDO. D E 


8. What angles does OC subtend? 
9. Mention a pair of vertically opposite angles with vertex O. 


10. If one side of an equilateral triangle is 3 feet long, find the perimeter 
of the triangle. 


11. One of the equal sides of an isosceles triangle is 3 feet long, and the 
base is 2 feet; find its perimeter. 


12. What is the perimeter of an equilateral polygon of five sides, if the 
length of one side is 2 feet? 
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QUADRILATERALS. 


30. A square is a four-sided figure with 
all its sides equal, and its angles right 
angles. 


31. An oblong is a four-sided figure with all 
its angles right angles, but only its op- 
posite sides equal. 


32. A rhombus is a four-sided figure with 
all its sides equal, but its angles not 


right angles. 

38. A rhomboid is a four-sided figure with 
its opposite sides only equal, and its 
angles not right angles. 

34. All other four-sided figures are called 
trapezvums. 


ADDITIONAL DEFINITIONS. 


A diagonal of a quadrilateral is a straight 4 D 
line joining two opposite angles. 
(AC and BD are the diagonals of the B 


quadrilateral ABCD.) Ea C 
To bisect is to divide into two equal parts. 


To ¿rsect is to divide into three equal parts. 


DEFINITIONS. 13 


NOTES. 


The names oblong, rhomboid, and trapezium are seldom used. Practic- 


ally, an oblong is spoken of as “a rectangle,” or “a rectangular figure;”’ a 


rhomboid as “a parallelogram;” and a trapezium as “a quadrilateral.” It 
will be shown hereafter (Prop. 34) that the class of figures defined as rect- 
angles includes the oblong, and the class defined as parallelograms includes 
the rhomboid. 


A four-sided figure is often denoted by two letters A D 


which stand at opposite corners. ‘Thus the rectangle 


ABCD may be referred to as “rectangle AC,” or 
as “rectangle BD.” | 


“ID OR wD OD 
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B 


EXERCISES. 


J 


. What is meant by an equiangular figure? 
. What by a rectangular figure? 
. What by an equilateral figure? 


What by a rectilineal figure? 


. Is a rhombus equilateral? 


. Is a square rectangular? 


. Show how to draw a line which shall divide a given square into 


(i.) two right-angled triangles; 


(ii.) two trapeziums. 


. If the length of one side of a rhombus is 2 feet, what is its peri- 


meter? 


. Mention a dozen common objects which have a rectangular surface. 
. How many rectangular surfaces has a brick? 


Li 


The diagonals of a quadrilateral ABCD cut at O. Write down names 
for all the different triangles formed. 

If two right-angled triangles stand on opposite sides of a line which 
is their common hypotenuse, is the figure formed necessarily an 
oblong? 
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35. Parallel straight lines are such as 
lie in the same plane, and which, being 
produced ever so far both ways, do not 
meet. 


ADDITIONAL DEFINITIONS. 


A parallelogram is a four-sided figure with 
its opposite sides parallel. 


A rectangle is a right-angled parallelogram. 


A diameter of a parallelogram is a straight 
line joining two opposite angles (t.e. a D 
diagonal). 
If a straight line EFG meets two parallel 

straight lines AB and CD, such a pair 

of angles as AFG and FGD are called 

alternate angles; such an angle as 

EFA is called an exterior angle, and . 


FGC is the angle interior and opposite 
to EFA. 


If, through any point in a diameter of a parallelogram, straight 
lines are drawn parallel to the sides, 
the figure is divided into four par- 
allelograms. Of these four, the two Ooo 
through which the diameter passes, 
are called parallelograms about the 
diameter; and the other two, which 


complete the whole figure, are called 
the complements. 


\ 


©) 


(For example, AE and EC are complements.) 


A figure which has all its sides equal, and all its angles equal, is 
called a regular figure. 


A quadrilateral with two sides parallel, and two not parallel, is 
sometimes called a trapezoid. 


DEFINITIONS. 15 


NOTE. 


Pentagon, hexagon, octagon, decagon, dodecagon, quindecagon are names 


used for polygons of 5, 6, 8, 10, 12, and 15 sides respeetively. 


“I o& OU A 


EXERCISES. 


. If two straight lines, in different planes, when produced ever so far 


both ways, did not meet, would they be necessarily parallel? 


. Show how to divide a quadrilateral into four triangles by lines drawn 


from a point within the figure. 


. Divide a pentagon into as many triangles as the figure has sides, by 


lines drawn from a point within it. 


. Define a regular hexagon. Make a sketch of the figure. 

. Define a regular decagon. Make a sketch of the figure. 

. If one side of a regular octagon is 3 inches long, what is its perimeter? 
. What are the marked angles called in the following diagrams? 


(iii) 


(i) 


(iv) 


a L v) 


. Give the meaning of the words, magnitude, rectilineal, acute, equilateral, 


isosceles, complement. 


. Draw two straight lines which cut. 

. Draw two straight lines which meet. 

. Class triangles according to their sides. 

- Make a sketch of a trapezoid. 

. Make a sketch of a right-angled isosceles triangle. 


. Has every triangle a hypotenuse? 


- Has every figure an area? Is an angle a figure? 
. Define a plane. 


. Does the magnitude of an angle depend on the length of its arms? 
. Define a superficies. 
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POSTULATES. 
Let it be granted: 


1. That a straight line may be drawn from any one point to any 
other point. 


2. That a terminated straight line may be produced to any length 
in a straight line. 


3. That a circle may be described from any centre, at any distance 
from that centre. 


AXIOMS. 


. Things that are equal to the same thing are equal to one another. 
. If equals be added to equals the wholes are equal. 

. If equals be taken from equals the remainders are equal. 

. If equals be added to unequals the wholes are unequal. 

. If equals be taken from unequals the remainders are unequal. 

. Things that are double of the same thing are equal. < 


. Things that are halves of the same thing are equal. 


O ~ SS oa RA & YO = 


. Magnitudes which corncide with one another are equal. 
9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. All right angles are equal to one another. 


12. If a straight line meet two straight lines so as to make the two 
interior angles on the same side of it together less than two 
right angles, these two straight lines will, if produced, meet 
on that side on which the angles are less than two right 
angles. 


( 310) 


POSTULATES, AXIOMS. 17 


NOTES. 


The postulates are three problems which are assumed to be possible. 
They amount to a statement that certain instruments are necessary; and 
sufficient, for constructing the figures of the propositions. These instru- 
ments are :— 


(i) A ruler for drawing straight lines, but not graduated for measuring 
their lengths. 

(ii) Compasses for describing circles, but not to be used for carrying 
measurements from one place to another. 


The Axioms are theorems the truth of which is assumed to be evident 
without proof. Euclid calls them Common Notions. 


Axioms 1 to 7, and 9 are general, that is, they do not apply to geometrical 
magnitudes only. 


Axioms 8, 10, 11, and 12 are geometrical. 


The order of the earlier axioms is easily learned by noticing that 1t is the 
same as in the early rules of arithmetic:— 

Axioms 2 and 8—Addition and Subtraction of equals. 

Axioms 4 and 5— Addition and Subtraction of unequals. 

Axiom 6—Multrplication. 

Axiom 7—Diviston. 

Axiom 8 has been called Euclid’s test of equality. It states that two 
magnitudes (whether lines, angles, or figures) are equal, if one can be so 
placed on the other that all their parts agree; if, in short, they coincide. 

Axiom 12 is not required before the 29th Proposition; and the beginner 
may postpone the consideration of it until that proposition is reached. 


EXERCISES. 


1. How many straight lines can be drawn between two given points? 

2. ABC, DEF are two equal straight lines; the part AB is equal to the 
part DE; is BC equal to EF? A 

3. State the converse of Axiom 8. Is this always true? 

4, Are the areas of two pages of the same book equal? F 

5. Is the area of the triangle ABC equal to the 
area of the triangle DBC in the accompanying 


figure? p 


6. What is the least number of straight lines that ean form a figure? 
7. Can two straight lines cut in more than one point? 


. AB and CD are equal straight lines; AB is bisected at E, CD is 


bisected at F; is AE equal to CF? 
(310) B 


09 
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PROPOSITION I. PROBLEM. 


To describe an equilateral triangle on a given finite straight 
line. 


Let AB be the given st. line. 
It is reg? to desc. an equilat. A on AB. 


With cent. A and rad. AB desc. © BCD.................. Post. 3. 
With cent. B and rad. AB dese. © ACE...................04. Post. 3. 
From pt. C, where the ©s cut, draw st. lines CA, CB.....Post.1. 


Then shall A ABC be equilat. 
For, since A is cent. of © BCD 


ay ABA cuca ckaktevesencsasesausas Def. 15. 
and, since B is cent. of O©ACE 

ee o E 5 4 | ee Def. 15 
Hence, since AC and BC are each of them equal to AB 

he O s O rr Ax. 1 


and AB, AC, BC are all equal. 


Wherefore, the <\ ABC is equilat. and has been 
described on AB. Q.E.F. 


NOTES. 


The letters Q.E.F. which stand at the end of a problem, are the initials 
of the words Quod erat faciendum (which was to be made). 


In succeeding propositions when I. 1 occurs among the references 


printed on the right-hand side of the page, it stands for “ Book L, Pro- 
position 1”. 
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The propositions are either Problems or Theorems, 

In a problem something has to be made, or done, with the ruler and 
compasses of the postulates. 

In a theorem some geometrical truth, or property of a figure, has to be 
proved, or deduced, from the axioms. 

The statement at the head of a proposition is called its enunciation. 

The condition, subject to which any proposed problem is to be solved, or 
theorem proved, is called the hypothesis.* (For example, the hypothesis of 
Prop. I. is that the equilat. triangle must be constructed “on a given finite 
st. line,” ie. on a st. line whose position and length have both been fixed 
beforehand.) 

The beginner should carefully notice the three distinct parts of the pro- 
position; they are— 


Ist. The Particular Enunciation, or re-statement of the general enuncia- 
tion with reference to a figure. 


2nd. The Construction, or directions for drawing such lines and circles 
as are needed to solve the problem. 


ord. The Proof that the figure made is really such as was required. 


He should also compare the statement “then shall <\ ABC be equilat.” 
at the beginning of the proof with “wherefore <\ABC is equilat.” at the 
end. And, in writing out a proposition, he should on no account attempt 
to draw the figure first, but should allow it to grow, step by step, as he 
writes down the construction. 

The letters Q.E.D., at the end of a theorem, stand for Quod erat 
demonstrandum (which was to be proved). 


EXERCISES. 
(Exs. 1 to 5 refer to the figure of Prop I.) 


1. If F be the other point of intersection of the circles, prove that FAB is 
an equilateral triangle. 

2. Prove that FBCA is an equilateral figure. 

3. Find a point P in AB produced such that AP is double of AB. 

4, On AB as base describe an isosceles triangle with its sides each double 
of AB. 

5. If with centre A and radius less than AB a circle be described cutting 
AB in P and AC in Q, prove that PB is equal to QC. 

6. P and Q are fixed points; it is required to find a point which shall be 
equidistant from P and Q. 

7. Show how to obtain a straight line which shall be treble of a given finite 
straight line. 

8. Two concentric circles have centre O; radii OA, OB of the smaller circle 
are produced to meet the circumference of the larger circle in C and D 
respectively; prove that AC is equal to BD. 


* In a problem the given conditions are also called the data. 
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PROPOSITION II. PROBLEM. 


From a given point to draw a straight line equal to a given 
straight line. 

Let A be the given pt., and BC the given st. line. 

It is reg? to draw from A a st. ine=BC. 


Jon AD onanuekaccedannsssexiees Post. 1 H 
On AB desc. an equilat. D 3 
pea a DSE: dxtstassxconsianssew I. 1. A. = 
Produce DA, DB to E, F...... Post. 2. C 


With cent. B, rad. BC desc. Ly 
OCGH cutting DF at G...Post. 3. [E 
With cent. D, rad. DG desc. K 
OGKL cutting DE at L...Post. 3. 
Then shall AL=BC. 


For, since B is cent. of OCGH 


Fp > $ o E Gann cenecadunneeacaeunanneeess Def. 15 
and, since D is cent. of OGKL 

a DL D enn renee Def. 15. 
but part DA =part DB...................00.. Constr. 
e rem? AL=rem! BG........... cece eee eee Ax. 3. 

Hence, AL and BC are each of them equal to BG 
rg RPO E E Ax. 1. 

Wherefore, from the given pt. A &c. Q.E.F. 


PROPOSITION III. PROBLEM. 
From the greater of two given straight lines to cut of a part equal 
to the less. 


Let AB and C be the two given st. lines, AB being the greater. 
It is reg? to cut of from AB a part=C. 


From A draw AD=C.,......... cece ees I. 2. 
With cent. A, rad. AD, desc. 
© DEF cutting AB in E.................... Post. 3. 


Then shall AH=C. 
For, since A 1s cent. of @ DEF 


we A BMAD... cece ccc ccc cee ce Def. 15. 
but ADC... cc ccc cece cece ce Constr 
Poa | O er Ax, 1 


Wherefore, from the given st. line AB &c. Q.E.F. 
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NOTES. 


The complex figure of Prop. 2. is caused by the restrictions in the postu. 
lates. (See note on Post. 3.) 

Prop. 2 should be practised with varied positions of the given line and 
point, and with different sets of letters for the figures. 

Since either end of the given line might be joined to the given point; 
the equilateral triangle described on ether side of this line; and the sides 
of the triangle produced in ether direction, it follows that, for any given 


E D. 


D Clr 


Fig. 1. Fig. 2. 
positions of the line BC and the point A, eight lines each equal to BC 
can, by varying the figure, be obtained at A. Fig. 1, Fig. 2 are examples 
of such varieties. 


EXERCISES. 


. Draw the six other figures of the set to which Fig. 1 and Fig. 2 belong. 

. Make the figure and give the proof of Prop. 2 for the special case when 

the given point is in the given line. 

3. In what special cases is it unnecessary to produce the sides of the equi- 
lateral triangle in Prop. 2? 

4. In the figure of I.2 AD, BD are produced to meet the circumference 
of the larger circle in P and Q respectively; prove that AP is equal 
to BQ. 

5. On a given straight line as base describe an isosceles triangle having 
each of its other sides equal to a given straight line. 

In what case is this impossible? 

6. In the figure of I. 3, from AB, or AB produced, cut off a part equal to 
three times C. 

7. On a given straight line as base construct a triangle having its other 
sides equal to two given straight lines. 

When is this impossible? 

8. Equal circles, whose centres are O and Q, cut the line OQ at A and B 

respectively. Prove that OB is equal to AQ. 


RD 


22 EUCLID, BOOK I. 


PROPOSITION IV. THEOREM. 


If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have also the angles, contained by these sides, 
equal; they shall have their bases, or third sides, equal, and the two 
triangles shall be equal, and their other angles shall be equal, each to 
each, namely, those to which the equal sides are opposite. 


Let ABC, DEF be two As, 
having AB=DE yA 
AC=DF 
LBAC=ZLEDF. 


Then shall BO=EHF' 
AABC= ADEF 
LABOC=ZLDEHF B “Cc E F 
2 ACB=LDFE. | 


For, if <AABC be applied to ADEF, with vt. A on D, 
and AB lying along DE, then 


pt. B must fall on E, °° AB=DE........... Hyp. 
AC must lie along DF, °° LBAC=ZEDF......Hyp. 
pt. C must fall on F, . AC=DF.,,.......... Hyp. 


Now, since B falls on E, and C on F, 
BC must coincide with EF, 
or two st. lines would enclose a space 


. which is impossible .............seceeeee Ax. 10. 
Hence, since BC coincides with EF, 
go. A EA a E Ax. 8 


and, since the —\s coincide, 
faoz rper | 


LADOS ae BD P iner Ax. 8 
4L ACB= £ DFE 
Wherefore, if two triangles &c. Q.E.D. 


NOTES. 


This proposition, the first of Euclid’s theorems, is of great importance, 
and the beginner should not attempt to proceed further until he has 
thoroughly digested it, and can apply its results in examples. 

A. triangle has seven parts: 3 sides, 3 angles, and an area. 

When all the parts of one triangle are respectively equal to all the part 
of another triangle, the triangles are said to be “equal in all respects.” 
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The 4th Prop. may be enunciated shortly thus: If two sides and the 
included, angle of one triangle are known to be equal to two sides and the 
included angle of another, these triangles must be equal in all respects. 

Prop. 4 is proved by “the method of superposition,” i.e. it is shown that 
one of the triangles could be so placed on the other as exactly to cover it 
without overlapping, and then, since all their parts would coincide, the truth 
of the proposition follows from Axiom 8. 

In this, and all succeeding theorems, the particular enunciation is ar- 
ranged thus: the known facts, which form the hypothesis, stand first; then 
follow, printed in dark type, those which must not be taken for granted, 
but are to be proved. This part is called the conclusion. 

The proof of the following theorem is given as an example of the way in 
which the results of Prop. 4 may be used: 


THEOREM. The diagonals of an oblong are equal. A, D 
Let ABCD be an oblong, AC and BD its diagonals; \ / 
then shall AC=BD. | 
For in AAAs ABC, DBC, 
raS c D O EE Def. 31. /\ 
*.” 4 BC is common to both AAs 
rt. L ABC=rt. L DOB.............00.06. Axi. B C 
ĉe ACH BDhani.. ccc cccccceseccccscescsssccccceses by Prop. 4. Q.E.D 
EXERCISES. 


1. If two triangles have two sides of one equal to two sides of the other, 
must the triangles be equal in all respects? 

2. AB is a straight line; D is its middle point; DC is a line at right 
angles to AB; prove that CA is equal to CB. 

3. The diagonals of a square are equal. 

4, ABC is an isosceles triangle having AB equal to AC; AD bisects the 
vertical angle BAC and meets the base BC at D; prove that BC 
is bisected at D. 

5. The bisector of the vertical angle of any isosceles triangle is at right 
angles to the base. 

6. D and E are the middle points of the equal sides AB, AC of an isosceles 
triangle; prove that the triangles ABE and ACD are equal in all 
respects. 

_ % In the figure of I. 2, if AG and BL be joined, AG is equal to BL. 

8. In the figure of I. 2, if AG and BL be joined, prove that the angle 
AGD is equal to the angle BLD. | 

9. In the figure of I. 3, if with centre A and radius AB a circle be de- 
scribed, and AD be produced to meet this circle in G, the triangles 

| AGE and ABD are equal in all respects. 

10. ABCDE is a regular pentagon; prove that BD 1s equal to CE. 
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PROPOSITION V. THEOREM. 


The angles at the base of an isosceles triangle are equal to one 
another; and, if the equal sides be produced, the angles on the other 
side of the base are also equal. "A 


Let ABC be an isos. A 
having AB=AQC, 
and let AB, AC be prod?¢ to D, E. 
Then shall (i) L ABC= Ż¿ ACB, 
Gi) 2 DBC = 2 ECB. 
In BD take any pt. F. 
From AE cut off AG=AF........ I. 3. 
Join BG, CF, ssssocosoeooosososeeoecooo Post. 1. 


| F. E T A E errr ere 


L BAC is com.: 


FC=BG 
. o LAFSA AGB* | errr ee I. 4. 


LACF=LABG 
Again, the whole AF=whole AG............. Constr. 
and part AB=part AC............... Hyp. 
* rem’ BF=rem’ CG........ veces se AX, 3. 
Hence, in AAs FBC, GCB, 


BF=CG 
P FC=BG — Jeassssssssoe proved above. 


4 BEC= 2 CGB* 
L FBC= 4L GCB 
FROSLO] a 
Now, the whole 4 ABG=whole L ACF, 
and part 4 GBC= part cone, 
s rem!" L ABC=rem®" ZACB......... Ax. 3. 
which are the angles at the base, 
and, from above, L FBC= 4 GCB 
which are the angles on the other side the base. 
Wherefore, the angles at the base &c. Q.E.D. 


ase eyes proved above. 


Cor. An equilat' <^ must also be equiangt. 


* N.B.—AGB and CGB are both names for the same angle. 
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NOTES. 


The 5th Prop. is proved by a double application of the 4th, and so offers 
little difficulty to one who has thoroughly understood the 4th. It may, 
however, help the beginner if he draws separate figures for the pairs of 
triangles dealt with. Thus, in the first pair of triangles :— 


AF is known to be equal to AG (constr.). A A 
AC is known to be equal to AB (given). 
FAC, BAG are both names of the same 
angle BAC, which is common to both tri- 
angles. 
Hence, since we find two sides, and the 
angle contained by them, of <\FAC equal 
to the same three parts of <\ BAG, we F 
know, from Prop. 4, that all the parts of these two triangles are equal. 


G 


N.B.—In writing out a proof of the equality of two triangles, all parts 
of the left-hand figure should stand on the left, and those of the right- 
hand figure on the right, of the sign of equality. Also, in written work 
clearness is gained by writing the name of the angle partly within the 
angle symbol; e.g. [ABC. 

The first part of Prop. 5 may be enunciated thus—Z{f two sides of a tri- 
angle are equal, two of its angles must also be equal. 


A corollary ìs the statement of some geometrical fact not mentioned in 
the enunciation, but the truth of which may be inferred from the proof of 
the proposition. 


EXERCISES. 


1. In the figure of I.3 if DE be joined L ADE = L AED. 

. In the figure of I. 5 prove that L FCG = L FBG. 

ə. If, in the figure of I. 5, FG be joined, prove that the <A FBG is 
equal in area to the <A FCG. 

4. If, in the figure of I. 5, FC and BG meet at H, prove that —\s 
BFH, CGH are equal in area. 

5. In the figure of I. 1, if the circles cut at C and D, prove that the 
angle CAD is equal to the angle CBD. 

6. If the middle point of the base of an isosceles triangle be joined to the 

~ vertex, the figure is divided into two right-angled triangles. 

7. ABC is an isosceles triangle. On the side of AB remote from C, any 
point P is taken and joined to C and B. Prove that angle PBC is 
greater than angle PCB. 

8. AOB is a diameter of a circle whose centre is O. C is a point on the 
circumference. Prove that the angle ACB is equal to the sum of the 
angles CAB and CBA. 

9, The opposite angles of a rhombus are equal. 


bo 
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PROPOSITION VI. THEOREM. 


If two angles of a triangle are equal to one another, the sides also 
which subtend the equal angles, are equal. 


Let ABC bea A 
having 4 ABC= 4 ACB. 


Then shall AB=AC. 


For, if AB is unequal to AC, 
one must be the greater. 
If possible, suppose AB> AC. 


From AB cut off BD=AC......... I. 3. 
Join DC. cccccccccccceccccccecccccsceecs Post. 1. 
Then in As DBC, ABC, 
DBSAC ener Constr. 
°*.° + BC is com. 
L DBC= L ACB iu... ccc ccc snc ces eens Hyp. 
we LA DBC=ANAABC 2... ccc ccc cee cess I. 4, 
t.e. the part=the whole, 
Which is absurd ......ccccscceccescceeesss Ax. 9. 


Hence, AB cannot be unequal to AC, 
te. AB=AC, 


Wherefore, if two angles &c. Q.E.D. 


Cor. An equiang? <\ must also be equilat!. 


NOTES. 


Prop. 6 is the converse of the first part of Prop. 5; i.e. the hypothesis: of 
Prop. 5 forms the conclusion of Prop. 6, and vice versa. 


These two propositions may be stated thus:— 


Prop. 5 (i). If a triangle is isosceles,............ N Hyp. 
two of its angles must be equal............... Conclusion. 
Prop. 6. If a triangle has two angles equal,........... Hyp. 


it must be isosceles.........cccccccccccecc veces Conclusion. 
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Prop. ô is proved by an indirect method. In order to show that AB and 
AC are equal, the question, Can they possibly be unequal? is first con- 
sidered; and this it is shown can only be the case if the area of the whole 
triangle ABC is equal to the area of its part the triangle DBC, whick is 
contrary to axiom. Thus the truth of the proposition is evident. 

This method of proof is sometimes called a reductio ad absurdum 


EXERCISES. 


. In the figure of I. 5, if FC and BG meet at O, prove that OB is equal 


to OC, 


2. In the figure of I. 6, prove that angle DCB is less than angle DBC. 
3. ABC is an isosceles triangle, with AB equal to AC. The bisectors of 


10. 


11. 


12. 


the angles ABC and ACB meet at O. Prove that CO=BO. 


. ABC is a triangle; BA is produced to D; AD is cut off equal to 


AC, and DC joined. Prove that angle BCD is greater than angle 
BDC. 


. If, in the figure of I. 6, any point O be taken within the triangle ABC, 


prove that angle OBC is less than angle ACB. 


. If, in the figure of I. 6, a point P be taken on the side of AC remote 


from B, the angle PCB is greater than the angle PBC. 


. ABC is an isosceles triangle, having AB equal to AC;. BO, CO, the 


bisectors of the angles ABC and ACB, meet at O, and AO is 
joined. Prove that the triangles ABO and ACO are equal in all 
respects. 


. If, in the figure of I. 6, CD be produced to E, and EB joined, the 


angle EBC is greater than the angle ECB. 


. If, in the figure of Ex. 8, EB and EC are produced to G and H 


respectively, prove that the angle GBC is less than angle HCB. 

If, in the figure of I. 1, the circles cut at C and D, prove that CD 
bisects the angle AQ Bo T m= 

Prove also that CD bisects AB. 


ABCDE is a regular pentagon; prove that the triangle ACD is 
isosceles, 


Explain the words Geometry, Proposition, Problem, Theorem, Corollary, 
Enuncvation, Hypothesis, Postulate, Axiom, Finite, Hexagonal, Oc- 
tagonal, 
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PROPOSITION VII. THEOREM. 


On the same base and on the same side of it there cannot be two 
triangles which have their sides, terminated in one extremity of the 
base, equal to one another, and likewise those terminated in the other 
extremity. 


For, if it be possible, let the <\s ABC, DBC, standing on the 
same side of BC, have 
AB=DB 
and also AC=DC. 


Case 1. When the vertex of each \ is outside the other. 


JOIN AD... ccc cccccescccccsccccesevcceecs Post. 1. 
Then, since AB=DB............... Hyp. 
2. LBAD=ZLBDA........ „I. 5 (i). 
but 4 BAD>ZCAD.......... Ax. 9. 
<. LBDA>LCAD 
i but LCDA>ZBDA.......... Ax. 9. 


much more .*. LCDA > LCAD. 


Again, since DC=AC 
r LO DASAL OAD Ree rer ee : 
t.e. the 4L CDA is both =and > 4 CAD 
which is impossible. 


CASE 2. When the vertex D of one AA is within the other. 


Join AD ...esssssessssssesssssessssesssoas Post. 1 
Produce BA to E, and BD to F...... Post. 2. 
Then, since AB=DB............... Hyp. 
es LEAD=ZLEDA.......... I. 5 (ii). 
but LEAD> ZCAD.......... Ax. 9, 
<. LEFDA>LCAD 
but LCDA>ZFEDA.......... Ax. 9. 
much more .'. LCDA > LCAD. 
Again, since DC=SAC....ssesssesssssesossecsesser. Hyp. 
we LODA= LCAD. i cccccccccccccccccccecs I. 5. 


t.e. the CCDA is both =and > L CAD 
which is impossible. 


PROP. VII. 29 


CasE 3. When the vertex of one A A 
is on a side of the other. D 
This case needs no proof. 
C 
Wherefore, on the same base &c. Q.E.D. 


NOTE. 


This negative theorem is only required by Euclid for the 8th Proposition. 


Some writers have used another proof of Prop. 8, omitting the 7th Propo- 


sition altogether. See note on Prop. . 


QN 


EXERCISES. 


. Why does Case 3 “need no proof”? 
. Is it possible for two triangles, standing on the same side of the same 


base, to have their sides, which terminate in one extremity of the 
base, equal, and their sides which terminate in the other extremity, 
unequal? 


. On the same base, and on the same side of it, there can be but one 


equilateral triangle. 


. Two circles cannot cut in more than two points. 
. What axiom is implied in the proof of the 7th Proposition? 
. On the same base, but on opposite sides of it, are two acute-angled 


triangles, having their sides terminated in one extremity of the base 
equal, and, likewise those terminated in the other extremity; prove, 
by joining their vertices and using Proposition 5, that their vertical 
angles are equal. 


. ABC, DBC are two isosceles triangles standing on the same side of the 


same base BC; prove that the angle ABD is equal to the angle 
ACD. 


. ABC, DBC are two isosceles triangles standing on opposite sides of the 


same base BC; prove that the angle ABD is equal to the angle 
ACD. 


. AOB is an angle. OC is drawn within the angle AOB and OC is made 


equal to OB. If AB, AC, BC are joined prove that angle ACB is 
greater than angle ABC. 
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PROPOSITION VIII. THEOREM. 


If two triangles have two sides of one equal to two sides of the other, 
each to each, and have, likewise, their bases equal; the angle contained 
by the two lie of the one ts equal to the angle contained by the two 
sides, equal to them, of the other. A D 


G 
Let ABC, DEF be two As, a 
having AB=DE, 
AC=DFP, 
and BC= EF. a F NG 
Then shall LBAC=L EDF. B C EÈ F 


For, if <\ABC be applied to ADEF with pt. B on E, 
and BC along EF, | 
the pt. C must fall on F, °*.° BC=EF.........6....eseeee. Hyp. 
And if BA, AC did not fall on ED, DF, but had a 
different position such as EG, GF, then DEF, GEF would 
be two —\s standing on the same side of EF and having 
DE=GE, and DF=GF, 
which is Impossible............sseeseesecenees J. 7. 
Hence BA, AC must fall on ED, DF, 
and L.BAC must coincide with 2 EDF 


re ae 1: 8 — ae) D err eer ere Ax. 8. 
Wherefore, tf two triangles &c. Q.E.D. 
NOTES. 


Since the triangles have been shown to coincide it follows that they are . 
equal in all respects. 

The 8th Proposition is a converse of the 4th, and, as is the case iú most 
converse propositions, it is proved indirectly. 

It should be noticed that, when the hypothesis of a proposition contains 
more than one condition, there will be more than one converse. 

The following direct proof of Prop. 8 is independent of Prop. 7. 

Apply <A ABC to DEF so that their bases 
coincide, but with their vertices on opposite sides 
of EF. Let GEF be the new position of <A ABC. 
Join DG. 


Then since ED=—EG................. Hyp. 
<. LEDG=LEGD........... I. 6. 

Again, since FD=FG................. Hyp. 
2. LEFDG=—LFGD........... 1. 5. 


Hence, the whole L EDF=whole LEGF...Ax. 2. 


PROP. VIII. gl 


The following theorem illustrates the application of Prop. 8 to examples. 


THEOREM. The straight line which joins the vertex to the middle point of the 
base of an isosceles triangle, is at right angles to the base. 


Let ABC be an isos. <^ and D the mid. pt. of base BC; then shall AD 
be at rt. £8 to BC. A 


For, in <As ABD, ACD 


BDOS 6) B eee one Hyp. 
°° < AD is com. 
A Bx==AOC.... ccc cece cceccececess Hyp 
ee LADB= LADC Terr ee eee ee ee I. 8. B D C 
and these being equal adjacent Zs, are rt. ZLS8............ Def. 10. 
e AD is at rt. 28 to BC. Q.E.D. 
EXERCISES. 


1. In the figure of I.1, if the circles cut at C and D, prove that angle 
ACB is equal to angle ADB. 


2. In the figure of Euc. I. 5, if BG and CF cut at H, prove that— 
(i) LAHB=LAHC 
(ii) L BHF =4L CHG. 
3. ABC is an isosceles triangle; D is the middle point of the base BC; 
prove that AD bisects the vertical angle BAC. 
4. A diagonal of a rhombus bisects the angles through which it passes. 


5. Two isosceles triangles stand on the same side of the same base; prove 
that the line joining their vertices, when produced, meets the base 
at right angles. 


6. Two circles, whose centres are O and Q, cut at P and R, show that the 
angle OPQ is equal to the angle ORQ. 


7. Show, by the method of superposition, that a square is divided by its 
diagonal into two triangles of equal area. 


8. A rhomboid is bisected by its diagonal. 


9. Two isosceles triangles stand on opposite sides of the same base; show 
that the line joining their vertices bisects their vertical angles. 


10. Every oblong is bisected by its diameter. 


11. ABCD is an oblong whose diagonals cut at O; prove that triangle 
OAD is equal in area to triangle OBC. l 
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From BC cut off BE=BD...L 3. 
JOIN DE... cc. ccccccccccecesccecs Post. 1. 
On the side of DE remote 


A WE) AEE I. 1. 
Join BE. ...... ccc cece ccs e ce ceece Post. 1 


PROPOSITION IX. PROBLEM. 
To bisect a guen rectilineal angle. 
Let ABC be the given rect! 4. 
It is reg? to bisect it. 
In AB take any pt. D. 


from B desc. an equilat. 


Then shall BF bisect L ABC. 


In As DBF, EBF, 


IDI S == D s SEE Constr 
.” | BF is com. 
DEMmEF..... ccc cece ees (equilat!—\) Constr. 
"e LDBF=ZLEBP 0... Seseeeneeeee 1.8, 
Wherefore, the given rectilineal angle &c. Q.E.E-. 
EXERCISES. 


. Why is the equilateral triangle constructed on the side of DE remote 
from B? 


. Divide a given rectilineal angle into four equal parts. 
. In the figure of Prop. 9, prove that angle BDF is equal to BEF. 


. Prove the following construction for bisecting a given angle POQ. 
With centre O and any radius describe a circle cutting OP in R, 
and OQ in S. With centre R and any radius greater than half RS, 
and with centre S and the same radius, describe circles cutting at T. 
Join OT. 


. ABC is an isosceles triangle; the bisectors of the base angles meet at O, 
and O is joined to the vertex A. Prove that OA bisects the vertical 
angle BAC. 

. The bisectors of the three angles of an equilateral triangle meet ata 


point.—{Note. Draw two bisectors, join their pt. of intersection to the remain- 
ing Z, and then prove that this line bisects that Z.] 


PROPS. IX., X. oo 


PROPOSITION X. PROBLEM. 


To bisect a given finite straight line. 


Let AB be the given finite st. line. 
It ıs reg? to bisect it. 


Ge 
A D B 
On AB desc. an equilat. ACA B...eessseseseesessseseseseeo I.1. 
Bisect L ACB by CD meeting AB at D............ ines 1.9. 


Then shall AB be bisected at D. 
In As CAD, CBD, 


RELIES, cen duninebaxbanquesnocgusnsescings Constr. 
fi CD is com. 
LA C DS ALODE TE Constr. 
os ADDO ee ee eer ree I. 4. 
Wherefore, the given st. line &c. Q.E.F. 
EXERCISES. 


. What is meant by a finite straight line? 

. Prove the following construction for bisecting a given line PQ: 

With centre P, and any radius greater than half PQ; and with 
centre Q and the same radius; describe arcs cutting at R and S. Join 
SR meeting PQ at T. 

. Show how to divide a given line into eight equal parts. 

. Prove that the common chord of two equal circles which cut one another 
bisects the line which Joins their centres. 

. If, in the figure of Proposition 10, CB be bisected at E, and AE be 
joined, meeting CD at O; prove that OD is equal to OE. | 

. In the figure of I. 9, if BF and DE cut at H, ‘prove that DE is bisected 
at H, and that FH is at right angles to DE. 

- Prove that the common chord of two circles which cut is at right angles 


to the line joining their centres. 
(310) C 
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PROPOSITION XI. PROBLEM. 


To draw a straight line at right angles to a given straight line, 
from a given point in the same. 


Let AB be the st. line, and C the given pt. in it. 
It is reg? to draw from Ca st. line at rt. Ls to AB. 


F 
A D E B 
C 
In AC take any pt. D. 
Eron UO CALS Or Sh Fi tess as ein shee EEE A 1. 3. 
On DE desc. an equilat! AA DEF............... ccc cee e eee eee es I. 1. 
GRRE EAE YAN EAA Post. 1. 


Then CF shall be at rt. 2s to AB. 
In AAs FDC, FEC, 


ie a A O A EE Constr 
’.” {CF is com. 
2) 7 ye ee ee Constr 
a Rader OL. o E os nk jase casenseakenkesemenssiaresiies I. 8. 
and these, being equal adjacent 4s, are rt. L8...........00008- Def. 10. 
Wherefore, from the given point C &c. Q.E.F. 
EXERCISES. 


1. Prove the following construction for this proposition:—With centre D 
and any radius greater than DC, and with centre E and the same 
radius, describe circles cutting at G. Join CG. 

2. Find a point in a given straight line, of unlimited length, which shall 
be equidistant from two given external points. Draw figures for the 
various cases that may occur. 

For what special positions of the given points with respect to the 
given line is there—(i) no solution of the problem; (ii) an infinite 
number of solutions? 

3. Find the locus of a point which moves in a plane so as always to be 
equidistant from two given fixed points in the plane. 

4. Show, by a reductio ad absurdum, that, on the same side of the line AB, 
but one straight line at right angles to AB can be drawn from the 
point C, 
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PROPOSITION XII. PROBLEM. 
To draw a straight line perpendicular toa gwen straight line of 
unlimited length, from a given point without it. 


Let AB be the given st. line of unlimited length, and C the given 
pt. without it. 


It is reg? to draw from Ca st. line 1 to AB. 


Take any pt. D on the other side of AB. 
With cent. C and rad. CD desc. 


a © EDF, cutting AB at E and F............ Post. 3. 
Bisect EF at G......... EEEE E I. 10. 
Join CG ....esssssssessevesssececesesessossosesossnes Post. 1. 
Then CG shall be to AB. 
Join CE, E E E A Post. 1. C 
Then in As CEG, CFG 
EG=FQG.....esssssocssssccsessoos Constr. 
ne {es is com 
e) c 6) ere (radii) Constr. 
SLOGES BRACES sinnesicscetaicnsins I. 8. 
and these, being equal adj. 28, are rt. L8...Def. 10. 
e CGis L to AB... cece eee. Def. 10. 


Wherefore, from the given point C &c. 


EXERCISES. 


1, Why is the given line “of unlimited length”? 

2. Why is the point D taken “on the other side” of AB? 

ə. What distinction does Euclid make between a line at right angles, and 
a perpendicular to another line? 

4, Construct an angle which shall be double of a given angle. 

5. Prove that the perpendiculars, let fall from any point in the bisector 
of an angle upon the lines which contain the angle, are equal.* 

6. The perpendiculars drawn from the ends of the base of an isosceles 
triangle to the opposite sides are equal.* 

7. Find a point within an equilateral triangle which shall be equally 
distant from each of the angular points of the triangle. 

8. P and Q are fixed points on opposite sides of a fixed straight line RS. 
Find a point T in RS such that the angle PTR may be equal to the 


angle QTR. In what case 1s this impossible? 
* Note.—Use the method of Ex. 6, p. 32, i.e. draw one L. 
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PROPOSITION XIII. THEOREM. 


The angles which one straight line makes with another straight line, 
on one side of it, are either two right angles, or are together equal to 
two right angles. 


Let the st. line AB meet CD at B. 


Then shall either (i) Ls CBA, ABD be two rt. Ls, 
or (ii)Ls CBA, ABD together=two sled Ls. 


(i) If LCBA= £ ABD, A 
each ISa ri Liccsvesesisrcntensercasiniani Def. 10. 
and .°, Ls CBA, ABD are two rt. Zs. | 
ai) If 2 CBA is not=ZABD, Fo. 
=- from B draw BE at rt. 2s to CD....1. 11. A 
Then, since L CBE= Zs CBA, ABE, N” 
add 4 EBD to each, | 
e £8 CBE, EBD = £s CBA, ABE, EBD................ Ax. 2. 


Again, since LABD=Zs ABE, EBD, 
add 4 CBA to each, 


© 
es 
G 


<. Ls CBA, ABD= Zs CBA, ABE, EBD................ Ax. 2. 
Hence, 4s CBA, ABD=Zs CBE, EBD......... EEEN Ax. 1. 
But 28 CBE, EBD are two rt. LS... cece ees Constr. 
..48 CBA, ABD are together=two rt. Ls. 
Wherefore, the angles which &c. Q.E.D 
EXERCISES. 


1. State the axiom assumed in the statement ‘“‘ 4 CBE=Zs CBA, ABE.” 

2. AOB and COD are right angles, C lying within the angle AOB; prove 
that the angle AOC is equal to the angle BOD. 

3. If, in the figure of Prop. 1, AB be produced both ways and meet the 
circle BCD in P, and the circle ACE in Q, prove that the angle CAP 
is equal to the angle CBQ. 

4, In an isosceles triangle, the angles at the base together with the angles 
on the other side the base, are equal to four right angles. 

5. OA, OB, OC, OD are radii of a circle ABCD. OB is at right angles to 
OA, and OC to OD. Prove that AC is equal to BD. 


6. The bisectors of adjacent angles are at right angles, 


PROPS. XIII., XIV. Ot 


PROPOSITION XIV. THEOREM. 


Lf, at a point in a-straight line, two other straight lines, on opposite 
sides of it, make the adjacent angles together equal to two right angles; 
these two straight lines must be in one and the same straight line. 


At the pt. B, in the st. line A, 
AB, let CB, BD, on opp. sides 
of AB, make 4s CBA, ABD 
together=two rt. Ls. 


Then CB shall be in the g 
same st. line with BD. Č 3 D 


For, if not, if possible produce CB in some other direction BE. 


Then, since AB meets st. line CBE at B 


<. L8 CBA, ABE=two rt. LS ...cccecec cess eens I. 13. 
But 4s CBA, ABD=two rt. ZLS8.................. Hyp. 
<. LS CBA, ABE= Zs CBA, ABD............ Ax. 1. 
Take away the com. 4 CBA, 
.. rem? L ABE=rem® 4L ABD............... Ax. 3. 
or, the part =the whole. 
Which is absurd..........ccccccceeeesceees Ax. 9. 
Hence, CB 1s in the same st. line with BD. 
Wherefore, tf at a point &c. Q.E.D. 
EXERCISES. 


1. Of what proposition is the 14th the converse? 

2. What method of proof is adopted in Proposition 14? 

3. In Prop. 14 Euclid first makes use of Axiom 11. Point out where this 
occurs. 


4. If, in the figure of Prop. 11, a second line, CG, be drawn from C at 
right angles to AB, but on the other side of it; then will CF and CG 
be in one and the same straight line. 

5. If the angles on the other side of the base of a triangle, whose sides have 
been produced, are equal, prove that the triangle is isosceles. 

Of what theorem is this the converse? 

6. Two squares have a corner-point common; if two of their sides are in 
one straight line, then two other sides will also be in one straight line. 
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PROPOSITION XV. THEOREM. 


If two straight lines cut one another, the opposite vertical angles are . 
equal. 


Let the st. lines AB and CD cut at E: A 7 D 


Then shall LAED= 4 CERB, 


and LAEC=LDEB. z ” 
Since AE meets CD at E, 
<e L8 AEC, AED=two rt. LS... cece cece eens I. 13. 
Since CE meets AB at E, 
<. L8 AEC, CEB=two rt. L8........... cc cee eee eee I. 13. 


Hence, 4s AEC, AED=Zs AEC, CEB...... Ax.1. and Ax. 11. 


Take away the com. L AEC, 
7. rem&® L AED=rem8 LCEB..............c008: Ax. 3. 


In the same way it may be shown that 2 AEC= 4 DEB. 
Wherefore, tf two straight lines &c. Q.E.D. 


Cor. 1. If two straight lines cut, the four angles formed are together 
equal to four right angles. 

Cor. 2. If any number of straight lines meet at a point, the sum of 
all the angles formed is equal to four right angles. 


EXERCISES. 

1. Write out in full the proof of the second part of this proposition, that 
angle AEC is equal to angle DEB. 

2. AB and CD bisect each other at O; prove that the triangles BOC and 
AOD are equal in all respects. 

38. AOB, COD are diameters of a circle; prove that AC is equal to BD. 

4, Could a perfect pavement be formed entirely of equal regular hexagons 
whose angles are each of 120°? 


5. Any point O is taken within a rectangle, and is joined to the four angular 
points. Prove that all the angles of all the triangles so formed are 
together equal to eight right angles. 


6. The bisectors of opposite vertical angles are in the same straight line. 


PROPS. XV., XVI. ov 


PROPOSITION XVI. THEOREM. 


If one side of a triangle be produced, the exterior angle is greater 
than either of the opposite interior angles. 


Let ABC be a A having one of its sides, BC, produced to D. 


Then shall (i) 2 ACD >Z2 BAC, 


and (ii) LAOD > L ABO. A ai 
Bisect AC at E............... I. 10. NE 
JOM DE canniinccnicanestaicesri Post. 1 | 
Produce BE to F............ Post.2. 4 _ S 
Cut off EF=BE.............. L3 8 es 7 
JOIN CE... ccc cece cee eeceeees Post. 1. N 
Then, in As ABE, ECF = 
A enren enone Constr. 
py | l3 D = D E E E EE Constr. 
LAEB eB) ee I. 15. 
gee ABADA E a eee ee I. 4. 
Dur Ee le EEE Ax. 9. 


<. LECD>ZLBAE 
t.e. LACD>LBAC. 


In the same way, if BC be bisected, and AC produced to G, it may 
be shown that 2 BCG (i.e. L ACD) > Z ABC. 


Wherefore, if one side of a triangle Ke. Q.E.D. 


EXERCISES. 


. Write out in full the proof of the second part of this proposition. 

. If, in the figure of Prop. 16, AF be joined, then AF is equal to BC. 

. In the figure of I. 7, case 2, prove that angle ADB is greater than ACB. 

. Prove that the angles at the base of an isosceles triangle are together 
less than two right angles. 

5. A triangle can have but one right angle. 

0. In the figure of Prop. 5, if FC and BG meet in H, prove that angle 

FHG is greater than BAC. 
7. In the figure of I. 16 prove that triangles ABC FBC are equal in area. 


fm CO NO FS 
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PROPOSITION XVII. THEOREM. 
Any two angles of a triangle are together less than two right angles. 


Let ABC bea A. 


Then shall any two of its 2s be together less than 
two rt. Zs. 


A 
E om — D 
Produce BC to D.......esesesssessseesssss. eT eT E rrr ee Post. 2. 
Then, ext? 2 ACD> opp. int" CABC...,........... I. 16. 
Add 4 ACB to each 
.“..£8 ACD, ACB> Ls ABC, ACB................ Ax. 4. 
but Ls ACD, ACB=two rt. LS8.........c cece cece ees I. 13. 


se LS ABC, ACB<two rt. Zs. 
In the same way it may be shown 
that Ls CBA, CAB <two rt. Zs, 
and Ls BAC, BCA <two rt. Zs. 
Wherefore, any two angles &c. Q.E.D. 


NOTE. 


This proposition is the converse of Axiom 12. 

Ax. 12 states that if two st. lines make with a third two angles on the 
same side together less than two right angles, 
those two lines will meet (i.e. the three will 
form a triangle). Prop. 17 shows that if two J 0 DOs 
st. lines with a third form a triangle, the two fener 
angles formed with the third line will be 
together less than two right angles. 


EXERCISES. 


1. Write out in full the proof that angles CBA, CAB are less than two 
right angles. 

2. Prove Prop. 17 by joining A to a point in BC, instead of producing BC. 

3. From a given external point but one perpendicular can be drawn to a 
given straight line. 

4, From a given external point only two equal straight lines can be drawn 
to a given straight line, one on each side of the perpendicular. 

5. A triangle can have but one obtuse angle. 


PROPS. XVII., XVIII. 41 


PROPOSITION XVIII. Turorem. 4 
The greater side of every triangle ws opposite to the greater angle. 


Let ABC be a —\ having the side AB > side AC. 
Then shall .ACB> L ABC. 


From AB cut off AD=AC.............. I. 3. 
Jon BF baecaccensvieiesteesersesceaevessess Post, 1. l 
Then, since AD=AC............. Constr. P K 
Aa 7.00 e—a O ) EE rer rrr rrr I. 5. 
But ext" 2 ADC>opp. int" 4 DBC of ACBD............... I. 16. 
ʻe also LACD> LDBC 
[iii ae me: ©) te A AN L eee ene ee een renee er Ax. 9. 
much more .°, L ACB> 4L DBC (or ABC). 
Wherefore, the greater side &c. Q.E.D. 
NOTE. 


In this proposition the base and vertical angle are not considered; the base 
may, of course, be the greatest of the three sides, as it is in the above figure. 

If the two sides are equal, we know from Prop. 5 that they subtend 
equal angles. This proposition then is an extension of the 5th, and shows 
that, if the two sides are not equal, the greater of the two subtends a greater 
angle than the other subtends, 


EXERCISES. 
1. What is the hypothesis in this proposition? 


. In the figure of Prop. 5, show that the angle ABG is greater than the 
angle AGB. 


3. In a scalene triangle the greatest side subtends the greatest of the three 
angles. 


ww. 


4, Enunciate the converse of the following proposition:— 
“If a triangle have two of its sides unequal, the greater of these two 
sides subtends an angle which is greater than that subtended by the 
other side.” 

5. ABCD is a quadrilateral. AB is equal to AD, but BC is less than DC. 
Prove that angle ABC is greater than angle ADC. 
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PROPOSITION XIX. THEOREM. <$ 
The greater angle of every triangle ts opposite to the greater side. 


Let ABC be a \ having LABC> Z ACB. 
Then shall AC>AB. A 


For, if AC be not>AB, 
then must either G) AC=AB, 


or (11) AC< AB. B C 
(i) If AC=AB, | 
LAC eat Bc FF eieren POTA I. 5. 
but this, by hypothesis, is not the case. 
(ii) If AC< AB, 
E8 s PA s E E I. 18. 


but this, by hypothesis, is not the case. 
Hence, since AC can neither be =, nor <, AB, 


“, AC>AB. 
Wherefore, the greater angle &c. Q.E.D. 


NOTE. 


To avoid confusing Prop. 18 with its converse Prop. 19, it should be 


noticed that the hypothesis stands first in each enunciation. 


EXERCISES. 


1. The shortest distance of a given point from a given line is the perpen- 


dicular. (Hence, by the distance of a point from a line is meant the 
perpendicular distance.) 


. The hypotenuse is the greatest side of a right-angled triangle. 
. The diagonal of a square is greater than its side. 


. The straight line joining the vertex of an isosceles triangle to any point 
in its base is always less than one of the equal sides of the triangle. 


. The greatest chord which can be drawn through any point in the cir- 
cumference of a circle, is the diameter. 


. Prove that a circle cannot cut a straight line in more than two points. 


PROPS. XIX., XX. 43 


PROPOSITION XX. THEOREM. 
Any two sides of a triangle are together greater than the third side. 
Let ABC be aA. 


Then shall any two sides together be > the third side. 


Produce BA to D.................. Post. 2. 
Cut off AD=AC.................00% I. 3. | 
Join DC ...ccccccccccccccccccececevecs Post. 1. } 
Then, since AC=AD............. „Constr. 

ʻe LACD=LADC......... I. 5. 


But LBCD> ZACD.........Ax. 9. 
. also LBCD>ZADC 
Hence BD>BC.............. I. 19. 
e. BA, AC>BC.............. Constr. 


In the same way it may be shown 
that AC, CB>BA, 
and CB, BA>AC. 


Wherefore, any two sides of a triangle &c. Q.E.D. 


EXERCISES. 


. Write out in full the proof that AC, CB are greater than BA. 
2. Prove, by a similar construction to that of the proposition, that the 
difference of any two sides of a triangle is less than the third side. 
3. Any three sides of a quadrilateral are greater than the fourth side. 
4. The sum of the four sides of a quadrilateral 1s greater than the sum of 
its two diagonals. 
5. The sum of the lines joining any point within a triangle to its angles is 
greater than half the sum of its sides. 
. In the figure of Prop. 6, prove that the perimeter of the triangle ABC 
is greater than the perimeter of triangle DBC. 
. In the figure of I. 16, prove that BC and CF are greater than twice BE. 
. Points are taken on the circumference of a circle and joined in order, 
forming a polygon. Show that the perimeter of the polygon increases 
as the number of sides is increased. 
9. Two sides of any triangle are together greater than twice the straight 
line joining the vertex to the middle point of the base. 


þj—i 
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PROPOSITION XXI. THEOREM. 


If, from the endsof a side of a triangle, two straight lines be drawn 
to a point within the triangle; these two straight lines are together less 
than the other two sides of the triangle, but contain a greater angle. 


Let ABC be a <A,-and, from the ends of the base BC, let BD, 
CD be drawn to a pt. D within the A. 


Then shall (i) BD, DC<BA, AC, 
(ii) L BDC > ZL BAC. 
Produce BD to meet AC in E......Post. 2. 
(i) Then, in A BAE, 
BA, AE>BE........ I. 20. 


Add EC to each, s 
<. BA, AC> BE, EC. y 


And, in A EDC, 
DE, EC>DC............... wasnseenaeesis isa I, 20 


Add BD to each, 
“. BE, EC> BD, DC. 


Much more .*, BA, AC> BD, DC. 


(ii) Again, in A EDC, 


ext’ L BDC> opp. int 2 DEC... eee e eee eee ee eees I 16. 
And, in A ABE, 
ext" 2 DEC> opp. int’ 2 BAC...............0 0 I. 16 
Much more.. 4 BDC> ZBAC. 
Wherefore, if from the ends of a side &c. Q.E.D. 
EXERCISES. 


1. State an axiom which is assumed in this proposition. 

2, If any point be taken within a quadrilateral and joined to two opposite 
angular points, the new quadrilateral thus formed will have a less 
perimeter than the other. 

3. If a point O within a triangle ABC be joined to the angles, then OA, 
OB, OC are together less than the perimeter of the triangle. 
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PROPOSITION XXII. PROBLEM. 


To make a triangle whose sides shall be equal to three given straight 
lines, any two of which are greater than the third. 

Let A, B, and C be the given st. lines, any two being>the third. 

It is reg’ to make a A with sides respectively=A, B, and C. 


Take a st. line DE terminated at D, but unlimited towards E. 


From DE cut off DF=A, FG=B, GH=C,..... eee ees I. 3. 
With cent. F and rad. FD dese. a © DLK..........0.............4.. Post. 3. 
With cent. G and rad. GH desc. a © HMK.,........................ Post. 3. 
cutting the other © in K. 

Join KF r i cC E A E E E EE Post. 1. 


Then shall A KFG have its sides=A, B, and C. 
Since F is cent. of © DLK 


$. «Oe. —3 he Brn Def. 15. 
but FDSA rr PEE Constr 
S ANAE EEr Ax. 1. 
Since G is cent. of © HMK 
a Co —— OEE Def. 15. 
büt Se ncn scccnaccsscesesensaveraeiasins Constr. 
i ASO O EAEE Ax. 1. 
Also FG=B.......essssssesss... PEET Constr. 
Wherefore, a AKEFG has been made &c. Q.E.F. 
NOTE. 


In Practical Geometry, when unrestricted use of compasses can be made, 
a triangle with sides of given lengths would p 
be constructed thus:— If AD, B, and C E C 
are the given lengths, extend the compasses 
till the distance between their feet is the 
length B, and then with cent. A describe an x D 
arc. In the same way with cent. D, but 
radius C, describe another arc, cutting the former at E. Rule lines EA 
and ED, 
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PROPOSITION XXIII. PROBLEM. 
Ata given point in a given straight line to make an angle equal to 
a given angle. | 
Let AB be the given st. line, A the given pt. in it, and CDE the 


given L. 
It is reg’ to make at Aan L= L CDE. 
In DC and DE take any F C 
pts. C and E. 
JON OTe noen aE Post. 1. 


Then shal .LFAG=ZLCDHE. 
In As FAG, CDE 


FA=CD 

p AGHDE }...... ccc cece cscs ecccececece Constr. 
GF=EC 

<. LEAG= LCDE.....aeooesesossessosessees I. 8. 


Wherefore, at the given pt. A in the given st. line &c. Q.E.F, 


EXERCISES. 


1. Prove that two triangles, satisfying the conditions of the problem, can 
be obtained with the construction of Prop. 22. 

2. What previous problem is a special case of Prop. 22? 

3. Show, by diagrams, that in Prop. 22 the restriction “any two of which 
are greater than the third ” is necessary. 

4, If, in the figure of Prop. 22, KD and KH be joined, the perimeter of 
KDH is more than double the sum of the lines A, B and C. 

5. Construct a rhombus having given the length of a diagonal, and one of 
the angles through which it passes. 

6. If one angle of a triangle is equal to the sum of the other two angles, 
the triangle can be divided into two isosceles triangles. 

7. Construct a quadrilateral whose sides shall be respectively equal to those 
of a given quadrilateral. 

8. Construct a triangle, having given the base, one of the angles at the 
base, and a line equal to the sum of its two sides. 


PROP. XXIII. 


EXAMPLES. 


47 


I. Zo construct a rectilineal figure whose sides and angles shall be equal 


respectively to those of a given rectilineal figure. 


Let ABCDE be the given figure. E 
Join AC, AD, dividing it into —\s. 
Make a <A FGH with its sides equal A D 
to those of <A ABC (FG=AB &c.)...1 22. 


Cn FH make a <AFKH with its 
sides equal to those of <A ADC 


(FK=AD and HK=CD)............ I, 22. S C 
On FK make a <AFMK with its M 

sides equal to those of <\AED 

TMZ 8 OR 2 eee a L. 22. F K 


Then fig. FG HKM has (by constr.) 
its sides=to those of the given figure. 
Also, by Euc. I. 8, the three pairs of 
<—\s have their 28 equal, each to G 
each, since their sides are equal. 


H 


.. the sum of the three Ls at F=the sum of the three Zs at A, and so on. 


Hence the figure is also equiangular to ABCDE. Q.H.F. 


II. Zo construct a triangle, having given the base, one of the angles at the 


base, and the difference of the sides. 
Let A be the given 4, 
BC the given base, 
and D the given difference of sides. 
At P, in BC, make 4 CBE=A...I. 23. 


From BE cut off BF=—D...13. 
Join FC, 


At C make LFCG=ZLCFE...... I 23. 
CG meeting BE in G. B C 


Then GBC shall be the <^ reqå, 


For, since LGFC= LGCOF ccc cece cc ceeeeceeeceess Constr. 
Pan 2 — Cb ee E nr ene I. 6. 
.. the difference of GB and GC is BF, 
and BF=D. 
Also LGBOSA....oosssssssorosesesesossessseracscssesrerss Constr. 


Hence, <AGBC has one of its base Ls=A, stands upon the 


given base BC, and has the difference of its sides=D. Q.E.F. 
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PROPOSITION XXIV. THEOREM. 


If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of the one 
greater than the angle contained by the two sides of the other; the base 
of that which has the greater angle is greater than the base of the other. 


Let ABC, DEF be two sg, 


having AB=DE, A D 
AC=DF, 
but 4 BAC> 4 EDF. 
` 
Then shall BO>EHF. 
Of the two sides DE, DF, 
let DE be the one which is B C E G 
not> the other. F 
At pt. D in DE, and on the 
same side of it as F, make the 4 EDG=ZBAC............ I. 28. 
Cut off DG=DF or AC............ E I. 3. 
Join EG, eT S ATT Post. 1. 
Then, in <\s ABC, DEG 
ADS 0) ee ee Hyp. 
Py | AC SDO nenene reee ETE Constr. 
LBACS LEDU eee Constr. 
ae BC=KEG........: ee eee E I. 4. 
Again, since DG=DPE.................0.000. Constr. 
 LDGF=LDEFG........ cece. I. 5. 
But 4 DGEF> LEGGE... cece cee Ax. 9. 
<. also LDFG> 4 EGF. 
But LEFG> LDFG.................. Ax. 9. 
much more .°“, LEFG> 4 EGF. 
| Hence EG>DEEF............c ccc ceecees I. 19. 
But BCHEG..... ccc cece cece ee Proved above, 
». BC> EF. 
Wherefore, tf two triangles &c. Q.E.D. 
NOTE. 


The shorter of the two sides DE, DF is selected in the construction (if 
the sides are not equal) in order to ensure that F shall lie on the side of 
EG remote from D. Otherwise three cases might occur:— Case i. as above: 
Case ii. when F fell on the same side as D (in which case produce DF and 
DG in order to prove EG > EF by the method of Prop. 7, Case 2); and 
Case iii. when F fell on EG. 
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PROPOSITION XXV. THEOREM. 


If two triangles have two sides of one equal to two sides of the other, 
each to each, but the base of the one greater than the base of the other; 
the angle contained by the sides of that which has the greater base is 
greater than the angle contained by the sides of the other. 


Let ABC, DEF be two As, 
having AB=DE, D 
AC=DF, A 
but BC> EF. 


Then shall ~.BAC>ZHDFE. 


For, if 2 BAC is not> L EDF, 
then either (i) 2 BAC= 4 EDF, 


x B C E 
or (i) BAC< L EDF. F 
G) If CLBAC=>LEDF 
BC=EF ..aanasanssssssssesassssoesesssassoees I. 4, 


but this, by hypothesis, 1s not the case. 


Gi) If LBAC<ZLEDF 
SEG GE serensteccinineeiibaresbirkaseaeensins I. 24, 
but this, by hypothesis, 1s not the case. 


Hence, since 2 BAC can neither be =, nor <, 2 EDF, 
ʻe. LBAC>ZLEDF. | 
Wherefore, tf two triangles &c. Q.E.D. 


MENi- E. r ce T eea a ae a a a a E e E Sag aS 


EXERCISES. 


1. ABCD is a quadrilateral; the sides AD and BC are equal, but the side 
CD is greater than AB; prove that the angle CBD is greater than 
the angle ADB; also, that the angle CAD is greater than the angle 
ACB. 

2. AB, BC, CD are three equal straight lines. The angle ABC is greater 
than the angle BCD. Prove that AC is greater than BD. 

3. The sides AB, AC of a scalene triangle are produced to D and E. In 
BD any point F is taken; from CE is cut off CG, equal to BF; and 
FC, BG are joined. Prove that, if AB is greater than AC, FC will 
be greater than BG. 

4. Prove Prop. 24 by using the greater of the two sides DE and DF, instead 
of the one which is not greater. (See note on Prop. 24.) 

5. Prove that, with the construction of Prop. 24, F must lie on the side of 


EG remote from D. 
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PROPOSITION XXVI. THEOREM. 


If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, namely, either the 
sıdes adjacent to equal angles ın each triangle, or sides opposite to 
equal angles; then shall the remaining sides be equgy, each to each, 
and the third angle of the one to the third angle of the other. 


Case I. Let the “A® ABC, DEF 


have LABC=ZDEF, A D 
4 ACB= 4 DFE, 
BC=EF. 
Then shall AB=DH, 
AC=DrH, be ah. a 
LBAC=LEDF. i O 


For, if AB is not=DE, one must be the greater. 
If possible, suppose AB > DE. 


From AB cut off BG=DE ji... cece cece cece eee ceeees I. 3. 
JOm OO scan vnciadedncuncucavncceecdsasscpindnnssenssasesceusessacavansees Post. 1. 
Then in <\s GBC, DEF, 
GB=DE .......aesanessesoessessssssse. Constr. 
° | | os 6) H y Hyp 
LGBC= L DEB .......... cece ccccccecees Hyp. 
e ©, o  %) 5) ae 8) ys eee I. 4. 
But L ACB= 4 DFE re Hyp. 
E A E O a E O e E Ax. 1. 
or, the part=the whole, 
which 18 absurd..........c ec cece eee e eee eees Ax. 9. 


.. AB cannot be unequal to DE, 
t.e. AB=DE. 


Hence, in <\s ABC, DEF, 


739 8 5—s BD) De proved above. 
° | BOS DI eeaeee Hyp 
LABC= LDEEF............ccccccccceccace Hyp. 


. l AC=DF } B 
e o ain ce) OO eatesestee 4. 
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Case II. Let <s ABC, DEF 
have 4 ABC= 4 DEF, 
L ACB= 4 DFE, 
AB=DE. 
Then sMll BC=EF. 
AC=DH, 
LBAC=LEDF. 
For, if BC is not=EF, one must be the greater. 
If possible, suppose BC > EF. 


A 


From BC cut off BO SEF... ccc ccc c cence ceeeceenses I. 3. 
EEE A evs i vennudinntshivdvaapaciiranedad E E EE OTE Post. 1 
Then in As ABG, DEF, 
AB=DE........ ccc cece eee eee Hyp. 
p | ji e D Constr 
l ABG= A D D A dicen Hyp. 
n L AGB= LTE Dies cia cisasnccnvaces I. 4. 
But LACB=ZDEFEE..................... Hyp. 
oe LAGB= LACB....... cc. ccc cece ees Ax. 1 
or, ext? L of <AAGC=an opp. int’ 4, 
* which is impossible.............cceeesees I. 16. 


.. BC cannot be unequal to EF, 
2.e. BC= EF. 


Hence, in As ABC, DEF, 


ADD Drege aar Hyp. 
P | I O D h proved above. 
L ABO= L DEF... Hyp. 
; AC=DEF 
Cf ACRE ne 


Wherefore, if two triangles &c. 


NOTE. 
It follows from I. 4 that the areas of the triangles are equal. 


Prop. 26 may be stated shortly thus:— 
If two angles and a side of one triangle are equal to two angles and the 


corresponding side of another, the triangles are equal in all respects. 


Hence 
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PROPOSITION XXVI. THEOREM. 
NOTES. 


Prop. 26 completes one section of Book I. Among the most important 
results of this section are those of Props. 4, 8, and 26, which deal with four 
of the six cases which occur in the general question:— 

If two triangles have three parts of the one known to be equal to three parts 
of the other, each to each, must the triangles be equal in all respects? 


CASE I. 
Two sides and the in- 
— a X ZON 
—A\sequal in all respects. 
CASE II. 


Three sides. 
PRop. VIII. <\8 equal i in all respects ZN ZO 
(See note to Prop. 8.) 
CASE III. 
Two angles and the. | 
adjacent side. Ly 
J <^sequalinall respects. LA 
Two angles and an 
ad <^sequal in all —" 
CASE V. Three angles. 
—\snotnecessarily equal 
EXCEPTION. { in all respects, since two a 
‘figures may be of the same 


shape but of different size. 


A D 

CASE VI. Two sides and an a 
angle not included ¥ 5 
by them. 5 C É G ta 


ExcEPTION. | <As not necessarily equal 
in all respects, since there are, in general,* two positions 
for the shorter of the given sides. (See DF, DG in 
the figure.) 


Prop. XX VI, (1) 


CASE IV. 


Prop. XX VI. ( 


* Case vi. ceases to be ambiguous if both triangles are known to be acute- 
angled, or both right-angled, or both obtuse-angled. 


A point is said to be equidistant from two lines when the perpendiculars 
drawn from the point to the lines are equal. 
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EXERCISES. 


1. If two triangles have three parts of one equal to three of the other, each 
to each, can they be proved to be equal in all respects? 

2. If two triangles PQR, STV have PQ equal to ST, QR equal to TV, 
and angle QPR equal to angle TSV, is PR equal to SV? 

3. If the perpendicular from the vertex on the base of a triangle bisect the 
base, the triangle is isosceles. 

4. Enunciate and prove two theorems each of which is a converse of 
Ex. 3. 


. If any point be taken in the bisector of an angle, the perpendiculars 
drawn from it to the lines which contain the angle, are equal. 


On 


6. Prove that the point in which the bisector of the vertical angle of a 
triangle meets the base is equidistant from the sides. 


7. Find a point in a given straight line, such that the perpendiculars from 
_- ìt to two given straight lines, may be equal. 


8. Through a given point draw a straight line such that the perpendiculars 
on it from two given fixed points may be equal. 


9. Find points equidistant from two given straight lines. 
Find, also, a point equidistant from three given straight lines. 
Examine the various cases that occur. 
In what case is there no solution? 


10. If, in the figure of I. 5, FC and BG meet at H; prove that the point 
H is equidistant from AD and AE. 


11. If, in the figure of I. 1, AB be produced both ways to meet the circles 
in D and E respectively; then D is the same distance from AC that 
E is from BC. 


12. Draw a straight line through a fixed point which shall be equally 
inclined to two fixed straight lines. 


13. The perpendiculars, drawn from the other angles to the line which 
joins the vertex to the middle point of the base of any triangle, are 
equal. 


14. If two right-angled triangles have their hypotenuses equal, and also 
a side of one equal to a side of the other, they are equal in all 
respects. Prove by the method of Prop. 26. 


15. If two obtuse-angled triangles have two sides of one equal to two sides 
of the other, each to each, and also the angles opposite to one pair 
of equal sides, equal; the triangles are equal in all respects. 

16. In the figure of Case vi. (Prop. 26, Note) prove that the angles sub- 
tended by AB and DE are either equal or supplementary. 
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PROPOSITION XXVII. THEOREM. 


If a straight line, falling on two other straight lines, make the 
alternate angles equal; these two straight lines shall be parallel. 


Let EF, falling on AB and CD make 4 AEF=alt. 2 EFD. 


Then shall AB be || to CD. 


For, if AB be not || to CD they will meet, if prod4 
either towards B and D, or A and Cu... ccc ee cecee cence eee eeees Def. 35. 
If possible, suppose that they meet at G, when prod? 
towards B and D. 
Then GEF is a A, 
<. ext? LAEF>opp. int? CEFG............... I. 16. 
but LABF= LEFG........ cece Hyp. 
i.e. L AEF is both>, and=, 4 EFG, 
which is absurd. 
Hence AB and CD cannot meet towards B and D. 
In the same way it may be shown that they cannot meet 
when prod? towards A and C. 


nae AB 19 [| to CD Cree seecceccsces teweeews Def. 35. 
Wherefore, if a straight line &e. Q.E.D. 
EXERCISES. 


. Show that AB and CD cannot meet towards A and C. 

. What is the hypothesis of this proposition? 

. Enunciate the converse of Prop. 27. 

. In the figure of I. 16, if AF be joined, prove that AF is parallel to BC. 

Prove also that AB is parallel to FC. 

5. If, in the figure of Prop. 1, the circles cut at C and F; prove that AC 
is parallel to BF. 

6. Opposite sides of an oblong are parallel. 

7. Opposite sides of a rhombus are parallel. 

8. If two straight lines bisect one another, the figure formed by joining 
their extremities is a parallelogram. 

9. Every rhomboid is a parallelogram. 


He CO DD eS 
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PROPOSITION XXVIII. THEOREM. 


If a straight line, falling on two other straight lines, make the ex- 
terior angle equal to the interior and opposite angle upon the same side 
of the line; or, make the two interior angles on the same side together 
equal to two right angles; the two straight lines shall be parallel. 


ParT I. Let st. line EF, falling on AB and CD, make 
ext" L EGB=irt" opp. LGHD. 


Then shall AB be || to CD. 


For, since L EGB=ZGHD............ Hyp. 
and LEGB=LAGH............ J. 15. 
 LAGH=ZLGHD............ Ax. 1. 
and these being alt. Ls, 
<. AB is || to CD............... I. 27. 


Part II. Let EF, falling on AB and CD, make 
int" Ls BGH, GHD together=two rt. Ls. 


Then shall AB be || to CD. 


For, since £8 BGH, GHD=two rt. Z4S................ Hyp. 
and 4s BGH, AGH=two rt. Zs............... I. 13. 
.. 4s BGH, AGH= Zs BGH, GHD... Ax. 1. 
Take away the com. 4 BGH, 
ʻe rem? £AGH=rem’ ZGHD............. Ax. 3. 
and these being alt. Ls, 
<. ABss || to CD.u,................... I. 27. 
Wherefore, tf a straight line &c. Q.E.D. 
EXERCISES. 


1. What is meant by the words “on the same side ” in the second part of 
the enunciation? 

2. Prove Part I., assuming ext" angle EGA equal to int! angle GHC. 

ə. Prove Part II., assuming the two interior angles AGH and GHC 
together equal to two right angles. 

4, Mention two other pairs of exterior and interior angles to be found in 
the figure, which have not been mentioned before. 

ð. Enunciate the converse of each of the two theorems contained in the 
enunciation of Prop. 28. 

6. Prove that the opposite sides of a square are parallel. 

/. Prove that straight lines at right angles to the same straight line are 
parallel to one another. 
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PROPOSITION X XIX. THEOREM. 


If a straight line fall on two parallel straight lines, it makes the 
alternate angles equal; an exterior angle equal to the interior and 
opposite angle upon the same side; and two interior angles on the same. 
side together equal to two right angles. 


Let AB and CD be |] s, and let st. line EGHF fall on them. 
Then shall (i) .AGH=alt. L GHD 

(ii) extr L HGB=intr opp. LGHD 

(iii) two intr Ls BGH, GHD=two rt. Zs. 


(i) For, if L AGH is not= 4 GHD, one must be the greater. 
If possible, suppose 2 AGH > L GHD 
Add 4 BGH to each, 
ʻ. LS AGH, BGH> Zs BGH, GHD............. Ax. 4. 
But Ls AGH, BGH=two rt. LS.sesssssssessssseses I. 13. - 
”. L£s BGH, GHD<two rt. Ls. 
.. AB, CD will meet, if prod? towards B and D......... Ax. 12. 
which is impossible, for they are ||, 


E Hyp. 
Hence, L AGH cannot be unequal to LGHD 
= «%e. LAGH=LGHD. 
(11) Again, since LAGH=ZLGHD................048. proved above. 
and a6 oa ae 6) oa re I. 15. 
se LEQGB = GGH ee errr Ax. 1. 
(iii) Also, since LEGB=LGHD............ ees. proved above. 
\ Add ZL BGH to each 
<. £8 EGB, BGH= £s BGH, GHD.............. Ax. 2. 
but Ls EGB, BGH=two rt. L8.......... ccc eee. I. 13. 
<. £8 BGH, GHD=two rt. 28..................0.. Ax. 1. 


Wherefore, 1f a straight line &e. Q.E.D. 


PROP. XXIX. 57 


NOTES. 


Prop. 29 contains three converse propositions—those of 27, 28 part i, 
and 28 part ii. 

It is in this proposition that Euclid first makes use of Axiom 12. Euclid’s 
definition of parallels being a negative one, it became necessary to assume 
some positive fact relating to them before any of the properties of parallels 
could be proved. But the nature of the subject is such that there are no 
“common notions” respecting parallels. Euclid, therefore, requested that 
the theorem, known as Axiom 12 (and which he probably placed among the 
postulates) should be taken for granted. He proved, however, its converse. 
(See note on Prop. 17.) 

Many attempts have been made to improve on Euclid’s treatment of this 
part of Elementary Geometry. But, as the fundamental difficulty can 
never be entirely avoided, it may be doubted whether a little gain in 
clearness 1s of such value as to justify any tampering with Euclid’s text; 
especially as a change in either definition or axiom necessitates changes, in 
some cases considerable, in the propositions. The following is generally 
regarded as the best of the various substitutes for Euclid’s axiom which 
have been suggested. “Two straight lines which cut cannot both be 


parallel to the same straight fine.” , 


EXERCISES. 


l. Prove, by a reductio ad absurdum that, with the hypothesis and figure 
of Prop. 29, angle BGH is equal to angle GHC. 


2. If two straight lines which meet are both parallel to the same straight 
line, these two straight lines are in one and the same straight line. 


3. A straight line drawn parallel to the base of an isosceles triangle makes 
equal angles with the sides. 


4. The angle between two straight lines is equal to the angle between two 
others which are parallel to them respectively. 


5. Ifa perpendicular be drawn to each of two parallels, these perpendiculars 
are themselves parallel. 


6. A is a point equidistant from two parallel straight lines; show that the 
portion of any line through A, which is intercepted by the parallels, 
is bisected at A. Also, if two lines be drawn through A, show that 
the triangles formed by them with the parallels are equal in all 
respects. 


7. The diagonals of a parallelogram bisect each other. 


8. If a straight line DE be drawn parallel to the base BC of an isosceles 
triangle ABC, the trapezoid DBCE will have each pair of its opposite 
angles together equal to two right angles. 
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PROPOSITION XXX. THEOREM. 


Straight lines that are parallel to the same straight line are parallel 
to one another. 


Let st. lines AB, CD be each || to EF. 
Then shall AB be || to CD. 


Draw GHK cutting the lines in G, H, A G B 
and K. 
Then,since A Bis |] to EF............. Hyp. i 
*, L AGH=alt. LGHF.......1.29. E if j 
and, since EF 1s || to CD............. Hyp. 
<. ext 2GHF=int L HKD......1. 29. C D 
Hence LAGH=ZLHKD.......... Ax. 1. i 
and these being alt. Ls, 
ʻe ABis|]| to CD......... I. 27. 


Wherefore, straight lines that are &c. Q.E.D. 


PROPOSITION XXXI. PROBLEM. 
To draw a straight line, through a given pornt, parallel to a given 
straight line. 
Let A be the given point, and BC the given st. line. 
It is reg? to draw, through A, a st. line || to BC. 
In BC take any pt. D. 


Jom AD ore ae na E Post. 1. F A F 
At A, in AD, make 4 DAE 
= L ADC, but on the opp. side 

o: E D E I. 23. . 
Produce EA to F.n. Post. 2. B 5 C 


Then shall EF be || to BC. 
For, since AD, meeting twost. lines, makes 2 EA D=alt. 2 ADC...Constr. 


4 


Se i Oe EO BIG TE I. 27. 
Wherefore, through the given point &c. Q.E.F. 
EXERCISES. 


1. Through a given point draw a straight line which shall make a given 
angle with a given straight line. | 

2. Through three given points draw three straight lines so as to form a 
triangle two of whose angles shall be equal to given angles. 
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PROPOSITION XXXII. THEOREM. 


If a side of a triangle be produced, the exterior angle is egual to the 
two opposite interior angles; and the three angles of every triangle are 
together equal to two right angles. 


Let ABC be a A with BC produced to D. 


Then shall (i) extr L ACD=2Zs CAB, ABC. 
(ii) Ls CAB, ABC, BOCA=two rt. Zs. 


A: 
B ; C D. 
Through C draw CE || to AB... eee eee e es ee eee eeneeees I. 31. 
(i) Then since CE is || to AB 
a 28 5) 07.) ae ae eee I. 29. (i) 
and ext’ 4 ECD=int? LABC........... pavesessuuss I. 29. (ii) 
°, whole LACD= Zs CAB, ABC................... Ax. 2. 
(11) Again, since LACD=ZLs CAB, Pile E proved above. 
Add ZL BCA to each, 
<. 48 BCA, ACD=Zs CAB, ABC, BCA........... Ax. 2. 
But Ls BCA, ACD=two rt. LS8........ cc cece eee eee es I. 13. 
<. LS CAB, ABC, BCA=two rt. Zs. 
Wherefore, if a side of a triangle &c. Q.E.D. 


Cor. 1. All the interior angles of a rectilineal figure, together with 
four right angles, are equal to twice as many right angles as the figure 
has sides. 


For, by joining any pt. O inside the figure 
to each of the angles, the figure is divided LN 
into as many —\s as it has sides. oN / 
Now, the three Ls of a <A =two rt. Ls...1.32. 
Hence, twice as many rt. Ls as the fig. has sides 


=all the Zs of all the As, 
=all the int" 4s of fig. with Zs at O, 
=all the int" Ls of fig. with hrt LS... I. 15. Cor. 2. 
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PROPOSITION XXXII. THEOREM. 


Cor. 2. All the exterior angles of a rectilineal figure are together 
equal to four right angles. 


For, any int?Z ABC with its adj. ext L ABD=two rt. Zs...... I. 13, 
Hence, all the ext! Ls with all the int! Zs 
=twice as many rt. Zs as the fig. has sides 
=all the int’ Ls with 4 rt. 2S..............000e. I. 32. Cor. 1. 
Take away the com. int'Zs, 
°. all the ext’Ls=4 rt. Ls. 


NOTE. 
The exterior angles must be formed by producing the sides so that no two 
produced lines can cut; and the rectilineal figure must have no re-entrant 
angles, that is, all its angles must have their vertices pointing outwards. 


EXAMPLES. 
I, Find the magnitude of an interior angle of a regular decagon. 
The 10 int? 4s with 4 rt. L8s=20 rt. Z8..................1. 32, Cor. 1. 
. the 10 int" Ls=16 rt. Z8................. Ax. 3. 
ee one int! L =}5 of art. Lu... eee. Fig. is regular. 
=F of art. 4L. 


Hence, the no. of degrees in an angle of a reg. decagon is $ x 90=144", 


II. Construct a right-angled triangle having given the hypotenuse and the 
sum of the other two sides. 


Let A be the given hypot. and BC the given sum of sides. At Cin BC 


make an L BCD=to half a rt. 2. A. 
From BC cut off BE=A.................. I. 3. D F 
With cent. B and rad. BE desc. an arc 
cutting CD at F. Join BF. 
Draw FG L to BC............. cece cee I. 12. 
Then FBG shall be the A reqå. B GE C 
For, since LGCF is half a rt. L} ae auto? 
and ZL FGC is art. L 
œ. LGEFC is half art. 2.................. I. 32. 
Hence, LGFC=LGCE uo. ec cee cee Ax. 1. 
and 0°. GERMGC 2... ccc cc ccc sce ceecceees I. 6. 


Wherefore, <A FBG has the sum of its sides=BC, has a right 
angle FGB, and its hypot. FB=A. Q.E.F. 


Se 


Os 


4, 


5. 


PROP. XXXII. 6l 


EXERCISES. 


. What had been proved about the exterior angle of a triangle previous 


` to Prop. 32? 


. If two triangles have two angles of one equal to two angles of the other, 


the third angle of the one is equal to the third angle of the other. 

ABC, DEF are equilateral triangles, prove that angle ABC is equal to 
angle DEF. 

Prove that all the interior angles of any quadrilateral are together 
equal to four right angles. 

Show that each angie of an equilateral triangle is equal to two-thirds 


pa of a right angle. 


6. 


rA 
8. 
9, 
10. 


ll. 
12. 
13. 
14. 


15. 
16. 
17. 
18. 


19. 


20. 


Trisect a right angle. 

One angle of a triangle is the complement of another; prove that the 
triangle is right-angled. 

Through three given points draw three straight lines so as to form an 
equilateral triangle. 

If two triangles have two angles of the one equal to two angles of the 
other, then must the third angle of the one be equal to the third 
angle of the other. 

ABC is an isosceles triangle having AB equal to AC; BA is produced 
to D; prove that angle DAC is double of angle ABC. 

If an isosceles triangle has each base angle double of the vertical, find 
their magnitude. 

Find the size of an interior angle of a regular (i) pentagon, (11) hexagon, 
(iii) octagon, (iv) quindecagon, taking the right angle as unit of 
measurement. Find also the magnitude of each angle in degrees. 

One angle of a regular polygon contains 135°; find the number of sides. 

Could a pavement be formed of tiles which were all equal regular 
(i) hexagons? (ii) pentagons? 

Find the magnitude of each angle of a right-angled isosceles triangle. 

Construct an isosceles triangle having the angles at the base each equal 
to one-sixth of the vertical angle. 

Construct a right-angled triangle having given the hypotenuse and the 
difference of the other two sides. Draw both the figures which the 
construction yields. 

From a point O within a triangle ABC perpendiculars OM, ON are 
drawn to the sides AB and AC; prove that the angles MON and 
MAN are together equal to two right angles. 

ABC is a triangle and the exterior angles at B and C are bisected by 
BD and CD meeting at D; show that angle BDC, with half angle 
BAC, make up a right angle. 

Trisect an angle equal to one-fourth of a right angle. 

(The only angles which can be trisected with ruler and compasses 
alone are the right angle, or its half, fourth, eighth, £c. parts.) 
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PROPOSITION XXXIII. THEOREM. 


The straight lines which join the extremities of two equal and 
parallel straight lines, towards the same parts, are themselves equal 


and parallel. 


Let AB, CD be = and || st. lines joined towards the same parts 
by AC wel BD. 


Then shall AC be=and || to BD. | B 
Join AD....... cece ccc cccccccrcees PEE Post. 1. 
Then, since AB 1s || to CD............... Hyp. 

”. LBAD=alt.L ADC......... L290), © D 

Hence, in As ABD, ACD, | 

S  AB=CD.....oeuesnnonsesesseereessosen Hyp. 
a . AD is com. 
LBAD=ZLADC,................245. Proved above. 
. AC=BD a 
a g et 
and these being alt. Ls, 
<. AC is || to BD.......... juacunenpaveousecs I. 27. 
Wherefore, the straight lines which join &e. Q.E.D. 
NOTE. 


Prop. 27 to 33 form the 2nd section of Book I.—in which the theory of 
parallels is dealt with. 


EXERCISES. 


1. Explain the words “towards the same parts ” in the enunciation. 

. Does the converse of this proposition need any proof? 

3. A straight line joining the middle points of two opposite sides of a 
parallelogram, divides the figure into two parallelograms. 

4. The straight line joining the middle points of two opposite sides of a 
rectangle is at right angles to those sides. 

5. AB, CD, EF are three equal and parallel straight lines; prove that 
triangle ACE is equal to triangle BDF. 

6. The straight lines, which join the extremities of equal and parallel straight 
lines towards opposite parts, bisect each other. 

7. AB and CD are parallel straight lines. AB is produced both ways to 
E and F so that AE and BF are each equal to CD; prove that the 
triangle BCE is equal in all respects to the triangle ADF. 

8. Find the locus of a point which moves so as always to keep at the same 
distance from a given straight line. 


bo 


PROPS. XXXIII., XXXIV. 63 


PROPOSITION XXXIV. THEOREM. 


The opposite sides, and angles, of a parallelogram are equal to one 
another; and a diameter bisects it. 
Let ABCD be a [J], and AC a diam". 


Then shall (i) AD=BC;, A D 
DC=AB; 
(ii) L ADC= L ABO, 7 
LBAD=zZBCD; i 
(iii) AADC=AABC. ? j 

Since AD is || to BC........ E AATA Hyp. 
s 4 DACS ALAU Brene I. 29 (i). 

and since DC is || to AB... cece ec cee cee cee ee Hyp. 
<. LBAC=alt. LACD ... 0... ccc cece wees I. 29 (i). 

Hence the whole 2 BAD=whole 4 BCD..................0...... Ax. 2. 

Now, in As ADC, ABC, 
{4 DAC=L PA ae . E Proved above. 
"4 LACD=LBAC 
AC 1s com. 
AD=BC 
Ps | DC=AB l. EE E I. 26 (i). 
LADC=ZABC 

Hence it follows that As ADC, ABC are equal in area...1. 4. 

Wherefore, the opposite sides Kc. Q.E.D. 
NOTE. 


From this proposition it is manifest that every oblique parallelogram is 
either a rhomboid or a rhombus; and every rectangle either an oblong or 


a square. 

EXERCISES. 

1. State and prove the converse of part 1. of Prop. 34. Also, that of part ii. 

2. If, in the figure of Prop. 34, BD be joined, triangles ABC and DBC are 
equal in area. 

3. ABCD and EBCF are parallelograms on the same base; prove that 
AEFD is also a parallelogram. 

4. If, in the figure of Prop. 34, BE be drawn parallel to AC and meeting 
DA produced in E, then the parallelogram EBCA will be equal in 
area to the parallelogram ABCD. 

5. Bisect a parallelogram by a straight line drawn (i) through a given point 
in one of its sides; (ii) parallel to a given straight line; (iii) perpen- 
dicular to one of its sides. 

6. The area of any triangle is half that of the rectangle on the same base, 
one of whose sides passes through the vertex of the triangle. 
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PROPOSITION XXXV. THEOREM. 
Parallelograms on the same base and between the same parallels are 
equal to one another. 
Let (Js ABCD, EBCF be on the same base BC, 
and between the same ||s AF, BC. A D 
Then shall 7 ABCD= L7] EBCF. 


Case 1. When the pt. E coincides with D. 

Then each (7 1s double of A DBC..I. 34(iii). 
.. they are equal.............. Ax. 6, 

Case 2. When pt. E does not coincide with D. 
Then, since ABCD isa (],.........Hyp. 


a Bs 2. See eee I. 34 (i). 
and, since EBCF isa (4,......... Hyp. 
$. EF=BC..................... I. 34 (i). ) 
Hence AD=EF.................000. Ax. 1. Fig. 1. 
To each add DE (in Fig. 1.), or take away DE (in Fig. 2.). 
.. the whole, or rem", AE=whole, or rem’, DF...... Ax. 2, or Ax. 3. 
Hence, in As ABE, DCF, A E D F 
ABDU eris I. 34. | 
ey AE=DF........ Proved above. 
ZBAE=ZCDE....... I. 29 (ii). 
s. AABESADCF.......1 4. Bs 


Now, if from the whole trapezium ABCF the AABE be taken away, 
the [J EBCF is left. 


Or, if from the same trapezium the <A DCF be taken away, 
the (7 ABCD 1s left. 


Hence these rem" are equal..............005. Ax. 3. 
1e. [/ABCD=//EBCF. 
Wherefore, parallelograms on the same base &c. Q.E.D. 
NOTES. 


In the enunciations of this and succeeding propositions, the word “equal” 
must be understood to mean “equal in area,” not “equal in all respects.” 

The altitude of a parallelogram is the perpendicular distance between the 
parallels between which it stands, and the altitude of a triangle the length 
of the perpendicular from its vertex on its base, or base produced. 
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PROPOSITION XXXVI. THEOREM. 
Parallelograms on equal bases, and between the same parallels, are 
equal to one another. 
Let (Js ABCD, EFGH be on = bases BC, FG, 
and between the same || s AH, BG. 


Then shall (7 ABOD=HFGH. A D , 
OTE Bates O = TEENE EE Post. 1. v 
Then, since BC=FG....... P Hyp. 


and EH=FG.................005. I. 34. 
* BC=EH Ax. l. ZN 


(EE E DE SE SE EE SE E E o o onagnge 608 @ @ 


Hence, BC and EH being = and ||, _ 
<. BE 18 || to CH.......... secueneenesuaess I. 33. 
and EK BCH isa (//. 
Now, (7s ABCD, EBCH are on the same base BC, 


and between the same ||s AH, BC, 
<. L,ABCD=(7EBCH................... I. 35. 


Also (Js EBCH, EFGH are on the same base EH, 
and between the same ||s BG, EH, 


c. (JEBCH=//EFGH................... I. 35. 
| Hence (/ABCD=/7/7EFGH................... Ax, 1. 
Wherefore, parallelograms on equal bases &c. Q.E.D. 
EXERCISES. 


1. What special form of Axiom 3 is used in Prop. 35? 

2. The perimeter of a rectangle is less than that of any other parallelogram 
standing on the same base and having the same area. 

3. AFCD, EBGF are equal parallelograms standing on equal bases FC, 
EF, in the same straight line, but not towards the same parts. If 
AB, DG be joined, prove that ABGD is a parallelogram. 

4. Construct a rhombus equal to a given parallelogram. 

5. ABCD, EBCF are parallelograms on the same base but on opposite 
sides of it; prove that, if AE and DF be joined, AEFD is a parallelo- 
gram; and that its area is equal to the sum of the areas of ABCD 
and EBCF. 

6. If two parallelograms stand on the same base, but the altitude of one is 
double that of the other, the area of the former is double that of the 
latter. 

7. If, in Fig. 1 of Case 2, Prop. 35, BE and CD meet at O, prove that 


trapezium ABOD is equal to trapezium EOCF. 
(310) K 
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PROPOSITION XXXVII. THEOREM. 


Triangles on the same base, and between the same parallels, are 
egual to one another. 

Let <\s ABC, DBC be on the same base BC, 
and between the same || s AD, BC. 


Then shall AABC= ADBC. E. AD F 
Produce AD both ways................. Post. 2. 
Through B, draw BE || to AC,....... I. 31. 
and meeting AD prod? in E. | 
Through C, draw CF || to BD,....... I. 81. 7 oÆ 


and meeting AD prod? in F. 
Then, since EBCA, DBCF are (/s on the same base BC, 


and between the same ||s, 
°, O EBCA=/7 DBCFE...............0... I. 35. 


But AAABC is half [7 cael a ; 34 (iii) 
and A DBC is half (7 DBCF — | 
oe AABCS ADBC.....ceeceeeeecceeeees Ax. 7. 
Wherefore, triangles on the same base &c. Q.E.D. 


PROPOSITION XX XVIII. THEOREM. 


Triangles on equal bases, and between the same parallels, are equal 
to one another. 

Let A^s ABC, DEF be on the equal bases BC, EF, 
and between the same ||s AD, BF. 


Then shall AABC=ADEF. G A D H 


Produce AD both ways............. Post. 2, 

Through B, draw BG || to AC,....1. 31. 

and meeting AD prod? in G. l 
F 


Through F draw FH || to ED,.....1. 31. B C E- 
and meeting AD prod® in H. 
Then, since GBCA, DEFH are [s on equal bases BC, EF, 


and between the same || s, | 
°.. (JGBCA=(//DEFH.................. I. 36. 


But AABC is half (7GBCA | Pome 
and ADEF is half (7DEFH) | | 
* AABC=ADEF.......... cece e. Ax. 7. 
Wherefore, triangles on equal bases &c. Q.E.D. 
NOTE. 


It follows from Prop. 38 that triangles on equal bases and with a common 
vertex are equal in area. Also, that if two triangles of the same altitude are on 
unequal bases that which has the greater base has the greater area. 
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EXAMPLES. 
I. To construct a triangle equal in area to a given quadrilateral. 
Let ABCD be the given quadl. 
Join AC. 
Through B draw BE || to AC 
and meeting DC prod? in E..................085 I. 31. 
Join AE. 
Then AED shall be the req? <A. 
For, AAEC=AAABC......... cece eee 1. 37. 
Add <A\ACD to each, 
.. the whole <AAED=fig. ABCD. Q.E.F. 


II. The straight line joining the middle points of two sides of any triangle 
cuts off a triangle whose area is one-fourth of that of the whole triangle. 
Let ABC be a \, and let D and E, 


the mid. pts. of its sides AB, AC, be joined. A 
Then <A\ADE shall be one-fourth of A ABC. 
Join BE. D E 
Then, <ABAE=ABEC............... I. 38, note. 
oe <A BAE is half AABC, 
also <\HEAD=A\EDB.............. I. 38, note. B $ 
<. LAEAD is half ABAE. 
Hence AEAD is one-fourth of A ABC. Q.E.D. 
EXERCISES. 


1. Given a triangle, construct (i) a right-angled triangle of the same area. 
(ii) a triangle whose area shall be double that of the given triangle. 
(iii) a triangle whose area shall be half that of the given triangle. 
(iv) a triangle equal to the given triangle in area and having one of 
its sides equal to a given straight line. 

2. The four triangles into which a parallelogram is divided by its diagonals 
are equal in area. 

3. In the figure of Prop. 37, prove that triangle ABD is equal to triangle 
ACD. And if AC, BD cut in O, prove that (i) triangle AOE is 
equal to triangle BOA ; (ii) triangle OAB is equal to triangle OCD. 

4, Triangles of equal altitude, on opposite sides of the same base, are equal. 

5. If D, E, are the middle points of the sides AB, AC of a triangle ABC, 
and if CD and BE cut at O, prove that <AAOE=—A BOD. 

6. In the figure of I. 38, prove that trapezium ABED is equal to ACFD. 

7. Construct a triangle equal in area to a given rectilineal figure. 

8. ABCD is a parallelogram. E is any point in the diagonal AC, or in 
AC produced. Prove that triangles EBC, EDC are equal in area. 

9, Bisect a triangle by a straight line drawn through a given point in one 
of its sides. 

10. Bisect a trapezium by a line drawn through one of its angles. 
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PROPOSITION XXXIX. ‘THEOREM. 


Equal triangles on the same base, and on the same side of it, are 
between the same parallels. 

Let ABC, DBC be equal —\s on the same base BC, and on the 
same side of it, and let AD be joined. 


Then shall AD be || to BC. = s 
For, if not, if possible draw AE || to BC 
meeting BD, or BD produced, in E........ I. 31. 
Join EC.....asssssssssesesssssesessororsersseeeseo Post. 1. B 
| C 
Then, if AE is || to BC 
AA BC= AEBC\...... cee I. 37. 
but AA BC= ADBC,,.... cee ce eee Hyp. 
and e <AAEBC=AADBC.........0.0 0. Ax. 1. 
or, the part=the whole, 
which is absurd............cceeseseeeeeees Ax. 9. 


Hence, no other st. line but AD can be || to BC, 
z.e. AD is || to BC. 


Wherefore, egual triangles on the same base &c. Q.E.D. 


Le n 


PROPOSITION XL. THEOREM. 
Equal triangles, on equal bases in the same straight line, and towards 
the same parts, are between the same parallels. 


Let ABC, DEF, be equal —\s on equal bases BC, EF in the same 
st. line, and towards the same parts, and let AD be joined. 


Then shall AD be || to BF. A D 


c 


For, if not, 1f possible 


draw AG || to BF................08. I. 31. 
meeting DE, or DE produced, in G. J/N 
AEE TE A E Post.1. p e$ n 
Then, if AG is || to BF 
LAA BC= AAGEP.........ccccc cscs cc eecees I. 38. 
but A~AABC= ADEF...... 0... cece eee Hyp 
and .°, AAGEF= ADEPF...... cece cues Ax. 1. 
or, the part =the whole, 
Which is absurd ........cccsceseveeecesseees Ax. 9. 


Hence, no other st. line but AD can be || to BF, 
2.e AD is || to BF. 


Wherefore, equal triangles on equal bases &c. Q.E.D. 
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EXAMPLE. 
The straight line joiming the middle points of the sides of a triangle is 
parallel to the base. 
Let E, F be the middle points of the sides AB, AC of <A ABC, 
Join EF, BF, CE, 


Then shall EF be || to BC. A 
For, since AESEB..a. Hyp. 
ee LAPAB=-AFEB........... I.38note. p 
and since AF=FC ,,.............0085. Hyp. 
oe AFAE= AFEC... I. 38. 
Hence, <AFEB=AAFEC............. Ax.1. B 
and they are on the same base EF, 
ee BC is || to EF.................. 1. 39. Q.E.D. 
' EXERCISES. 
1. If, in the above figure, D be the middle point of BC, prove that DE is - 
parallel to AC. 
2. Of what propositions are the 39th and 40th converse respectively ? 
3. Prove Prop. 39, supposing AE to meet CD produced in E. 
4. Prove Prop. 40, supposing AG to meet DF in G. 
5. In the figure of I. 5, if FG be joined, prove that FG is parallel to BC. 
6. The figure formed by joining the middle points of the sides of any 


quadrilateral is a parallelogram, and its area is half that of the 
quadrilateral. 

/. If the middle points of the sides of a triangle be joined, the triangle is 
divided into four equal triangles. 


8. In the figure of the above example, prove that 
(i) EF is equal to half BC. 
(ii) If BF, CE cut at O, triangles OBE, OCF are equal in area. 
(iii) Triangles OEA, OFA are equal in area. 
(iv) Triangle OBE is one-third of triangle CBE. 

9. If two equal triangles have a common vertex, and their bases in a 
straight line, their bases are equal. Hence, show that if OC in the 
above figure is bisected at Q, EC will be trisected in O and Q. 

10. If, of the four triangles into which the diagonals divide a quadrilateral, 
any two opposite ones are equal, the quadrilateral has two of its 
sides parallel. 

11. In a right-angled triangle, the straight line joining the right angle to 
the middle point of the hypotenuse is half the hypotenuse. 

12. What is the locus of the vertex of a triangle whose base is fixed, and 
whose area remains constant? 
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PROPOSITION XLI. THEOREM. 


If a parallelogram and a triangle be on the same base, and between 
the same parallels, the parallelogram shall be double of the triangle. 


Let C7 ABCD and <\EBC be on the same base BC, 


and between the same ||s AE, BC. 
‘Then shall (7/ ABCD be double of AAHBC. 


OEE Fir A E hee Post. 1. 
Then, since AE is || to BC............cce0ee Hyp. 
2 AABC=AEBC........... E „I. 37. 
But LJ ABCD is double of AAABC.........3..1. 84 (iii). 
. LOJ ABCD is double of <AEBC............ Ax. 6. 
Wherefore, 2f a parallelogram &e. Q.E.D. 
EXERCISES. 
1. In what special form is Axiom 6 used in this proposition? 


2. Prove that if a parallelogram and a triangle stand on equal bases and 


between the same parallels the parallelogram is double of the tri- 
angle. 


. Construct a rectangle which shall be double of a given triangle. 
. If any point be taken in a side of a parallelogram and joined to the 


opposite angles, one of the triangles so formed is equal to the sum 
of the other two. 


. Any point O is taken within a parallelogram ABCD; prove that the 


sum of the triangles OAD, OBC is half the parallelogram. 


. Any point O is taken without a parallelogram ABCD; prove that the 


difference of the triangles OAD, OBC is half the parallelogram. 


. Construct a triangle equal in area to a given parallelogram. 
. Construct a right-angled triangle equal in area to a given rectangle. 
. If in the figure of Prop. 41, BE and DC cut at O, and AO be joined; 


then triangles AOD, OCE are equal in area. 
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PROPOSITION XLII. PROBLEM. 


To make a parallelogram equal to a given triangle, and having an 
angle equal to a given rectilineal angle. 
Let ABC be the given \, and D the given ZL. 


It 1s reg? to make a C] =A ABC, and having an L =D. 


AY Z FẸ G 


D 
Bisect BC in Eus.c.ccccsccccccececcccceccuccsccsceccevcsecesscesseveses I. 10. 
At E, in CE, make 4OCEF=D icacccccsesrsasstecnivecsiveastnisenns I. 28. 
Through A draw AFG || to BC,.....soeneessossesesesessssssenrerees, I. 31. 
and meeting EF at F. 
Through C draw CG || to EF, 2.0.0... cece cece cence eeeeneenenen I. 81. 
and meeting AFG at G. 
Then shall FECG be the L7 reqa. 
Join AE. 
: Then, since BE=EC..........ccccceseeseseeeeneeees Constr. 
ww LRABE= ANAAEC, 2... ce ec eee I. 38. 
Hence A ABC is double of AAAEC, , 
but L7 FECG is double of AAKC........... I, 41. 
<. LI FECG= AABC..... ccc cece eee Ax. 6. 
and it has an 4 FEC=D.................4.. Constr. 


Wherefore, a parallelogram has been made &c. Q.E.F. 


EXERCISES. 
1. Construct a right-angled triangle equal to a given square. 
2.-Construct a rectangle equal to a given triangle. 


3. Make a triangle equal to a given parallelogram and having an angle 
equal to a given angle. 


4. Construct an isosceles triangle equal to a given square. 

5. Construct a triangle equal to a given rectangle and having one of its 
angles equal to half a right angle. 

6. Make a rectangle equal in area to a given parallelogram, having one of its 
angles at a given point, and one of its sides in a given direction, 


72 EUCLID, BOOK lI. 


PROPOSITION XLIII. THEOREM. 


The complements of the parallelograms which are about the diameter 


of any parallelogram, are equal to one another. 


Let ABCD be a (7, AC its diam., EH, FG Js about AC, 


and BK, KD the complements. 


Qn 


Then shall compt BE=compt KD. 


For, since EH isa DJ, 


<c OAEK=AAHK....... EN I. 34 (iii). 
And, since GF isa [J, 

fe AK GC AKF Ooue. 1. 34 (iii). 

< A8 AEK, KGC= As AHK, KFC......... Ax. 2. 
But the whole <A ABC=whole AADC............ I. 34 (iii), 

., the rem’ BK=rem' KD.................... Ax. 3. 
Wherefore, the complements &c. Q.E.D. 

EXERCISES. 


. Define “ Parallelograms about the diameter,” and “Complements.” 


. If a point not on a diameter were taken, and through it parallels drawn to 


the sides, would any of the four parallelograms formed be necessarily 
equal? 


. In the figure of I. 43 prove that, 


(i) ~J/HB=(/7ED. 
(ii) LAEK=LKGC. 
(ui) EH is || to GF. 


. Prove that, if K is the middle point of AC, the complements are equal 


in all respects. 


. Prove that in the case of a rectangle the complements are rectangles. 
. Parallelograms about the diameter of a square are squares, 
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PROPOSITION XLIV. PROBLEM. 


To a given straight line to apply a parallelogram equal to a given 
triangle and having an angle equal to a given angle. 

Let AB be the given st. line, C the given <^, and D the given 4. 

It is reg? to apply to AB a CO] =Q, and having an L=L D. 


Make O EBFG= AC, having 
LEBF= 4D, and side BF in the 


direction of AB prod4 ..........ccceseeeeee. 1. 42.* 

Through A draw AH || to BE............ I. 31. 

and meeting GE prod? in H, 

RE o E s EPEN O Post. 1. 
Now, since AH is || to FG.............. Constr. 


e LSAHG, HGF=two rt. Ls...1. 29 (iii). 
and .°, Ls BHG, HGF <twort. Ls. 
Hence HB and GF, if prod4 


towards B and F, will meet............. Ax. 12. 
Produce HB and GF to meet in K...... Post. 2. 
Through K draw KLM || to AF,......... I. 31. 


meeting EB and HA prod? in L and M. 


Then shall AMLB be the (7 reqa. 
For, since HMKG isa £7, and HK its diam. ......Constr. 


e compt MB=comp* BG.................0085 I. 43. 
Dut L7 BG S2AU on Constr. 
a ALIMDA NAO aE AO Ax. 1 
Also, since LABL=ZLEBF.............ccc0csseeee I. 15. 
mda hc Re Beth, El oere Constr. 
re Me eat L Dorren nre Ax. 1. 
Wherefore, to the given st. line AB has been applied &c. Q.E.F. 
NOTE. 


* This can be done thus:—On AB produced describe a <A PBQ= AC 
(I. 22), and then, by I. 42, make (7/EBFG=—_\PBQ &c. 


EXERCISES. 
1. In the figure of I. 41, prove that AB and EC, when produced, will meet. 
2. On a given base construct a rectangle equal to a given rectangle. 
3. On a given finite straight line construct a rectangle equal in area toa 
given parallelogram. 
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PROPOSITION XLV. PROBLEM. 


To make a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle.* 


Let ABCD be the given rect! fig., and E the given ZL. 
It is reg? to make a C] = ABCD and having an L = L E. 


TIE E 1 O EPEE E Post. 1 
Make [7 FGHK=A ABC D 
and having LFGH=ZLE................1. 42. A E 
To HK apply OJ HLMK= AADC 
and having CLKHL=ZLE............... I. 44. 
Then FL shall be the (7 req@. H i 

For, since 4L FGH = LE........ eee eens Constr. ~ 

and LKHL=AZLE................. Constr. F KM 

». LFGH=LEKHL............ Ax. 1. 


Add LKHG to each 
“.. LSFGH,KHG= 4 KHG, KHL... Ax. 2. 
but Ls FGH, KHG=two rt. Ls........1. 29(iii). c 


”. LSKHG, KHL=two rt. Zs....... Ax. 1. a + 
and .°, GH, HL are in the same at.-line..............cccee eee e ees I. 14. 
Again, since KM is || to GL... cece e eee Constr. 
<. LGHK=alt. LHKM................ I. 29 (i). 
Add L HKF to each 
<. LS GHK, HKF= Zs HKF, HKM......... Ax. 2. 
but 4s GHK, HK F=two rt. 28..............eee, I. 29 (iii). 
<. LS HKF, HKM=two rt. Zs.................. Ax. 1. 
and .°. FK, KM are in the same st. line.............. I. 14. 
Also, since FG is || to KH....................08. Constr. 
and ML is || to KH....................... Constr. - 
oe FG is || to ML... cee I. 30. 
Hence, the fig. FGLM isa (7. 
And, since (7 FH=AAABC.................2485 Constr. 
and (J KL=ANAADC..... ccs. Constr. 
. whole (7 FL=whole fig. ABCD......... Ax, 2. 
and it has L FGH= LE... cece cece cece ees Constr. 
Wherefore, a parallelogram has been made &c. Q.E.F. 
EXERCISES. 


1. To a given straight line apply a rectangle equal to a given quadrilateral. 
2. Prove Prop. 45 for the case of a rectilineal figure of five sides. 


* This problem may be easily solved by using the method of Ex. I. p. 67. . 
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PROPOSITION XLVI. PROBLEM. 
To describe a square on a given straight line. 
Let AB be the given st. line. C 
It is req? to desc. a sg. on AB. 


D E 
From A draw AC at rt. Ls to AB...... I. 11. 
From AC cut off AD=AB................ I. 3. 
Through D draw DE || to AB............ I. 31. 
Through B draw BE || to AC............ I. 81. 
and meeting DE in E. A p 
Then shall DABE be the sq. reqå. 
For, since DABE isa []...nessseenresesses Constr. 
<. AB=DE l 
and AD= aa eu ewkiakenna eke evas bees T. 34 (i). 
PU ADSA B rrr Constr 
.. the four sides AB, AD, DE, BE are all equal. 
Again, since DE is || to AB............ cece eee es Constr. 
.. £8 BAD, ADE=two rt. ZS............66. I, 29 (iii). 
But LBAD isa rt. Live eee e es Constr. 


GJ t9 bl 


<. LADE is also a rt. L. 


And, since DABE is a (7, its opp. LS are equal......1.34 (ii). 
.. each of the £8 DEB and EBA is art. 4. 


Hence the figure DA BE is a 8q............005. Def. 30. 
Wherefore, on the given straight line &c. Q.E.F. 


Cor. Hence every L] that has one rt. 4 has all its 4S rt. Ls. 


EXERCISES. 


. Prove that the squares described on equal straight lines are equal. 
. State and prove the converse of Ex. 1. 
. Prove that the perimeter of a square is less than that of any other equal 


parallelogram standing on the same base. 


. Show how to draw a line from A at right angles to AB without pro- 


ducing AB. 


. The diagonals of a square bisect each other at right angles. 
. A square and a rhombus stand on the same base; prove that the area 


of the square is greater than that of the rhombus. 
Show that Euclid’s definition of a square states more than is necessary. 
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PROPOSITION XLVII. THEOREM. 


In any right-angled triangle, the square described on the side sub- 
tending the right angle is equal to the squares described on the sides 
containing the right angle. 


Let ABC be art. angled A, having the rt. L at A. 
Then shall the sq. on BC=saqs. on BA and AC. 


On BC desc. sq. BDEC.......... I. 46. 7 
and on BA, AC the sqs. GB, HC...1. 46. 
Through A draw AL || to BD.....1. 31. F 
meeting DE in L, 


Join AD, |, re ae eee ere Post. 1. 


Then, since 4 BAG is a rt. Z......Constr. 
and L BAC is art. Z......Hyp. 
.. GA, AC are in one st. line...I. 14. 


And, since GA is || to FB.......... Constr. 
.”. 8q. GB is double of AFBC...1. 41. 
Also, since AL is || to BD.......... Constr. 
<. LU BL is double of A A BD..1. 41. ñ F 
Again, since each of the 4s FBA. and DBC is a rt. Z...... Constr. 
Se Ge EBA 0 DBO ie cssesesireistvicecans Ax. 11. 
n Add 4 ABC to each. 
.. the whole 4 FBC =whole LABD............45. Ax. 2. 
Hence, in As FBC, ABD, 
FB=AB Cree Tr re Constr. 
py BC=BD......essesesssesereserssesees Constr 
LFBCSLABD wicciccisionvcseess Proved above 
se ZAFBCS AA BU isissestnsctiicciccons I. 4. 
But sq. BG is double of <A FBC, l , 
and [7 BL is double of AABD| UUU ———— 
ee SA. BG= /J 5) Dp Ax. 6. 


In like manner, by joining .BK, AE, it may be proved 
that sq. HC= J CL. 


.”. the whole sq. BDEC=sqs. GB and HC............ Ax. 1. 
1e. the sq. on BC=sqs. on BA and AC. 


Wherefore, in any right-angled triangle &c. Q.E.D. 


PROP. XLVII. TT 


NOTES. 


The result of this proposition is very important. It will be more easily 


remembered in the following form :— 


In a right-angled triangle, the square on the hypotenuse is equal to the sum 


of the squares on the sides, 

The theorem is supposed to have been discovered by Pythagoras more 
than 500 years B.c., and 200 years before the time of Euclid. 

Various proofs of its truth have been given; some of them “ ocular demon- 


strations,” showing how the smaller 

squares may be cut up into bits which 

will form the larger one, or vice versd. 

One way of doing this is given below.* F 
Produce DB to cut FG in M. 

Draw MP parallel to’BC. 

Produce EC to cut AH in N. 

Then the five fragments, numbered 1,-2, 

3, 4, 5, can be so arranged as to cover 

the square BDEC. 

It is left as an exercise for the student 
to discover how they must be arranged. 
The numbers on the large square show 
the locality of the pieces. 


I. 
2. 


8. 
4. 


10. 


EXERCISES. 

The sides of a right-angled triangle are 3 inches and 4 inches respec- 
tively; find the length of the hypotenuse. 

The hypotenuse is 10, one side is 8, find the other side of the right- 
angled triangle. 

Write out the proof that square HC is equal to parallelogram CL. 

The sum of the squares on the diagonals of a rectangle is equal to the 
sum of the squares on its four sides. 


. Find a line the square on which shall be double the square on a given line. 
. In the figure of I. 47 prove that (i) F, A, K are in a straight line; 


(ii) GB is parallel to HC; (iii) triangles FBD, ABK are equal in 
area; (iv) squares on FA and AK are double the square on BC. 


. Prove Prop. 47 when the square BDEC is described on the other side 


of BC. 


. The sum of the squares on the sides of a rhombus is equal to the sum 


of the squares on its diagonals. 


. If any point P be taken inside a rectangle ABCD, the squares on PA 


and PC are together equal to the squares on PB and PD. 
The sum of the squares on the sides of an equilateral triangle is equal 
to four times the square on the perpendicular from an angle to the 


opposite side. 
* See also Appendix II. 
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PROPOSITION XLVIII. THEOREM. 


If the square described on one of the sides of a triangle be equal ta 
the squares described on the other two sides, the angle contained by 
these two sides 18 a right angle. 

Let the sq. on BC=sgps. on the sides BA, AC of A ABC. 


Then shall 4L BAC be art. Z. 


D 


B C 
From A draw AD at rt. £8 to AC...t....esssesessosesesecreseseee I. 11. 
LeOn ADA rera VAa TE RA A 13. 7 
Join DC. .cccceccecsseeseeeeeeeeeees pe EENAA RAAE ARE Post. 1. 
Then, since DASBA....sesssessosssseesesessse. Constr. 
<. 8q. on DA=sq. on BA. 
Add sq. on AC to each 
.. sqs. on DA, AC=sqs. on BA, AC............ Ax. 2. 
But sqs. on DA, AC=sq. on DC................6.. I. 47. 
and sqs. on BA, AC=sq. on BC...............065. Hyp. 
.“. sq. on DC=sq. on BC 
and .°, DC=BC. 
Hence, in A^s ABC, ADC, 
TIRE TD srren Constr. 
Pg {ac is com. 
BOCS DO iyessciniaasanscnseavid Proved above. 
rr 35. 0. — ADAU parrres I. 8. 
But 4 DAC isa rt. L essssessssrssrseses Constr. 


* LBACisart. L. 


Wherefore, tf the square &c. Q.E.D. 


PROP. XLVIII. 79 


NOTES. 


The following theorem, and its converse, is assumed as an axiom in this 


proposition:—“ The squares on equal straight lines are equal.” 


Prop. 48, the converse of Prop. 47, unlike most converse propositions, is 


proved by a direct method. 


N.B.—In the construction AD must be drawn at rt. Ls to AC. It will not 


do to produce BA to D. 


Props. 34 to 48 form the 3rd section of Book I., which deals with areas. 


EXERCISES. 


. Is the ‘triangle right- angled whose sides are (1) 3, 4, 5; (ii) 5, 6, 8; 
(iii) 6, 8, 10; (iv) 7, 9, 12; (v) 5, 12, 18? 

. Given a line one inch long, show how to obtain a line 

(i) +/2 inches long. 

(ii) v5 inches long. 

. Show how to cut up the large square of Prop. 47 so as to form the 
smaller squares. 

. What is the distance between opposite corners of a page of a book 
8 inches long and 6 inches wide? 

. If two right-angled isosceles triangles have one side common, their hypo- 
tenuses are at right angles. 

. If a straight line be divided into any two parts, the square on the 
whole line is greater than the sum of the squares on the two parts. 

. In any triangle, the square on a side subtending an acute angle is less 
than the sum of the squares on the sides which contain that angle. 

. If the square on one side of a triangle is less than the sum of the squares 
on the other two sides, the angle contained by these two sides is acute. 


. If the square on one side of a triangle is greater than the squares on the 
other two sides, the triangle is obtuse-angled. 


10. If two right-angled triangles have their hypotenuses equal, and have 


also one side equal to one side, then their other sides are equal. 
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MISCELLANEOUS EXAMPLES. 


I. To divide a given straight line into any given number of equal parts. 


Let AB be the given st. line, and suppose, for example, that it is reqå to 


divide it into three = parts. 


C 


Through A draw any other st. line AC. 
Take any pt. D in AC, and from DC cut off DE= AD, 


and from EC cut off HF=AD.......... cece ecce ence ene eeenenens I. 2. 
Join BF. 

Through E draw EG || to BF, meeting AB in at - 
Through D draw DH || to BF, meeting AB in H) “0 aa 


Then shall AB be divided into three equal parts at H and. Q. 


Through E draw EK || to AB, meeting BF in K... I. 31. 
Then, since GK is a (Jy... ccc ccc ccc een c cee ces cenenceueens Constr. 
Page GDES | OP ee auyuaasaeeben: I. 34 (i). 
and, since EK is || to AB... ccc cee cee ee Constr. 
ext? L KEF=int' opp. ,HAD.................. 1. 29 (ii). 
also, since HD is || to BF... cece ec ce eee Constr. 
ext? 4 HDA=intt opp. LKFEH...............0... J. 29 (ii). 


Hence in <As HAD, KEF 


LHAD=Z KEE, Proved ab 
e J apaa gpp CU roved above. 
ADEE ...... ccc cccccccccccccccccececcuvess Constr. 
ig ANS EKo E I. 26 (i). 
But ERKRmGB..... ccc cc cece ce ees Proved above. 


<. AH=—GB. 
Similarly it may be shown that HG=GB. Q. E.F. 


MISCELLANEOUS EXAMPLES. 8l 
A line may also be divided into three equal parts, thus :— 
lI. To trisect a given finite straight line. 


Let BC be the given st. line. 


A 
O 
B D T C 
On BC desc. an equilat. A ABO....esessneessesusesernrsroresererrsres I. 1. 
Bisect the £8 at B and C by BO and CO meeting at O.............. I. 9. 
Through O draw OD || to AB, and OE || to AC, 
meeting BC in D and E...... ccc ccc ccc cece eee eet e eee see seneaeneeees 1. 31. 


Then BC shall be trisected at the pts. D and E. 


For, since OD is 7 OO Ti S o E E E EN Constr. 
.. extr Z ODE=intr L ABC,........ cies a , 29 (ii). 
and, since OE Is || to AC, ....... ccc cece cer ee ese eeeveeeeeesces M Constr. 
oe EXT LOED=intl LACB...... cece eee ees I. 29 (ii). 
-. the rems 2 DOK=rems 2 BACO iikoukarixnteraconces I. 32. 
Hence, <AODE has its angles equal, and is .*, equilat............ I. 6. Cor. 
Again, since OD 18 || tO ABvcciscisiscvecsseseseeverseiccenses o Constr. 
| <. LABO=alt. L BOD wean E 1. 29 (i). 
But LABO=ZOBD.... occ ee cece Constr. 
2s 26 501 97 ae @) 0 2 9 eer ere Ax. 1. 
and .°. ODMBD.... ccc ccc cc acc eee ceces 1. 6. 
Bat 02 8 7B) errr ere Equilat. <A 
ce POS © 2 |) rn eee eee nner Ax. 1. 


Similarly it may be shown that DE=EC. 


Wherefore, BC is trisected at D and £E. Q. E.F. 
(310) F 
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III. To find a point in a given straight line such that the sum of its dis- 
tances from two given fixed points, on the same side of the line, may be the 


least possible. 


Let A and B be the given pts. and CD the given st. line. 


E eae D 
G 
F 
Draw AE L to CD... ccc ccc ccccecccccccssvccecsececccseccccesscecenes I. 12. 
Produce AE to F, 
Cut off BF mAEB wc ccc ccc ccc ccc cecucvececcvcesscevccveeseccevcsseceves I. 3. 


Join FB meeting CD at G. 
Then G shall be the pt. req. 
For. take any other pt. H, and join AH, HB, FH. 
Then in <\s AEG, FEG, 


AE = Se Constr. 
ee | EG is com. 
rt. L AEG=rt. LC FEG...................46. Ax. 11. 
a AG — T a I. 4. 


Similarly, it may be shown that AH=FH. 


Hence AG, GB=FB 
and AH, HB=FH, HB 


but FB<FH, HB........................ I. 20. 


<. AG, GB<AH, HB. 
Q.E.F. 


Cor.—The point G is such that AG, GB make equal angles with CD. 
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IV. Of all equal triangles, standing on the same base, the isosceles has the 
least perimeter. 


Let ABC be an isos. <\ and let DBC be any other \ on the same 
base BC and between the same ||s AD, BC, and having therefore the 


same area. 


M A D  -.N 


NA 


B C 


Then shall perimeter of <A ABC be < that of DBC. 


Produce AD both ways to M and N. 
Then, since MN is || to BC, 


°. LMAB=alt. LABC...... ccc eee. I. 29. - 
SLAC Dor ene EANA I. 5. 
salt. LCAN....... ccc cc ccc ccc eccevcece l. 29. 


i.e. BA, CA make equal angles with MN. 


e by the previous corollary, 
- BA, AC < BD, DC. 
Add BC to each, 
<. BA, AC, BC<BD, DC, BC. 
i.e. perimeter of <\ ABC < perimeter of <A DBC. 
Q.E.D. 


By the method used in IV. the following theorem may be easily 


proved :— 


If a polygon be not regular, there may be found another polygon having 
the same number of sides and the same area, but having a less peri- 


meter. 
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V. Through a given point to draw a straight line, so that the part of it 
intercepted between two given straight lines, may be bisected at the given 
pornt. 7 


Let A be the given pt.; BC, BD the given st. lines. 


GC 
K 
B A 
2 D 
Through A draw AE || to BC........ EP EEEE E I. 31. 
and meeting BD at E. 
From ED cut off EF=SEB ..... cee ccc cece ccc ese cee sceccccucucccce l. 
Join FA and produce to meet BC in G. 
FAG shall be bisected at A. 
Through E draw EK || to FG, meeting BG in K... i. 31. 
Then, since KA isa (7,......... a e ee Constr, 
<. AG=EK 
and, in <\s KBE, AEF 
LKBE=LAEF 1. 29 (i 
= 1 KEB=/ AFE [U ee ee ee ii), 
BE=EF......... EEEE oeacci Constr. 
ea DRST A e I. 26 (i). 
but AGEK.................... akan Proved above. 
a «yo: Ce Ax. 1. 


“ne Q.E.F. 


VI. To make a square which shall be any given multiple of the square on a 
given straight line. 


Let AB be the given straight line. . 


C 
It is regt to make a sq. which shall be (suppose D 
for example) three times the sq. on AB. 
From A draw AC at rt. Ls to AB......... I. 11. 
Cut off AC=AB, and join CB................. I. 3. È 4 
From B draw BD at rt. 28 to BC............ l. 11. 


Cut off BD=AB, and join CD.................1 3. 
Then shall the sq. on CD be three times the sq. on AB. 


For, sq. on CD=sqps. on CB, BD........... cece cee eee. EP le 
=sqs.on CA, AB, BD...........0 eevee I. 47. 
=three times sq. on AB. Q.E.F. 
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VII. To divide a given straight line into two parts, so that the square on 


one part may be-double of the square on the other. 


Let AB be the given st. line. 


C 
NS 
NS 
A 5 B 
At pt. A in AB make L BAC = half art. Z.......... 
At pt. B in AB make L ABC =a quarter of a rt. L }............. 1: Pai es 
and I. 23. 
At pt. C in BC make L BCD = a quarter of a rt. L 
And let CD meet AB in D. 
Then shall sq. on AD be double of sq. on DB. 
For, LCDA=Zs DCB, DBC............... en. I, 32 (i). 
== twice 4L DCB, 
= half art. Z, 
= 4L CAD. g 
Hence, since Ls CAD, CDA are each half a rt. L 
se LACD is a rt. Leece a EERE I. 32 (ii). 
Again, since LCAD=LCDA....... cece cece cence ene Ax. 11. 
re CASC D Peeper nen E A I. 6. 
And, since L DOB=ZLDBC..... ee cece ee eee. Constr. 
ime CDS DB See nr nr rene I. 6. 
Hence, sq. on AD=sgqs. on AC, CD....0...0 0c eee 1. 47. 


= twice sq. on CD, 


= twice sq. on DB. 
Q.E.F. 
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VIII. The straight lines drawn at right angles to the sides of a triangle, 
from their middle points, meet in a point. 


Let ABC be a A, and 
D, E, F the mid. pts. of its sides. 


Draw EO, FO at rt. 28 to AC, AB 
and meeting at O. 


Join OD. 
Then OD shall be at rt. LS to BC. 
For, in <\s OEA, OEC, 


| Od De rr Constr 
°.° 4 OE is com. a 
rt. LAHO=rt. LCEO.............. EE Ax. 11. 
ae OAE O eens EEES I. 4. 
Similarly it may be shown that OA=OB 
ra OB — § | ua NEE EES A Ax. 1. 
Hence, in As OBD, OCD, 
PRAIRIE & Racin ti E aades Constr. 
*.” 7 OD is com 
RENCE Acnicaedkecedinncsecavcsexaeeeis Proved above. 
s LODBS ae 6 1 | Greer errr 1. 8. 
Hence OD is at rt. 48 to BC.. EEEE Def. 10. 
Wherefore, the straight lines &c. Q.E.D. 


Since OA, OB, OC are all equal, a circle described with centre O, and 
radius OA will pass through B and C. Such a circle is said to be circum- 
scribed about the triangle ABC. Hence, the following constructions: — 


(i) To circumscribe a circle about a triangle. 

Bisect two of the sides of the triangle, and through the points of 
bisection draw lines at right angles to those sides; the point at 
which the lines cut is the centre, and the distance of this point from 
one of the angles i is the radius. 


(ii) Zo find the centre of a given circle. 

From any point on the circumference of the circle, draw two 
chords; bisect these chords, and from the points of bisection draw 
lines at right angles to the chords; the point in which these lines 
cut is the centre. 
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IX.—The straight lines drawn from the angles of a triangle to the middle 
points of the opposite sides,* meet at a point. 


Let D, E, F be mid. pts. of sides BC, AC, AB, of AABC. 


Join BE, CF, cutting at O. 
Join AO, DO. 


Then shall 40, DO be in one st. line. 


For, since AHEC. ...... ccc ccc ccc ccc ccc ccceceecs Hyp. 
we HLAABE= AACBE..... ccc cece ce coe cee I. 38. 


ee <AABE is half <AABC. 
Similarly <A ACF is half <AABC. 


og AABES AN BE vresicntinciacevoniivsvxccs Ax. 7. 
Take away the com. part AFOE 
<. rems <A\OBF=—rem& <AOCE,......:.......c0008- Ax. 3. 
but <AOBF=AAOARPR..... cece eee eee I. 38. 
=half AOBA 
and <AOCEK= AAOAKE..... ccc cece cece ce eee eee I. 38. 
=half <AOCA 
we KLNOBA= AAOCA.,.... cece cece sce ceeeees Ax. 6. 
Again, since BD=CD.u...... ccc cee eee nee ees Hyp. 
we HOBD=AOCD...... ep cenuvaueduauaneuas I. 38. 
Hence As OBA, OBD=\s OCA, OCD................ Ax. 2. 
i.e. AO, OD bisect the <A ABC. 
But if AD were drawn it would bisect <A ABC......... 1. 38. 


.. AO, OD must coincide with st. line AD. 
t.e. AD passes through O. 


Wherefore, AD, BE, CF meet at one pont. Q.E.D. 


* These lines are sometimes called medians; and the proposition enunciated 
thus:—The medians of a triangle are concurrent. 
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X. The perpendiculars from the angles of a triangle on the apposite sides 
meet at a pornt. 


In AABG, let the Ls BM, CN meet at O. 
Then AO produced shall be L to BC. 


‘A 
R Q 
N 
B L C 
P 
Through A draw RAQ || to BC 
Through B draw RBP || to AC f ..a.nnonnsneusssseseeerossuecesssessses- L SL 
Through C draw PCQ || to AB) | 


Then, since ABPC is a / 7, 


EA o RS E E T I 34 
and, since ARBC is a (/, 
RESA eT e0xKi I. 34. 
.. RB=BP. 


Similarly, RA=AQ, and PC=CQ. 
And, since AC is || to PR, and BM L to AC, 
e BM isalso L to PR..................... I. 29 (iii). 
Similarly, NC is L to PQ. 
Since O is the pt. of intersection of lines from the mid. pts. of the 
sides PQ, PR of <APQR at rt. Ls to those sides, 
<v by VIII., AO is at rt. Ls to RQ. 


But BC is || to RQ, 
and .°, AOL is L to BC. Q.E.D. 


The point O at which the perpendiculars meet is called the Orthocentre 
of the triangle. 
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XI. The straight lines which bisect the angles of a triangle meet at a 
pont. 
Let ABC bea AA. 
Bisect 4s ABC, ACB by 
BO, CO meeting at O.......cceccceee eee eee 1.9. 
Join OA. 


A 
N /\ M 
Then shall OA bisect LBA C., Q\ 
L 


Draw the t.s OL, OM, ON from 


O to the sides......... pen bdapennuseuseeuuenees I. 12. p C 
Then, in <\s OBN, OBL, 
LOBN=LOBL.... ccc cece cee es Constr. 
49. LONBSrt. £ DEG se cccavisiccieniainens Ax. IL. 
OB is com. 
e ONSO0L.... a ea aanren I. 26 (ii). 
Similarly it may be proved that OM=OL 
e ONS0M.. aeaaea Ax. 1. 
Now, since LONA and LOMA are rt. Ls 
<. sq. on OA=sqs. on ON, NA Ci 
and sq. on OA=sqs. on OM, MA) E 
e sqs. on ON, NA=sqs. on OM, MA. 
But since ON=OM, 
sq. on ON=sq. on OM 
.. sq. on NA=sq. on MA 
, NA=MA. 
Hence in As NAO, MAO 
NA=MA 1... cece cae ....- Proved above. 
"> 4 AO is com 
ON=OM.... cece cence os Proved above. 
ie LNAO= L MAO E E E EE E EE I. 8. 
i.e. the bisector of LA passes through O. 
Q.E.D. 


Hence the following constructions :— 
To find points equidistant from three given straight lines. 


(i) Inside the triangle formed by the lines -one point can be found. 
Bisect two of the angles of this triangle; the point is where these 
bisectors cut. 
(11) Outside this triangle three points can be found. 
Bisect the exterior angles formed by producing two of the sides; 
the points of intersection of these bisectors can be proved to be 
equidistant from the sides by the method used in XI. 
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10. 


ll. 


12. 


13. 


14. 


15. 
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MISCELLANEOUS EXERCISES. 


. Are any two angles of a triangle greater than the third? Give a reason 


for your answer. 


. BAC, EAD are two equal angles; if the points B, A, D be in the same 


straight line, the points C, A, E can also be in the same straight line. 


. If two equilateral triangles be described on opposite sides of a straight 


line, the line joining their vertices will bisect the line. 


. If from the vertex of a triangle a perpendicular be drawn to the base, 


the difference of the squares on the sides is equal to the difference of 
the squares on the segments of the base. 


. ABC is a right-angled triangle, C being the right angle. Prove that if 


P be a point on BC between C and B, AP is less than AB, but if P 
be in CB produced, AP is greater than AB. 


. D is any point on the side BC of the triangle ABC. If the angle 


ABC be an obtuse angle, prove that AD is greater than AB but 
less than AC. 


. If, upon the same base AB, two triangles BAC, ABD be constructed, 


having the angle BAC equal to ABD and ABC equal to BAD, prove 
that the triangles BDC, ADC are equal in all respects. 


. BD, CF bisect the equal angles of the isosceles triangle ABC, and meet 


the opposite sides in D and F; prove that CD, DF, and BF are all 
equal. | 


. A point A is taken in the circumference of a circle whose centre is O 


and a circle is described having A as centre and meeting the first 
circle in B and C; prove that AO bisects the angle BAC. 

In any right-angled triangle, the distance of the middle point of the 
hypotenuse from the right angle is half the length of the hypotenuse. 

If AB, AC be equal sides of an isosceles triangle, and a circle with 
centre B and distance BA cut AC (or AC produced) in E, and BF 
be taken in AB (or AB produced, if E lies in AC produced) equal to 
CE, prove that the angle CFA is equal to the angle FAC. 

Find a point D in the side BC of a triangle ABC such that AD may be 
half the sum of AB and AC. 

One interior angle of a regular polygon contains 165°; find the number 
of sides. 

How many acres, roods, and poles are there in a triangular field whose 
longest side is 27 poles, and the distance of the opposite corner from 
this side 18 poles? | 

ABDE, BFGC are squares on the sides AB, BC of a triangle ABC. 
AF, CD are joined; show that AF and CD are equal. 


16. 


17. 


18. 


19. 


20. 


21l. 


22. 


23. 


24. 


20. 
26. 


27. 


28. 


29. 


30, 


əl. 
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The base of a triangle, whose sides are unequal, is divided into two 
segments by the line bisecting the vertical angle; prove that the 
greater segment is adjacent to the greater side. 

If a point P be taken inside a quadrilateral ABCD, prove that the sum 
of the distances of P from the angular points is the least possible 
when P is situated at the intersection of the diagonals. 


ABCD is a parallelogram and CE drawn parallel to BD meets AD 
produced in E; prove that AD is equal to DE. 


AOB, COD are two straight lines intersecting O; if the triangles AOC, 
BOD be equal in area, BC shall be parallel to AD. 


ABC is a given triangle; construct a triangle of equal area having its 
base in AB and its vertex in a given straight line parallel to AB. 

Find a square which shall be equal to three given squares. 

Describe an isosceles right-angled triangle equal to a given square. 

ABC is a triangle, D, E the middle points of AB, AC respectively; 
prove that the triangle BFD is equal to the triangle CEF, where F 
is the point of intersection of BE, CD. 


The sum of the four sides of any quadrilateral is less than twice the 
sum of its two diagonals. 


Find the magnitude of one angle of a regular figure of 100 sides. 


From a point P outside an angle draw a straight line cutting the lines 
containing the angle in B and C such that PB shall be equal to BC. 


Find a point in a given straight line, the difference of the distances of 
which from two given points on the same side of the line, shall be 
the greatest possible. 


An obtuse-angled triangle ABC, having the angle ABC obtuse, is 
turned over about its side BC; prove that the line joining the two 
positions of A is perpendicular to BC produced. 


In the base BC of a triangle ABC any point D is taken; draw a 
straight line such that, if the triangle ABC be folded along this 
line, the point A shall fall on the point D. 


In a right-angled triangle the square whose diagonal is the side sub- 
tending the right angle is equal to the squares whose diagonals are 
the sides containing the right angle, 

On a given straight line describe a triangle which shall be equal to a 


given parallelogram, and have one of its angles equal to a given 
rectilineal angle. 


. If the opposite angles of a quadrilateral are equal, it is a parallelogram. 
- If a quadrilateral be bisected by each of its diagonals, it is a parallel- 


ogram. 


. Through a given point draw a straight line which shall be equidistant 


from two other given points. 
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If two adjacent corners of a rhombus be fixed, the other corners lie on 
fixed circles; but if two opposite corners be fixed the other corners 
lie on a fixed straight line. 


ABCD is a rectangle; O is any point in the diagonal BD; show that 
the sum of the squares on OA and OC is equal to the sum of the 
squares on OB and OD. 


Any point P is taken in the line joining an angular point A of a tri- 
angle to the middle point of the opposite side BC; prove that the 
triangles APB, APC are equal. 


In any triangle straight lines are drawn from each angle to any point 
in the opposite side; prove that the sum of the lengths of these lines 
is greater than the semi-perimeter but less than three times the semi- 
perimeter of the triangle. 


If ABC be a triangle, in which the angle A is a right angle, and BE, 
CF be drawn bisecting the opposite sides respectively, show that 
four times the sum of the squares on BE and CF is equal to five 
times the square on BC. 


. Perpendiculars AD, BE, CF are drawn from the angular points A, B, 


C of a triangle upon the sides respectively opposite to them; prove 
that the sum of the squares upon BD, CE, AF is equal to the sum 
of the squares upon CD, AE, BF. 


The four straight lines which bisect the successive angles of a parallel- 
ogram include a rectangle, and if the larger side of the parallelogram 
be twice the shorter, the diagonal of the rectangle is equal to the 
shorter side. 


. ABCD is an oblique parallelogram; from A a perpendicular is drawn 


to the side AB, from B a perpendicular is drawn to the side BC, 
from C a perpendicular is drawn to the side CD, from D a perpen- 
dicular is drawn to the side DA; prove that these perpendiculars 
will by their intersections form a parallelogram equiangular to 


ABCD. 


. If two sides of a triangle be given, the area will be greatest when they 


contain a right angle. 


. Given three sides of a quadrilateral, and the angles adjacent to the fourth 


side, construct the figure. 


. Construct a triangle, two of whose angles are given, which shall have 


its vertex at a given point and its base in a given straight line. 


. AB, AC are two straight lines; in AB three points P, Q, R are taken 


such that Q is equidistant from P and R, show that the perpen- 
dicular from Q on AC is equal to half the sum of the perpendiculars 
from P and R on AC. 

ABC is a right-angled isosceles triangle, A being the right angle. Any 
line is drawn through A, and perpendiculars BM, CN from B and 
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C are drawn to this line. Prove that MN is equal either to the 
sum or difference of BM and CN. 


The point of intersection of the diagonals of the square described on 
the hypotenuse of a right-angled triangle is equidistant from the two 
sides which contain the right angle. 


If, in the figure of I. 35, the diagonals of the parallelograms be drawn, 
prove that the two triangles which have each of them two of these 
diagonals for two of their sides will be equal. 

Two sides AB, AD of a quadrilateral ABCD are given in position and 


magnitude, and the area of the quadrilateral is given; find the locus 
of the middle point of AC. 


. Prove that two of the angles of an equilateral triangle are together 


equal to one of the angles of an equiangular six-sided polygon. 


. Construct a triangle having given the perimeter and two of its angles. 
. A chord of a circle, whose radius is 10 feet, is 16 feet long; find its 


distance from the centre. 


. Given a pair of compasses; find a point C to which a right line AB 


must be produced so that AC is equal to three times AB. 


. If two triangles have the sides of one parallel to the sides of the other, 


the angles of the one are equal to the angles of the other. 


. The sides of a rectangular floor are 16 feet and 12 feet long respectively, 


find the distance between its opposite corners. 


. Find the magnitude of one interior angle of a regular polygon of n sides. 
. If lines be drawn from an angular point of a regular hexagon, to all the 


other angles, prove that the angles between these lines are equal. 


The leaf of a book is turned down, so that the corner always lies on the 
same line of printing; find the locus of the foot of the perpendicular 
from the corner on the crease. 

Find a point at given distances from the arms of a given angle. 

If K be the common angular point of the parallelograms about the 
diameter of a parallelogram, and BD the other diameter, the differ- 
ence of the parallelograms is equal to twice the triangle BKD. 

Of all parallelograms which can be formed with diameters of given 
lengths, the rhombus is the greatest. 

Trisect a parallelogram by lines drawn through an angular point. 

If AA’, BB’, CC’, DD’ be equal lengths cut off from the sides of the 
parallelogram ABCD taken in order, then will A’B’C’D’ be also a 
parallelogram. 

Through the angular points A, B, C of a triangle are drawn three 
parallel straight lines meeting the opposite sides, or those sides pro- 


duced, in A’, B’, C’ respectively; prove that the triangles AB’C’, 
BC’A’, CA’B’ are all equal. 
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If through D, the middle point of the hypotenuse BC of a right-angled 
triangle ABC, DE be drawn at right angles to BC and meeting AC 
at E, prove that the square on EC is equal to the squares on EA, AB. 


Between two given straight lines place a straight line equal to one, and 
parallel to another, given straight line. 

Find the locus of the middle point of the hypotenuse of all right- angled 
triangles having a hypotenuse of given length and a common rt. angle. 


Divide a given triangle into five equal parts. 
Find a point within a triangle which shall be equidistant from the sides 
of the triangle. 


Find a point equidistant from the angles of a triangle. 


If L, M, N be the feet of the perpendiculars, drawn to the sides of a 
triangle ABC, from any point P within the triangle, then the sum 
of the squares on AM, BN and CL is equal to the sum of the squares 
on AN, BL and CM. 


In the figure of I. 47, prove that the area of the hexagon formed by a 
side of each square and the three straight lines which join the adja- 
cent corners of the squares is equal to four times the area of the 
original triangle together with twice the square on the hypotenuse. 

The area of a quadrilateral is equal to that of the triangle, two of 
whose sides are respectively equal to the diagonals of the quadri- 
lateral, and the angle included by these sides equal to the angle 
between the diagonals. 

Construct a square equal to the difference of two given squares. 

ABC is a triangle, and from A a line AD is drawn to the base making 
the angle BAD equal to ACB, a second line AE is drawn to meet 
the base in E so that AE is equal to AD. Show that the angle CAE 
is equal to the angle ABC. 


. If, in a right-angled triangle, the square on one of the sides containing 


the right angle be three times that on the other, the angle subtended 
by the first is double of that subtended by the second. 

Construct a right-angled triangle having given the hypotenuse and one 
side. 

ABC is a triangle in which ABC is a right angle, AB is 3 inches long, 
and BC is 4 inches long. CE is drawn at right angles to AC and 
equal to three times BC. Find the length of AE. 

Given one side of a triangle, and the segments into which one of the 
other sides is divided by a perpendicular drawn to it from the ex- 
tremity of the first side, construct the triangle. 

If the diagonals of a parallelogram are equal it 1s rectangular. 

If the bisectors of two angles adjacent to one side of a parallelogram 
meet on the opposite side, what will be the ratio of the unequal sides? 
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If the equal sides AB, AC of an isosceles triangle be produced to D and 
E so that AD=2AB, and AE=2AC, and if CD, BE meet in F, 
show that F is one of the points of trisection of CD and BE. 


If the interior angle at one angular point of a triangle, and the exterior 
angle at another be bisected by straight lines, the angle contained 
by these two bisectors is equal to half the third angle of the tri- 
angle. 


Describe a parallelogram equal and equiangular to a given parallel- 
ogram, and such that two of its opposite sides shall be at a given 
distance from each other. 


E, F, G, H are points in the sides AB, BC, CD, DA respectively of a 
parallelogram ABCD such that AH=FC and AE=CG; show that 
EFGH is a parallelogram. 


The sum of the perpendiculars, from any point within an equilateral 
triangle, upon the sides, is constant. 


Describe a circle which shall pass through two given points and have 
its centre in a given straight line. Is this always possible? 


Describe a parallelogram equal to a given square, having an angle equal 
to half a right angle, and one side equal to a given straight line 
longer than a side of the square. 


The area of a square is to the area of the equilateral triangle described 
on one of its sides in the ratio of 4 to V3. 


ABCD is a quadrilateral. DA is produced to E, AB to F. BC to G, 
and CD to H. The straight lines which bisect the angles EAB, 
FBC, GCD, HDA are drawn. Show that any two opposite angles 
of the quadrilateral formed by these lines are together equal to two 
right angles. 


The bisectors of the angles of a parallelogram form a rectangle whose 
diagonals are parallel to the sides of the parallelogram and equal to 
the difference between them. 


If through the angular points of a triangle ABC there be drawn three 
parallel straight lines AD, BE, CF meeting the opposite sides, or 
those sides produced, in D, E, F, then will the area of the triangle 
DEF be double that of ABC. 


A’, B’, Č are the middle points of the sides of a triangle ABC, and 
through A, B, C are drawn three parallel straight lines meeting B’C’, 
C'A’, A’B’ in a, b, c respectively; prove that triangle abe is half 
triangle ABC, and that bc passes through A, ca through B, ab 
through C. 


In a given triangle inscribe a parallelogram equal to half the triangle 
so that one side is in the same straight line with one side of the 
triangle and one extremity at a given point in that side. 
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96. Given a line 1 inch long, show how to construct a triangle whose base 
shall be 2 inches, one of its sides 3 inches, and area 15 square 
inches. 

97. Prove that, if O be any point in the plane of a parallelogram ABCD, 
and the parallelograms OAEB, OBFC, OCGD, ODHA be completed, 
then EFGH will be a parallelogram whose area is double that of the 
parallelogram ABCD. 

98. In a right-angled triangle ABC the sides AB, AC which contain the 
right angle are equal to one another. A second right-angled triangle 
is described, having the sides containing the right angle together 
equal to AB and AC but not equal to one another. Prove that this 
triangle is less than the triangle ABC. 

99. The angular points of one triangle lie on the sides of another; if the 
latter triangle be thus divided into four equal parts, prove that the 
lines joining its angular points with the corresponding angular points 
of the former triangle will be bisected by the sides of the former. 


100. Trisect a triangle by lines drawn from a point in one of its sides. 


BOOK II. 


DEFINITIONS. 


l. A rectangle is said to be contained by any two of its sides 
which meet. 


2. In any parallelogram, one of the paral- 
lelograms about the diameter together H 
with the two complements, is called ; 
a gnomon. pt- 


NOTES. 


In Book II. rectangles are often mentioned which are not actually con- 
structed, and such an expression as “rect. AB, CD” must often be understood 
to mean “the area which would be enclosed if a rectangle were constructed 
having two of its adjacent sides equal to AB and CD respectively.” 

The rectangle contained by two lines is sometimes spoken of as the 
rectangle wnder those lines. 


A gnomon is named by three letters standing at opposite corners of the 
parallelograms; thus AKG, or HFC, is a name for the gnomon drawn to 
illustrate def. 2. 

Two magnitudes are said to be commensurable when some unit of mea- 
surement can be found which is contained in both of them an exact number 
of times. 

If the sides of a rectangle are commensurable lines its area can be exactly 
expressed arithmetically, but if the sides are incommensurable lengths (such, 
for instance, as the length of the side and the length of the diagonal of a 
square) its area can only be approximately expressed arithmetically. 

Book ITI. treats, mainly, of the properties of rectangles. 


EXERCISES. 


1. Prove that, if two adjacent sides of one rectangle are equal, respectively, 
to two adjacent sides of another, the rectangles are equal in area. 
2. Why cannot every parallelogram be correctly said to be contained by 


two of its adjacent sides? 
(310) G 
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ADDITIONAL DEFINITIONS. 
If any point be taken in a line, it is called a point of section. 


The parts into which a line is divided at any point are called di 
of the line. 


If any point be taken in a line produced, the line is said to be 
divided externally. 

(For example, the line AB is divided C B 
internally at C, and externally at D; AC 
and CB are internal segments; AD and BD are external segments. ) 

The projection of a point on a line is the foot of the perpendicular 
on the line from the point. 


The projection of a line on another line is B 
that part of the second line which is 
intercepted between the feet of the per- 
pendiculars to the second line from the 
extremities of the first. 


(For example, EF is the projection of 
AB on CD.) C E F D 


EXERCISES. 


1. What is the area of a rectangle, one of whose sides is a feet long and 
another b yards? 

2. Two adjacent sides of an oblique ae are 3 feet and 4 feet 
long respectively: is its area greater than, equal to, or less than 
12 square feet? 

3. What is the area of a triangle standing on the same base and having 
the same altitude as the rectangle in Ex. 1? 

4, Find approximately, to within one square inch, the area of a rectangle 
two of whose sides are each 3 feeb long, and the other two each 
equal in length to the diagonal of a square whose side is 3 feet. 

5. A line PQ is divided internally at O and externally at R, mention its 
internal and external segments. 

6. Show that the length of the line PQ is equal to half the sum of its 
internal segments together with half the difference of its external 
segments. 

7. ABCD is a rectangle; in AD any points E and F are taken, and 
through E, F are drawn EG, FH parallel to AB and meeting BC 
in G and H; prove that EGHF is a rectangle. 

8. What is the altitude of a rectangle whose area is ab and base c? 


9, A line AB is 3 feet long; find the projection of AB.on CD when AB 
is inclined to CD at an angle of (i) 60°; (ii) 45°; (iii) 30° 
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PROPOSITION I. THEOREM. 

If there be two straight lines, one of which is divided into any 
number of parts, the rectangle contained by the two straight lines ts 
equal to the rectangles contained by the undivided line, and the several 
parts of the divided line. 

Let AB and CD be two st. lines, and let CD be divided into any 
number of parts in E, F. 


Then shall rect. AB, CD=rect. AB, CE; rect. AB, EF: 
and rect. AB, FD. 


À 
G K L l 
From C draw CG at rt. Ls to CD..esesssssssesensss eeraa AEn I. 11, 
BO ET. E EEE E EE I. 3. 
Through G draw GH |] to CD....... eee e serene ene ee een I. 31. 
Through E, F, D draw EK, FL, DH || to CG,................0. I. 31. 
and meeting GH in K, L, H. 
Then, fig. CH=figs. CK, EL and FH,*: 
and all these figs. are rectangles............sseseseeeeeeeeess Constr. & I. 29. 
But, since CG=AB.......esessesssssossesssses Constr. 
.”. fig. CH is rect. AB, CD. 
And, since EK=CG..... eee ccc eec ec ee eee e es I. 34. 
=A B 


.. fig. CK is rect. AB, CE. 
Similarly, fig. EL is rect. AB, EF, 
and fig. FH is rect. AB, FD. 
.. rect. AB, CD=rect. AB, CE, rect. AB, EF and rect. AB, FD. 


Wherefore, 1f there be two straight lines &c. Q.E.D. 


EXERCISE. 

Prove that if two straight lines be each divided into any number of parts 
(say three), the rectangle contained by the two lines is equal to the sum 
of all the rectangles contained by all the parts of one taken separately 
with all the parts of the other. 

* The whole is equal to the sum of its parts. 


ai a |. n 5 4 
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PROPOSITION II. THEOREM. 


If a straight line be divided into any two parts, the rectangles con- 
tained by the whole and each of the parts are together equal to the 
square on the whole line. 


Let the st. line AB be divided into any two parts at C. 
Then shall rect. AB, AC with rect. AB, BO=sq. on AB. 


On AB desc. sq. ADEB..............00008. I. 46. 
Through C draw CF || to AD CB 
or BE, and meeting DE at F............... I. 31. 
Then, figs. AF and CE=fig. AE. 
But, since AD=AB...............005. Constr. 
`. fig. AF is rect. AB, AC. 
And, since BE=AB................... Constr. 
. fig. CE is rect. AB, BC. 
Also, fig. AE 1s sq. on AB....ssessessssosesessssrosesosoereses Constr. 
.. rect. AB, AC with rect. AB, BC=sq. on AB. 
Wherefore, 1f a straight line &c. Q.E.D. 
NOTES. 


Prop. 2 is the particular case of prop. 1 in which the two given lines 
are equal. 

If, in prop. 1, AB contained a units of length; if CE, EF, FD contained 
b, c, d units respectively, and, consequently, CD contained 6+c+d units; 
the area of the rectangle CH would be a(b+c+d) square units, the areas 
of the rectangles CK, EL, FH would be ab, ac, ad square units respectively; 
and the enunciation of the theorem becomes the statement of the algebraical 
identity a(6+c+d...)=ab+ac+ad.... 


EXERCISES. 


1. The square on any straight line is equal to the rectangle contained by 
its double and its half. 


2. Construct a rectangle equal to a given rectangle in area, but having one 
of its sides three times the length of one of the sides of the given 
rectangle. 


3. If the sides of the given rectangle in Ex. 2 are a and b, the difference of 


the perimeters of the rectangles is 4(a — >). 
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PROPOSITION III. THEOREM. 


If a straight line be divided into any two parts, the rectangle con- 
tained by the whole and one of the parts, vs equal to the rectangle 
contained by the two parts, together with the square on the aforesaid 
part. 


Let the st. line AB be divided into any two parts at C. 
Then shall rect. AB, AC=rect. AC, CB with sq. on AC. 


On AC desc. the sq. ADEC.......... I. 46. 
Through B draw BF || to 
AD or CE, and meeting 
BoE ele Th O E I. 31. 


Then, fig. AF=figs. AE and CF. E F 


But, since AD=AC.,,........... cece eee ee Constr. 
.. fig. AF is rect. AB, AC. 


And since CE=AC...........ccccccecees Constr. 
». fig. CF is rect. AC, CB. 


Also fig. AE is sq. on AC.............0008. Constr. 
.. rect. AB, AC=rect. AC, CB with sq. on AC. 


Wherefore, if a straight line &c. Q.E.D. 


C B 


NOTE. 


This proposition is the particular case of Prop. 1, in which one part of 
the divided line is equal to the undivided line. 


EXERCISES. 


1. Which is “the aforesaid part” in the proof as it is given above? 

2. Write out the proof of the proposition, making the square upon BC 
instead of on AC. 

3. State an algebraical identity which corresponds to this proposition. 

4. Enunciate a geometrical theorem corresponding to (a + bja — ab =a?. 

5. Prove the following theorem :— : 

If a straight line be produced to any point, the rectangle contained 
by the whole line so produced and the ‘given line is equal to the rec- 
tangle contained by the given line and the part produced, together 
with the square on the former. 
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PROPOSITION IV. THEOREM. 


If a straight line be divided into any two parts, the square on the 
whole line 1s equal to the squares on the two parts, together with twice 
the rectangle contained by the parts. 


Let the st. line AB be divided into any two parts at C. 


Then shall sq. on AB=sqs. on AC and CB, with twice 
rect. AC, CB. 


On AB desc. sq. ADEB...... I. 46. 

Join BD. 
Through C draw CFG 

|| to AD or BE, and 

meeting BD in F, 

WG, BPs Fk ER aaar I. 31. 
Through F draw HFK 

|| to AB or DE, and 

meeting AD in H, 


A C 


and BE in K......... cc... c cece ence 1.31. D 
Then, 4 CFB= 4L ADB,...............0008 I. 29. 
but L ADB=ZABD,................... I. 5. 
e LCFB=4 ABD 
oe 6). 6), EE I. 6. 
But CF=BK and CB=FK................... I. 34. 
<. -JCFKB is equilat. 
And, since 2CBK is art. L................. Constr. 
< all its 48 are rt. L8........ eee cece I. 46 Cor. 
Hence, fig. CF KB is 4 8q........cceceeee eee Def. 80. 


Similarly it may be shown that HDGF is a sq. 
Now, fig. AE=figs. HG, CK, AF, and FE; 
=sqs. on HF and CB, with figs. AF and FE.,,.Above. 
=sqs. on AC and CB, with figs. AF and FE... 34, 
=sqs. on AC and CB, with twice compt AF....1. 43. 
==sqs. on AC and CB, with twice rect. AC, CF; 
t.e. sq. on AB=sqs. on AC and CB, with twice rect. AC, CB..Above. 


Wherefore, tf a straight line &c. Q.E.D. 


Cor.—From this prop. it is manifest that C7s about the diam. of 
a sq. are likewise sqs. 
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PROPOSITION V. THEOREM. 


If a straight line be divided into two equal, and also into two 
unequal parts, the rectangle contained by the unequal parts together 
with the square on the line between the points of section, is equal to 
the square on half the line. 


Let the st. line AB be bisected at C, and divided unequally at D. 
Then shall rect. AD, DB with sq. on CD=sq. on CB. 


u Sas Gena: BEE, SERS arae I. 46. 
Join BE. 
Through D draw DGH || to CE or BF, and meeting 
BE in G, EF in H....cccccccccsccecesccecceccccescceccsccecceseescsenseas I. 31. 
Through G draw KGL || to CB or EF, and meeting 
RFR Sik Wg RE E E AAEE I. 81. 


Through A draw AM || to CE or BF, meeting LK prod¢ in M..,1. 31. 


Then,rect. AD, DB withsq.on CD=rect. AD,DG with sq. on CD..I1.4 Cor. 
=rect. A D,DG with sq.on KG..1. 34. 
=fig. AG with fig. KH......... I1.4 Cor. 
=figes. AK, CG, and KH, 
=figs. AK, GF, and KH........1. 43. 


=figs. CL, GF, and KH.........1. 36. 

= fis. CF, 

—=sq.on A S dubensesxecaees2nee4s Constr. 
Wherefore, if a straight line &c. Q.E.D. 


Cor.—From this prop. it is manifest that the difference of the 
squares on two unequal st. lines is equal to the rectangle contained 
by their sum and difference. (See page 106.) 
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PROPOSITION VI. THEOREM. 


If a straight line be bisected and produced to any point, the rectangle 
contained by the whole line thus produced and the part of it produced, 
together with the square on half the lune bisected, is equal to the square 
on the straight line which is made up of the half and the part pro- 


duced. 
Let the st. line AB be bisected at C and prod? to D. 


Then shall rect. AD, DB with sq. on CB=sq. on CD. 


A C A 5 
— fo OY 
| K AL 


E H E 


7 CIE? GRU a EEE ENEE EENE AAEE I. 46. 
Join DE. 
Through B draw BGH || to CE or DF, and meeting DE 
A Sig Feet A EE EEEE EE AAE E I. 31. 
Through G draw KGL |! to CD or EF, and meeting CE 
n K, DF in Sihicis bxaneueceatacesvenguevacscsesedsescenassisecsniexssviaceess I. 31. 


Through A draw AM || to CE or DF, meeting LK prod? in M...1. 31. 


Then, rect. AD, DB with sq. on CB=rect. A D,DL with sq. on CB..11.4 Cor. 
=rect.AD,DLwithsq.on KG..1. 34. 
—fg. AL with fig. KH......... II.4 Cor. 
—fgs. AK andCLwith fig. KH, 
=fies.CG and CLwith fig. KH..1. 36. 
=figs.G Fand CLwith fig.K H..1. 43. 


==8q. ON CDaur..ccececescccccscces „Constr. 
Wherefore, if a straight line &c., Q.E.D, 
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PROPOSITION VII. THEOREM. 


If a straight line be divided into any two parts, the squares on the 
whole line and on one of the parts are equal to twice the rectangle con- 
tained by the whole and that part, together with the square on the 
other part. 


Let the st. line AB be divided into any two parts at C. 


Then shall sqs. on AB and BC=twice rect. AB, BC 
with sq. on AC. A 


On AB desc. sq. ADEB, H 
and complete the figure 
as in Prop 4. 


E 
Then, sqs.on AB and BC=figs. AE and CK...................08. II. 4 Cor. 
=figs. AK, FE, HG and CK 
=figs, AK, AF, CK and HG....... eI. 43. 


=figs. AK, AK and HG, 

=twice rect. AB, BK and sq. on AC..IL 4 Cor. 

=twice rect. AB, BC and sq. on AC..II. 4 Cor. 
Wherefore, tf a straight line &c. Q.E.D. 


NOTES. 
From Prop 4 we know that— 


I. The square on the sum of two lines is equal to the sum of the squares on 
those lines, together with twice the rectangle contained by them. 

By help of Prop. 7 it can be shown that— 

II. The square on the DIFFERENCE of two lines ts less than the sum of the 
squares on those lines by twice the rectangle contained by them. 

For sqs. on AB and BC=twice rect. AB, BC with sq. on AC....Prop. 7. 


.°. sq. on AC alone<sqs. on AB and BC by twice rect. AB, BC. 
And AC is the difference of AB and BC, | 
. sq. on diff. of AB and BC <sumof sqs. on AB and BC by twice rect. AB, BC. 


EXERCISES. 
1. Interpret the theorems I. and II. algebraically. 


2. Prove that, if AB is divided at C, the sqs. on AB and AC are equal to 


twice the rectangle AB, AC together with the square on ee 
(310) G2 
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NOTES. 
The following is an independent proof of the important corollary to 
Prop. 5— 
The difference of the squares of two unequal straight lines is equal to the 
rectangle contained by their sum and difference. 
Let CB be the greater of the two lines, and from it cut off CD equal 
to the less, 


(Construction as in Prop. 5.) 


Then, diff. of sqs. on CB and CD=diff. of figs. CF and KH........11. 4. 
—gnomon CLH, 
=figs. CL and GF, 
=figs. AK and GF.............. 0... 1. 36. 
=figs. AK and CG............ .....1 43. 
=fig. AG, 
=rect, AD, DG, 
=rect. AD, 8 3 5 re eee II. 4. 


Now, AD is sum of AC and CD, 
=sum of CB and CD. 


And DB is diff. of CB and CD. 
». diff. of sqs. on CB and CD=rect. contained by their sum and diff. 
Q.E.D. 


Suppose AC to contain a units of length, r o 
and CD to contain b units; then DB con- Ao Y PRB 


tains a — 6 units. 
Then, rect. AD, DB becomes (a+ b) (a — b), 


and the corollary of Prop. 5, expressed in algebraical form, becomes 
a? -b= (a +b) (a-b). 
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NOTES. 

Props. 5 and 6 may be included in one enunciation, thus:— 

If a straight line be divided into two equal segments and (either inter- 
nally or externally) into two unequal segments, the rectangle contained by 
the unequal segments is equal to the difference of the squares on the half 
line and on the line between the points of section. 

Prop. 6 may also be deduced from Prop. 5, thus:— 

Produce BA to E, making AE = BD. A C R D 
Then ED is bisected at C, and divided  "=—— mm 
unequally at D. 


-e rect. EB, BD with sq. on CB=sq. on CD....sessessssoseresoses II. 5. 
But HA=BD..... cece cece cee eee sees Cgnstr, 
<. EB=AD. 
.. rect. AD, DB with sq. on CB=sq. on CD. Q.E.D. 
EXERCISES. 


1. The square on any line is four times the square on its half. 
. Express Prop. 4 in algebraical form. 
3. In the figure of Prop. 5, mention names, for— 
(i) the line between the points of section; 
(ii) the two unequal segments; 
(iii) the figure which is equal to the difference between the squares 
on half the line and on the smaller segment. | 


bo 


4, In the figure of Prop. 5, prove that— 
(i) CD=half the difference of AD and DB; 
(ii) perimeter of gnomon CLH=perimeter of rect. AD, DB. 
(iii) AC=half the sum of AD and DB; 
(iv) AK=DF. 

5. Prove that the-swm of the sum and difference of two lines is double of 
the greater. 

6. Prove that the difference of the sum and difference of two lines is double 
of the less. 

7. Express Prop. 5 in algebraic form. 

8. Construct a rectangle equal to the difference of two given squares. 

9. If a straight line be divided into two equal and into two unequal 
segments, the square on the whole line is equal to four times the 
rectangle contained by the unequal segments, together with four 
times the square on the line between the points of section. 

10. Divide a given straight line into two parts such that the rectangle con- 
tained by those parts shall be a maximum. 

11. By help of the theorems I. and II., prove that the square on the sum 
of two straight lines together with the square on their difference is 
double of the sum of the squares on the two lines. (Prop. 7; note.) 
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PROPOSITION VIII. THEOREM. 


If a straight line be divided into any two parts, four times the rec- 
tangle contained by the whole line and one part, together with the 
square on the other part, ts equal to the square on the straight line 
which is made up of the whole and that part. 


Let the st. line AB be divided into any two parts at C. 


Then shall four times rect. AB, BC with sq. on AC 
=sq. on the sum of AB and BC. 


Produce AB to D. 


A $ 
tek oe A O eman a o Ae 


On AÐ desc. sq. AEFD,........... I. 46. 


and complete the doo o kh 


double fig. as in Prop. 4. 
Then GP=GK............ II. 4. 
= O o O I. 34. 
=i o] D OOE Constr. 
=e 5 e O II. 4. 
== . 84. ! 


As girri I E 

Hence, four times rect. AB, BC with sq. on AC 
=four times rect. AB, BD with sq. on AC............. Constr. 
=four times fig. AK with fig. XH... ee. II. 4. 
=twice figs. AK, AG, CK with fig. XH, 
=twice figs. AK, MP, GR with fig. XH............... I. 36. 
=figs. AK, KF; MP, PL; twice fig. GR with fig. XH...1. 43. 
=figs. AK, KF, MP, PL, GR, BN, XH.......... I. 46, Ex. 1. 
=fig. AF, 
PME, THRE SRP E E E Constr. 
=sq. on. sum of AB and BC. 

Wherefore, tf a straight line &c. Q.E.D. 

NOTES. 


No use is made of this proposition by Euclid, and it is of very little 
importance. 

The following is another form of the enunciation :— 

The square on the sum of two lines exceeds the square on their difference 
by four times the rectangle contained by the lines. 


EXERCISES. 
1. In the figure of Prop. 8, prove (i) BN=KO; (ii) AN=CL; (iii) CO= 
four times BN; (iv) PL=RF. 
2. Express the enunciation of Prop. 8, as given in the note, algebraically. 
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PROPOSITION IX. THEOREM. 


If a straight line be divided into two equal and also into two 
unequal parts, the squares on the two unequal parts are together 
double of the square on half the line and of the square on the line 
between the points of section. 


Let the st. line AB be bisected at C, and divided unequally at D. 
Then shall sqs. on AD, DB=twice sqs. on AC, CD. 
From C draw CE at 


EE: A > OOA I. 11. B 

Cut off CE=AC.................. I. 3. F 

Join AE, EB. | 

Through D draw DF || to CE, 

meeting EB in F................... I. 31. 

Through F draw FG || to AB, 

meeting CE in G.............0005. I. 31. C D B 

Join AF. 

Then, since AC=CE............. cece eeeee eee eeees Constr. 
cae oe r a he a 6) Lp. ee ee I. 5. 
put LACE maTi Lorenss Constr. 
“. LS CAE, CEA together=a rt. Z..............1 32. 


Hence LCAE and L CEA each=half a rt. L. 


Similarly it may be shown that 4 CBE and 2 CEB each =half a rt. 4. 
<. whole LAEB is art. 4. 


Again, since GF is || to ABeens. Constr. 
E ae |) C ee ae) D e I. 29, 
put 2, ict? is á Ti Setsenssctterivisevces Constr. 
<. LEGF is art. 4. 
But 2 GEF is half a rt. L ................. Above. 
”. LGEFE is half a rt. 2..............008. I. 32. 
Hence L GFE= L GEF, 
fg GE =GE.....sesessssssesssscseesossss I. 6. 
Similarly it may be shown that 2 FDB is a rt. L, and that DF=DB. 
Now, sqs. on AD and DB=sqs. on AD and DF.................... Above. 
e O E r Tree I. 47. 
=sqs. on AE and E o TA I. 47. 
=sqs. on AC, CE and on EG, GF....1. 47. 
==twice sqs. on AC and GF............ Above. 
=twice sqs. on AC and CD............ 1. 84. 


Wherefore, tf a straight line &c. Q.E.D. 
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PROPOSITION X. THEOREM. 


If a straight line be bisected and produced to any point, the square 
on the whole line thus produced and the square on the part of it pro- 
duced are together double of the square on half the line bisected, and of 
the square on the line made up of the half and the part produced. 


Let the st. line AB be bisected at C and prod? to D. 
Then shall sqs. on AD, DB=twice the sqs. on AC, CD. 
From C draw CE 


at rt. 28 to AB............. Į. 11. 
Cut off CE=AC............ I. 3. 
Join AE, EB. 
Through E draw 
EF || to AD.................. I. 31. 
Through D draw 
DF || to CE and 
meeting EF at F............ 1.31. 
l Since CE 1s || to DF......................... Constr. 
<e L8 CEF, EF D=two rt. £8..........ceseeceees I. 29. 


”. £s BEF, EFD <two rt. Ls. 
Hence EB, FD will meet if prod¢ towards B and D......Ax. 12. 


Produce EB, FD to meet at G. Join AG. 
Then, each of the 4s CAE, CEA, CEB, CBE 1s half art. 2 oep 


and LAEB isa rt. L sesssessssseensesosese 
joatia a e a eid eS) ee I. 15. 
<. LGBD is half a rt. 4. 
Also L BDG=alt. 2 BCE.,..... 0... eee I. 29. 
L BDG is art. 2. 
Hence 4 BGD is half a rt. L........ ee I. 32. 
<. LGBD=LBGD 
a BDE DO aer r R I. 6. 
Similarly, it may be shown that EF=FG. 
Now, sqs. on AD and DB=sqs. on AD and DG................4.. Above. 
a ee ere I. 47. 
=sqs. on AK and KG.................45. I. 47. 
=sqs. on AC, CE and on EF, FG....I1. 47. 
=twice sqs. on AC and EF............ Above. 
=twice sqs. on AC and CD............ I. 34. 


Wherefore, if a straight line Xe. Q.E.D. 
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NOTES. 
The following proof of Prop. 10, which is almost as old, is often sub- 
stituted for Euclid’s:— 


Let AB be bisected at C and prod?¢ to D. 
Then shall sqs. on AD and DB=twice sqs. on AC and CD. 


Produce DA to E. F A C B D 
Cut off AE=BD............... I. 3. 
Then ED is bisected at C and divided into two unequal parts at A. 


.. sqs. on AD and AE=twice sqs. on AC and CD............ II. 9, 
i.e. sqs. on AD and BD=twice sqs. on AC and CD. Q.E.D 


Prop. 9 can be easily deduced from Props. 4 and 7, thus:— 
Let AB be bisected at C, and divided unequally at D. 
Then shall sqs. on AD and DB=twice sqs. on AC and CD. 


For, sq. on AD =sqs. on AC and 
CD with twice rect. AC, CD........... 14 A Ç p B 
Add sq. on DB to each. 

.”. sqs. on AD and DB=sqs. on AC, CD, DB with twice rect. AC, CD 
=sqs. on BC, CD, DB with twice rect. BC, CD 


=sqs. on BC, CD with sqs. on BC, CD........... Il. 7. 
=twice sqs. on BC and CD. Q.E.D. 


Props. 9 and 10 can be combined in one enunciation, thus:— 

If a straight line be bisected, and be also divided (either internally or 
externally) into any other two segments, the sum of the squares on the two 
unequal segments is equal to the square on half the line together with the 
square on the lune between the points of section. 


EXERCISES. 

. In the figure of Prop 9 give the name of “the line between the points 

of section.” 

. In the figure of Prop. 10 give the names of “the line bisected,” and 

“the line made up of the half and the part produced.” 

3. Enunciate the geometrical proposition which can be expressed algebraic- 
ally thus: (a+ b)?+(a— 6)?=2(a? + b’). 

4, Interpret Prop. 10 algebraically. 

5. Translate the enunciation of Props. 9 and 10 combined, into algebra. 

6. Prove (i) geometrically, (ii) algebraically, that the sum of the squares on 
any two lines is equal to twice the square on half their sum together 
with twice the square on half their difference. 

7. Divide a given straight line into two segments so that the sum of the 
squares on the segments may be the least possible. 

8. In II. 9, show how to cut up the squares on the two unequal parts into 
bits which form the other squares. 


það 


bo 
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PROPOSITION XI. PROBLEM. 


To divide a straight line into two parts so that the rectangle con- 


tained by the whole and one of the parts shall be equal to the square 
on the other part. 


E G 
Let AB be the given st. line. 
lt is reg? to divide AB into two parts 
such that the rect. contained by AB and 
one part may be=the square on the 4a H B 
other. 
On AB dese. sq. ACDB................. I. 46. 
Pee AC at Th tansssntavineeresenesess I, 10. 
Join BE. 
Produce CA to F. 
Cut off HPmEB...... ee eccc esses I, 3. 
On AF desc. sq. AFGH................ 146. C K D 
Then'shall rect. AB, BH=sq. on AH. 
Produce GH to meet CD in K. 
Then, since AC is bisected at E and prod® to F, 
”. rect. CF, FA with sq. on AE =sq. on EF................06.. II. 6. 
Wt, TE A a RE Constr. 
=sqs. on AE and AB....... 1. 47, 


Take away the com. sq. on AH, 
<. sq. on AB=rect. CF, FA, 
=-rect. CR, FG.........c.0000: Constr. 
t.e. fig. AD=fig. FK. 


Take away the com. part AK, 
.. rem® fig. HD=rem® fig. FH, 
t.e. rect. DB, BH=sq. on AH. 
Büt DBSAD ursccrcrcorierausrireanss Constr. 
.. rect. AB, BH=sq. on AH. 


Wherefore, the given straight line &e. Q.E.F. 


PROP. XI. 113 


NOTES. 
Kuclid’s 11th prop. is the solution of one case of the following problem :— 


To divide a straight line, either internally or externally, into two segments 
so that the rectangle contained by the whole line and one segment may be 
equal to the square on the other. 


CasE 2.—To divide the line externally. 


On AB desc. sd: Sa pe xk axe nick eee nec nna rniran E EA ees I. 46. 
Pret AO AD. Desk na nis vavcxavasasanessetiaverstssereisnctiientaetaseiseshenctsses I. 10. 
Join EB. 

Produce AC to L. 

tonr ELS ED es ee See ere I. 3. 
On ahi TO, AEs, ALM N hoc onae aa EEE E I E O OEE I. 46. 


Then shall rect. AB, BN=sq. on AN. 


Produce DC to meet MN at O. 
Then, since AC is bisected at E and prod? to L, 


.. rect. CL, LA with sq. on EC=sq. on El... eee, II. 6. 
=s8q. on BB... Constr 
=sqs. on EA and AB...... ..... I. 47. 
==sqs.on EC and AB...... ..... Constr. 


Take away the com. sq. on EC, 
». sq. on AB=rect. CL, LA, 
i.e. fig. AD=fig. CM. 
Add fig. CN to each, 
oe fig. N D=fg. AM, 
i.e. rect. AB, BN==sq. on AN............... err ere Constr. 


Wherefore, AB has been divided externally at N &c. Q.E.F. 


It should be noticed that, in the external solution of the problem, the 
construction corresponds to that for the internal solution, but that AC is 


produced in the opposite direction. 
A line divided as in prop. 11 is said to be divided in medial section. 
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ALGEBRAIC SOLUTION OF PROP. 11. 


Suppose AB to contain a units of length, and let x be the distance of the 
req? pt. from A, so that BH is a—«x; then the enunciation of the problem 
takes the form of the quadratic 


9 9 A a =X 
>. P+ax+(S) =O +7, 
5a 
=]? 
a ar/5 
j a ee 
ee ar 9 ? 


and s=4v5-1) _a(r/5 +1) 
y | I 9 


or 
The first of these values of x is positive, and gives the distance of the 
point H from A: the second is negative and gives the distance of the point 
N from A; the difference in sign denoting that AH and AN are measured 
in opposite directions from A. 
From the surd form of the roots of this quadratic we see that AH and 
AN are incommensurable with AB. 


EXERCISES. 
1. In the figure of Prop. 11, prove that— 

(i) KG and CF are each divided in the same way as AB. 

(ii) square on EF is equal to five times the square on EC. 
(iii) AH is greater than HB. 

(iv) if CH and FB be joined, CH produced is perpendicular to FB. 
(v) the ratio of AH to HB is that of V5 — 1 to 3 — V5. 
(vi) the squares on AB and BH=three times the square on AH. 

2. In the figure of Prop. 11 Note, prove that— 

(i) square on EL is equal to five times the square on EA. 
(ii) if NC and BL be joined, NC produced is perpendicular to BL. 
(iii) the ratio of AN to BN is that of V5+1 to 3+ V5. 

3. If AB is divided at C so that the rectangle contained by the whole line 
and one part is equal to the square on the other part; and if AC is 
the greater part, and from AC CD is cut off equal to CB; prove that 
AC is divided at D in a similar manner. 

4. Produce a line so that the sum of the squares on the whole line thus 
produced and on the part produced may be equal to three times the 
square on the given line. 

5. Find two lines such that the rectangle contained by them shall be equal 
to the rectangle contained by their sum and difference. 

6. If in the figure of Prop. 11, FD be joined, meeting AB in P, and HK in 
Q, then will FP be equal to QD. 
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PROPOSITION XII. THEOREM. 


In obtuse-angled triangles uf a perpendicular be drawn from either 
of the acute angles to the opposite side produced, the square on the side 
subtending the obtuse angle is greater than the squares on the sides 
containing the obtuse angle by twice the rectangle contained by the side 
upon which, when produced, the perpendicular falls, and the straight 
line intercepted, without the triangle, between the perpendicular and 
the obtuse angle. 

Let ABC be an obtuse-angled <A, having the obtuse Z at C, and 
let AD be drawn L to BC prod¢. 


Then shall sq. on AB > sqs. on BC and AC by twice 
the rect. BO, CD. A 


For, sq. on BD =sqs. on BC and CD 
with twice rect. BC, CD...............6. IT. 4. 

Add sq. on AD to each, 

. sqs. on AD and BD =sqs. on BOC, 


CD and AD with twice rect. BC, CD. B C 
But, sqs. on AD and BD=sq. on AB...sssssssessserreessesesrereeee L AT. 
And, sqs. on AD and CD=sq. on AC.....sssessseseseeccssececssesaee I. 47. 


Hence, sq. on AB=sqs. on BC and AC with twice rect. BC, CD. 
i.e. 8q. on AB >sqs. on BC and AC by twice rect. BC, CD. 


Wherefore, in obtuse-angled triangles &c. Q.E.D. 


NOTE. 
Since CD is the projection of AC on BC, Prop. 12 may be stated thus: 


In an obtuse-angled triangle, the square on the side opposite to the 
obtuse angle is greater than the squares on the sides which contain it, by 
twice the rectangle contained by one of these two sides and the projection 
of the other upon it. 

. EXERCISES. 

1. If BE be perpendicular to AC produced, prove that the square on AB 
is equal to the sqs. on BC and AC with twice rect. AC, CE. 

2. Two right-angled triangles ACB, ADE stand on the same side of the 
same hypotenuse AB; if AD and BC cut at O, prove that rect. AO, 
OD=rect. BO, OC. 

3. The sides of a triangle are 4, 5, and 7; is it obtuse-angled? 

4. The sides of a triangle are 4, 5, and 7, find the length of the projection 
of the side 4 upon the side 5. 

5. Find the ratio of CD to AC when ZL ACB is—(i) 120°; (ii) 135°; (iii) 150°. 

6. If AC and BC are each 3 feet long, and the angle ACB is 120°, find 
the length of AB to within an eighth of an inch, 
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PROPOSITION XIII. THEOREM. 


In every triangle the square on the side subtending an acute angle 
ws less than the squares on the sides containing that angle by twice the 
rectangle contained by either of these sides, and the straight line inter- 
cepted between the perpendicular let fall upon it from the opposite 
angle and the acute angle. 


Let ABC be any A\, having an acute Z at C, and let AD be 
drawn L to BC, or BC prod‘. 


Then shall sq. on AB < sqs. on BC and AC by twice 
the rect. BO, CD. 


(i) 


BD C B D cCc D B C 


CasE 1.—If the 4 at B is a rt. L, D coincides with B, and 
the rect. BC, CD becomes the sq. on BC, and the truth 
of the prop. 18 CVIdENL.......cccscsssceccccccvccsccccnscseacsecseenencs I. 47, 
Case 2.—If the 4 at B is not a rt. 4. 
Since, in fig. 1i., BC is divided at D, 
and, in fig. iii., DC is divided at B, 
e in both fies., 
sqs. on BC and CD=twice rect. BC, CD with sq. on BD...II. 7. 
Add sq. on AD to each, 
.. sqs. on BC, CD, AD=twice rect. BC, CD with sqs. on BD, AD. 


.. sqs. on BC and AC=twice rect. BC, CD with sq. on AB....I. 47. 
t.e. sq. on AB < sqs. on BC and AC by twice rect. BC, CD. 
Wherefore, in every triangle &c. Q.E.D. 


NOTE. 
Since BD is the projection of AB on BC, the prop. may be stated thus:— 
In any triangle the square on a side opposite to an acute angle is less 
than the sum of the squares on the sides which contain the acute angle, by 
twice the rectangle contained by one of these sides and the projection of 
the other upon it. 
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EXAMPLE. 


If DE be drawn parallel to the base BC of an rsosceles triangle ABC, the 
square on BE is equal to the square on CE with the rectangle contained by 
BC and DE. 


(In this Example the notation AB? for sq. on AB, BC.CD for rect. BC, CD, 
and the algebraical _symbols.+..and.— have been used, as they_are.often 
very, convenient in dealing with deductions o on Book II., and_are generally 
eee 
‘allowed for such purposes, , but it must be remembered that they ‘should not 


be used in writing out Book-work.) 


Join BE. 
Draw DM, EN Ls to BC................... 1.12. 
Then in <\s DBM, ECN, 
DMS EN Sen I. 34. 
| LDBM=ZECN............ I. 5. 
LDMESLEN Cerren Constr 
se DMSO Nnr I. 26. B M N C 
Now, BE?=EC?+ BC? -2 BC.CN................. II. 13. 
=EC? + BC. (BC -2 CN) 
=EC*+BC.(BC—-CN-B®M)......... Above. 
=E? + BC. MN... cece cc cc cece: II. 1. 
=EC? + BC. DE... eee cece cena ee. I. 34. 
Q.E.D. 
EXERCISES. 


1. What line, in fig. iii., is the intercept between the foot of the perpen- 
dicular and the acute angle? 


2. If BE be drawn perpendicular to AC, in fig. of Prop. 13, prove that the 
rect. AC, CE=rect. BC, CD. 


3. The sides of a triangle are 4, 5, 6; is it acute-angled? 


4, The sides of a triangle are 4, 5, 6; find the length of the projection of 
the side 4 upon the side 5. 

5. Find the ratio of CD to AC when the angle ACB is (i) 30°, (ii) 45°, 
(iii) 60°. 

6. State and prove the converse of Prop. 13. 

7. Express the results of Props. 12 and 13 algebraically. 
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PROPOSITION XIV. PROBLEM. 


To describe a square that shall be equal to a gwen rectilineal 
figure. 
Let A be the given rect! fig. 


It i8 reg? to desc. a sg.=A. 


C 


Make the rectangle BCDESA.....n.nossssssessessosesssssssesreresese. I. 45. 


Then, if BE=ED, the fig. BCDE is the req? sq. 
But if not, produce BE to F. 
Cut off HFM ED... cece cece ccc cce cee cencecs pabeansdasessaeeisuas I. 3. 
Bisect BF at G........ S adusewkhiaawansssuseesauenesdanseeuawcsassaxtasisacnes I. 10. 
With cent. G and rad. GF desc. a semicircle BHF. 
Produce DE to meet the circumference in H. 


Then shall sq. on HH=A. 


Join GH. 
Then, since BF is bisected at G, and divided unequally at E, 
<. rect. BE, EF with sq. on GE=sq. on GF...............06 II. 5. 
—sq. on Oo a Rees Constr 
—=sqs. on GE, EH.......... I. 47. 


Take away the com. sq. on GH, 
e sq. on EH=rect. BE, EF, 


=rect. BE, ED................00008 Constr. 
=fig. BCDE, 
e E E E Constr. 


Wherefore, has been described &c. Q.E.F. 


ll. 


12. 


PROP. XIV. 


EXERCISES. 


. Construct a square equal in area to a given parallelogram. 
. Construct a square equal in area to a given triangle. 


. Construct a rectangle equal in area to a given square, and having the 


sum of two of its adjacent sides equal to a given straight line. 


. Construct a parallelogram equal in area to a given square, having the 


sum of its altitude and base equal to a given straight line and having 
an angle equal to a given angle. 


. In what cases are Exs. 3 and 4 impossible? 
. Construct a rectangle having given its area and perimeter. 
. Produce a given straight line so that the rectangle contained by the 


given line and the part produced may be equal to the square on an- 
other given line. 


. What is the length of the side of a square equal in area to a rhombus 


whose side is 3 inches and one of its angles 30°? 


. If in II. 14 the given rectilineal figure be that of I. 47, show how to 


determine the required square graphically. 


. The side of an equilateral triangle is a; find the side of a square equal 


in area to the triangle. 


Write down a quadratic equation of which Prop. 14 1s a geometrical 
solution. 

What is meant by the quadrature of a given rectilineal figure, and how 
would you proceed practically in the case of a pentagon? 
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MISCELLANEOUS EXAMPLES. 


I. The sum of the squares on the sides of any triangle 1s equal to twice the 
square on half the base, together with twice the square on the lune joining the 
vertex to the middle point of the base. 


Let ABC be any <A, and D the mid. pt. of BC. 


Then shall sqs. on AB and AC=twice sqs. on BD and AD. 


A 
DE 
Draw AE L to BC, or BC prod? 2.0... cece ence en see eee nee cnr eeesenens I. 12. 
Then, if ADB is the obtuse 4, 
AB*=AD?+ BD? +2BD. DE............... II, 12. 
and AC2=AD?+CD?-—2CD. DE... iiie.. IL. 13. 
=A D? + BD? - 2BD. DE............ .. Hyf. 


<. AB*+ AC?=2A D?+ 2BD*%. 


N.L.—This result is very important. 
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II. The sum of the squares on the four sides of any quadrilateral is equal 
to the sum of the squares on its diagonals, together with four times the square 


on the line joining the middle points of tts diagonals. 


A. 


N 


Let ABCD be a quad!, AC, BD its diags., and E, F the mid. pts. of AC 
and BD. E 


Then shall sqs. on AB, BC, CD, DA =sqs. on AC and BD with 


four times sq. on EF. 


Join BE, ED. 


Then, since E is mid. pt. of AC, 
.. sqs. on AB, BC=twice sqs. on BE, AE............ Ex. I. 
and sqs. on CD, DA=twice sqs. on DE, AE...... ..... Ex. I. 


e sqs. on AB, BC, CD, DA 
—=twice sqs. on BE, DE and four times sq. on AE. 
=four times sqs. on BF, EF and AE....................... Ex. 1. 
=four times sq. on EF, with sqs. on AC, BD............ Il. 4 Ex. 1. 


Q.E.D. 
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III. The difference of the squares on the sides of any triangle tis equal to 
twice the rectangle contained by the base and the line intercepted between the 
middle point of the base and the foot of the perpendicular from the vertex to 


the base, or the base produced. 


Let ABC be any <A, D the mid. pt. of the base, E the foot of the L 


from A on BC, or BC prod?, 


Then shall diff. of sqs. on AB and AC = twice rect. BC, DE. 


A 


DE 


Join AD. 


Then, if L ADC is acute, 
AC*=AD?*+ DC -2 CD. DE 


—AD?+BD?-2CD.DE............ 


And AB*=AD?+ BD?+2 BD. DE 


.. AB*-AC*=2 BD. DE+2 CD. DE 
=? (BD +CD). DE........ 
=2 BC. DE. 


EXERCISES. 
1. Write out the proof when the angle ADB is acute. 
2. Prove the theorem without using either Props. 12 or 18. 
3. Examine the case when ADC is a right angle. 


TAT „II. 13. 


eT ee IT, 1. 


Q.E.D. 
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IV. To divide a st. line into two parts so that the rectangle contained by 
the parts may be a maximum. 


Let AB be the given st. line. 


A C D B 
Bisect AB at C. 


Then shall rect. AC, CB be a maximum. 


For, take any other pt. D in AB. 


Then, since AB is bisected at C, and divided unequally at D, 
.. rect. AD, DB with sq. on CD=sq. on CB................ II. 5. 
=rect. AC, CB, 


i.e. rect. AD, DB alone < rect. AC, CB. 
Q.E.F. 


V. In a right-angled triangle, the square on the perpendicular drawn 
from the right angle to the hypotenuse is equal to the rectangle contained by 
the segments into which it divides the hypotenuse. 


Let ABC bea rt.-angled A, having A 
the rt. L at A, and let AD be the L 
to BC. 


Then shall sq. on AD=rect. BD, DC. 


B D C 
For, since BC is divided at D, 
-e 8q. on BC=sqs. on BD, DC with twice rect. BD, DC....... IT. 4. 
But sq. on BO=sqs. on BA, AC........ ccc ccc ccc sce ceeceeseevceceaees I. 47, 
=sqs. on AD, BD and on AD, DC..... ............ I. 47. 


=sqs. on BD, DC and twice sq. on AD. 


e sqs. on BD, DC and twice sq. on AD 
=sqs. on BD, DC with twice rect. BD, DC......Ax.1. 


Take away the com. sqs. on BD, DC, 
e twice sq. on AD=twice rect. BD, DC, 


<. sq. on AD=rect. BD, DC. 
Q.E.D. 
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VI. To divide a straight line into two parts so that their rectangle may be 
equal to the square ona given straight line which 18 not greater than half the 
former line. 

Let AB and C be the given st. lines. 


It is req¢ to divide AB into two parts so that the rect. contained by the 
parts may be equal to the sq. on C. 


F 


E 


C 
B 
G D 
Bisect AB at D...... E E E E E EEEE E I. 10. 
With cent. D and rad. DA desc. a semicircle. 
From A draw AE at rt. 48s to AB.ciccc ccc ccc cece cc ccc ccc ccvcceucvcccccecce I. 11. 
Cut off A BMC... co.cc ccccsccrccccccvcvcecctucetenvceccesccteecvauce eeccuceccccece, I.3. ` 
Through E draw EF || to AB and cutting the semicircle at F....... 1. 31. 
Draw FG || to AE and meeting AB at G....sssssssnosesesrressosresserise. I. 31. 


Then shall rect. AG, GB = sq. on C. 
(The proof is smar to that of Prop. 14.) 


VII. To divide a given straight line into two parts so that the difference 
of the squares on the parts may be equal to a given area. 


Let AB be the given st. line, and C the given area, 


To AB apply a rect. ADEB=C..........1.46. A F H B 

Bisect AB at F, and BE at G............ I. 10. 
From FB cut of FH=BG................ I. 3. G 
Then H shall be the reqd pt. D E 
For, AR? - HB?=(AH + HB). (AH—-HB)........ II. 6 Cor. 


=AB.(AF + FH - HB) 
=A B. (BF + FH - HB) 


—AB.2FH............ EEE ER Constr, 
=Å B. BE... 0... ccc ccc ccc cee eee . Constr. 
— OSGecerenuenene sees 4$e0eee8e00e0¢8@ oov oce eee eve Con str. 


QEF. 
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VIII. If ABC and AD are two straight lines, and P is the middle point 
of BC, then the projection of AP on AD is half the sum of the projections 


of AB and AC on AD. 
C 


r— h 


TH 


E 


From B, P, and C draw Ls BM, PL and CN to AD..................... I. 12. 
Through B draw BRS || to AD, meeting PL in R, and CN in S....... I. 31. 
Through P draw PT || to AD, meeting CN in T...... cece ee. I. 31. 
Then, since PT and BS are || to AD..............0........ cc cee. Constr. 
se ORO LP eh, CAD eeann I. 29. 
= A S e a AE E I. 29. 
Also ext? L CTP = LONA oannes 1. 29. 
ame ye ee ee eee Constr 
and ext? L PRB= L PLA... 0... ccc eee eee eee ees I. 29 
= he et as nba on E Constr 
Hence, in <\s CPT, PBR, 
ECP TSL PE | eee Above, 
rte LCOCLP=rt: GPR B.oecesccrserirorons er Above. 
8) 4 ot, enn ia RE Hyp 
gee ot ib —— D I E A ere I. 26. 
But PT=LN, and BR=ML....:....................,. T. 34. 
<. UN=ML. 
Now, projection of AP on AD=AL, 
=AM and ML, 


=half of 2 AM and 2 ML, 

=half the sum of 2 AM and MN, 
—half the sum of AM and AN, 
=half sum of projections of AB and 


AC on AD. 
Q.E.D. 


EXERCISES. 


1. Prove that PL is half the sum of BM and CN in the above figure. 


2. If A were taken between B and C, prove that PL would be equal to 
half the difference of BM and CN. 
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MISCELLANEOUS EXERCISES. 


1. Divide a straight line into two parts so that the rectangle contained by 
the whole line and one part may be double of the square on the 
other part. 


2. Enunciate a geometrical theorem of which the algebraical expression is 
(a + 2b)? =a? + 4ab + 462. 

3. If a straight line be trisected, the square on the whole line is equal to 
nine times the square on one of the parts. 


4. If in the figure of II. 6 the produced part be equal to the original line, 
then the square on half the line bisected is one-eleventh of the whole 
figure. 

5. Produce a given straight line to a point, so that the rectangle contained 
by the whole line thus produced and the part produced shall be equal 
to the square on the original line. 


6. Any rectangle is half the rectangle contained by the diameters of the 
squares on two of its adjacent sides. 


7. ABCDE is a straight line, C being the middle point of BD. Prove 
that the square on AC together with the rectangle BE, DE is equal 
to the square on EC together with the rectangle AB, AD. 


8. On AB a square ABCD is described, and the angles ACE, ACF are 
made each equal to half the angle of an equilateral triangle, thus 
inscribing an equilateral triangle CEF in the square. Prove that 
AB is divided at E so that the square on one part is double the 
rectangle contained by the whole and the other part. 


9, If a straight line is divided so that the sum of the squares on the whole 
and on one part is equal to three times the square on the other part, 
the line is divided in medial section. 


10. AB is a diameter of a circle and AC is a chord; if CD be drawn per- 
pendicular to AB, then the square on AC is equal to the rectangle 
contained by AB and AD. 


11. A straight line AB is bisected in C, and from A a straight line AD is 
drawn at right angles to AB and equal to AC. A point E is taken 
in AB produced such that CE is equal to BD. Prove that the rect- 
angle contained by AE and EB is equal to the square on AB. 


12. The sum of the squares on the sides of any parallelogram is equal to 
the sum of the squares on its diameters. 


13. If a straight line AD be divided at B and C, the rectangle contained 
by AC and BD is equal to the sum of the rectangles contained by 
AB and CD, and by BC and AD. 


14, Divide a straight line into two parts so that the sum of the squares on 
the parts may be a minimum, 


15. The rectangle contained by the sum and difference of the sides of a 
triangle is equal to twice the rectangle contained by the base and 
the line intercepted between the middle point of the base and the 
foot of the perpendicular on the base from the vertex. 


16. 


18. 


19. 


20. 


21. 


22. 


23 


24, 


25. 


20. 


27. 


28. 


29, 


30, 


ol. 
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If the square on the perpendicular from the vertex to the base of a 
triangle be equal to the rectangle contained by the segments of the 
base, the vertical angle is a right angle. 


. ACDB is a straight line and D bisects CB; prove that the square. on 


AC is less than the sum of the squares on AD and DB by twice the 
rectangle AD, DB. 


ABC is an equilateral triangle and D is any point in BC. Prove that 
the square on BC is equal to the rectangle contained by BD and DC 
together with the square on AD. 


AB is divided into any two parts in C, and AC and BC are bisected at 
D and E; show that the square on AE with three times the square 


on BE is equal to the square on BD with three times the square 
on AD. 


If EF is parallel to BC the base of an isosceles triangle ABC, prove 
that the difference of the squares on BF and BE is equal to the 
rectangle contained by EF and BC. 


In II. 11, show that the rectangle contained by the sum and difference 
of the parts is equal to the rectangle contained by the parts. 


If a straight line AB be bisected at C and produced to D so that the 
square on AD is twice the square on CD, prove that the square on 
AB will be twice the square on BD. 


If a straight line AB be bisected at C and produced to D so that the 

_ square on AD is three times the square on CD, and if CB be 
bisected at E, show that the square on ED is three times the 
square on EB. 


ABC is a triangle, and on the side of BC remote from A a square 
BDEC is described; prove that the difference of the squares on 
AB and AC is equal to the difference of the squares on AD 
and AE. 


Find the locus of a point which moves so that the sum of the squares 
of its distances from two fixed points is constant. 


The square on a straight line drawn from the vertex of an isosceles 
triangle to any point in the base, is less than the square on a side 
by the rectangle contained by the segments of the base. 


Construct a rectangle which shall be equal in area to a given square, 
and the sum of whose sides shall be of given length. 


The sum of the squares on the diagonals of any quadrilateral is equal 
to twice the sum of the squares on the lines joining the middle points 
of opposite sides. 


The squares on the diagonals of a four-sided figure having two parallel 
sides are equal to the squares on its two non-parallel sides together 
with twice the rectangle contained by the parallel sides. 


In any triangle, three times the sum of the squares on the sides is 
equal to four times the sum of the squares on the lines drawn from 
the angles to the middle points of the opposite sides. 


If astraight line be divided into two pairs of unequal parts, the squares 
on the greatest and least of the four parts are together greater than 
the squares on the other two. 
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Od. 


oo. 
34. 


35. 


36, 


37. 


38. 


39. 


40. 
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The base AB of triangle ABC is bisected in D, and in DB a point E is 
taken such that DC is equal to DE; show that the squares on AC 
and CB are together equal to the squares on AE and EB. 


Given a square and one side of a rectangle equal in area to the square, 
find the other side. 


Construct a rectangle equal to a given square and having the difference 
of its sides equal to a given line. 


AB is bisected at C and produced to D; prove that the rectangle AC, 
AD is equal to the rectangle BC, BD together with twice the square 
on BC. 


ABCD is a rectangle, and O is any point; prove that the sum of the 
squares on OA and OC is equal to the sum of the squares on OB 
and OD. 


The diagonals of a quadrilateral meet in E, and F is the middle point 
of the straight line Joining the middle points of the diagonals ; prove 
that the sum of the squares on the straight lines Joining E to the 
angular points of the quadrilateral is greater than the sum of the 
squares on the straight lines joining F to the same points by four 
times the square on EF. 


Produce a given straight line so that the square on the whole line thus 
produced may be double the square on the part produced. 


Show that the locus of the vertex of a triangle whose base is fixed, and 
the difference of the squares on whose sides is constant, is one or 
other of two straight lines. 


If with the middle point of the line joining the points of bisection of 
the diagonals of any quadrilateral as centre and any radius a circle 
be described, prove that the sum of the squares of the distances of 
any point on the circumference from the angles of the quadrilateral, 
is constant. 


BOOK Ill. 


DEFINITIONS. 


1. Equal circles are those of which the diameters (or the radii) 
are equal. 
[This is not a definition but a theorem: for, if the circles be 


applied to one another so that their centres coincide, their circum- 
ferences must also coincide, sinee their radii are equal. ] 


2. A straight line is said to touch a circle 
when it meets the circle but, being 
produced, does not cut it. 


3. Circles are said to touch one another 
which meet but do not cut one an- 
other, 


ADDITIONAL DEFINITIONS. 


A straight line which cuts a circle is called 
a secant. 


A straight line which meets but, being produced, does not cut the 
circle is called a tangent. 


When two circles touch, and one is entirely within the other, they 
are said to have wnternal contact. 


When two circles touch, and one is entirely without the other, they 


are said to have external contact. 
(310) 
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4. Straight lines are said to be equally dis- 
tant from the centre of a circle, when 
the perpendiculars drawn to them from 
the centre are equal. 


5. The chord on which the greater perpen- | 
dicular falls is said to be further from 
the centre. 
6. (See Book I., def. 19.) 
A 


7. The angle of a segment is contained by the 
straight line and the circumference. 


8. The angle in a segment is the angle 
contained by two straight lines drawn 
from any point in the circumference to 
the extremities of the straight line which 
is the base of the segment. 


9. An angle is said to stand upon that part of 
the circumference intercepted between the 
straight lines which contain the angle. 
(For example, angle BAC stands upon the p : 
arc BDC.) C 


ADDITIONAL DEFINITIONS. 
(For defs. of arc, chord, &c., see Book I., page 8.) 


If the circumference of a circle be divided.into two unequal parts 
the greater part is called the major arc, and the less the 
minor are. 


An arc is said to be convex or concave with 
respect to a point, according as the lines 
drawn from the point to the ends of the 
arc he altogether without the circle or not. 


(For example, arc AD is convex, and arc BC 
concave with respect to the point P.) 


DEFINITIONS. 


10. A sector of a circle is the figure con- 
tained by two straight lines drawn from 
the centre and the part of the circum- 
ference between them. 


11. Similar segments of circles are 
those which contain equal angles. 


ADDITIONAL DEFINITIONS. 


A sector, the bounding radii of which are at 


right angles to one another, is called a 
quadrant. 


A figure is said to be inscribed in a circle, 
when each of its angular points is on the 
circumference. 


A figure is said to be described about (or to 
circumseribe) a circle, when each of its sides 
touches the circumference. 


If O be the centre of a circle ABC, the angle 
BOC which stands upon the arc BC is 
called the angle at the centre; and the 
angle BAC is called the angle at the cir- 
cumference. 
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A line drawn at right angles to a tangent from its point of contact 


is called a normal. 


Circles are said to cut at right angles when the tangents at the 


point where they cut are at right angles. 


NOTE. 


In Book III. Euclid deals with the simpler properties of circles. 
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PROPOSITION I. PROBLEM. 
To find the centre of a given circle. 
Let ABC be the given ©. 
It is regt to find its cent. 
Draw any chd. AB. 


Bisect AB at D.....ssesesssssesessssreseosseeosesveseeeeseesssesessaeoo seeeel. 10. 
Through D draw CDE at rt. 2s to AB 

meeting the Oce at C and Hus... e cece nese reece esac een eeees I. 11. 
Bisect CE at Fu... ccc cece eccccccre cee eeene rene een nees tense eee eenee eee eeeee I. 10. 


Then shall F' be the cent. 


For, if not, if possible, let some pt. G outside the line CE be the cent. 
Join GA, GB, GD. | 


Then, in As GAD, GBD, 


AD=BDau... cle ccc ccc ccc ceeuee Constr. 
on is com 
GA=GB....... cece eee r arresi Radii 
~ LGDA=LGDB......0. i, I. 8. 
“ LGDA isart.ZL. 
But LFDA Is art. Lucie ccc ccc eevee Constr. 


°. LGDA = 4 FDA. 
t.e. the whole=its part, 
which 1s absurd. 


Hence the cent. cannot be outside the line CE. 
.. F, the mid. pt. of CE, is the cent. 


Wherefore, has been found &c. Q.E.F. 


Cor.-—If, in a circle, a straight line bisect a chord and be also at 
right angles to it, the centre of the circle is in that straight line. 
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NOTE. 


The following extension of Prop. 1 is important:— 
To find the centre of a given arc, or segment. 


Let A, B, C be three pts. on the Oce. 


Join AB, BC. B 
Bisect AB, BC at D, E....................1 10. 

Through D, E draw lines 

at rt- L8 to BB, BU occsrcrcccncssroocseiis I. 11. 

Then these lines will, if prod? meet; A O 


(for, if not they are || and then 
AB, BC at rt. 28 to them would 
also be ||. See Ex. 5 on Prop. 29, Bk. I.) C 
Let them, when prod® meet at O. 


Then shall O be the cent. 


For, since DO is drawn at rt. 48 to the chd. AB from its mid. pt. D, 
». DO passes through the cent..............cce eee III. 1. cor. 


And, since EO is drawn at rt. 28 to the chd. BC from its mid. pt. E, 
.. EO passes through the cent............cceseees III. 1. cor. 


5°, O, the pt. at which DO and EO cut, is the cent. 
Q.E.F. 


EXERCISES. 
1. Find, when possible, a point equidistant from three given points. 


2. AB, AC are equal chords of a circle; prove that the bisector sof the 
angle BAC is a diameter. 

3. Straight lines drawn at right angles to the sides of any rectilineal A 
inscribed in a circle through their middle points all pass through a 
fixed point. 


4, Through a given point within a circle draw a chord which shall be 
bisected by the given point. 


5D. Given two chords of a circle in magnitude and position; describe the 
circle. 


6. To describe a circle of given radius which shall pass through two given 
fixed points. When is this impossible? 


7. Describe a circle with a given point as centre which shall bisect the 
circumference of a given circle. 
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PROPOSITION II. THEOREM. 


If any two points be taken in the circumference of a circle, the 
straight line which joins them must fall within the circle. 


Let ABC be a ©, A and B any pts. in its Oce, and let AB 
be joined. 


Then shall AB fall within OABC. 


C 


E B 


For, if not, let it, 1f possible, fall without the ©. 

Find D the cent. of QOABC.u........ cece ccc cccecccecccccecccceecceceses III. 1. 
Take any pt. F in the arc AB. 

Join DF and prod. DF to meet AB in E. 

Join DA, DB. 


Then, since DA=DB............. cece cece eee ee ees Radii. 
<. LDAE=LDBE......................08. I. 5. 
But LDEB> L DAE... I. 16. 
”. L DEB>ZDBE, 
OP MI I Bis escenes nennen I. 19. 
But DB=DE .... ccc ccc ccc ccc ce ses Radii. 
, DF>DE, 


t.e. the part >the whole, 
which 1s absurd. 


Hence, the pt. E cannot fall without the OABC. 


Similarly, it may be shown that E cannot fall on the Oce, 
`. the pt. E falls within the ©. 


But E is any pt. in AB, 
. AB lies entirely within the ©. 


Wherefore, if any two points &c. Q.E.D. 
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PROPOSITION III. THEOREM. 


If a straight line drawn through the centre of a circle bisect a 
straight line in rt which does not pass through the centre, it shall cut 
vt at right angles; and, conversely, if vt cut rt at right angles ıt shall 
bisect it. 

Part I.—In the ©ABC let the diam. CD bisect the chd. 
AB at E. 


Then shall CD be at rt. Ls to AB. 


C 


ee EF Te I EEE I. 10. 
Join OA, OB. 
Then in As OAE, OBE, 


pod o = H s A E Hyp 
hy fon is com 
OAS OD eer EEEE Radii 
<. LOEA= LOEB er I. 8. 


., CE is at rt. 4s to AB. 


ParT II.—In the OABC, let the diam. CD cut the chord AB 
at rt. LS at E. 


Then shall CD bisect AB at E. 


Find O the cent. ......ccccccccccceccccccuccscvceeceeeseseececcsuesesvecs I. 10. 
Join OA, OB. 
Then, since OA=OB.............000ccseeeeeeees Radii. 
cma & $7.0 ae O24) ee I. 5. 
Hence, in As OAE, OBE, 
LOAE= ZL OBE,j.... we cece ees Above. 
p fe LOEA=rt LOEB... Hyp. 
OE is com. 
ome. el = ot) er I. 26 (i.) 


t.e. AB is bisected at E. 
Wherefore, 1f a straight line &c. Q.E.F. 
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NOTES. 

The 22d part of Prop. 3 is the converse of the Ist part, and they are both 
converse of the corollary to Prop. 1. These three results are important. 

Prop. I. cor.—A st. line drawn at rt. L 8 to a chord of a © through tts 
mid. pt. passes through the cent. 

Prop. III. part 1.—A st. line from the cent. to the mid. pt. of a chord of 
a © is at rt. LS to the chord. 

Prop. III. part 1.—A L from the cent. of a © on any chord bisects that 
chord. 

EXAMPLES. 

I. If two circles cut one another, and through one of their points of inter- 
section straight lines be drawn equally inclined to the line joining their centres 
and terminated by the circumferences, these straight lines will be equal. 


Let A be a pt. of intersection of the Ọs ABD, AEC, and let BAC 
DAE be equally inclined to OQ the line joining their cents. 


Then shall BC=DE. 


at 
D 
N 
Draw OM, QN 1s to BC aenescens. abel EA EEEE TERETE EFEN L 12. 
Draw QR || to BC, meeting OM at Ru...... ccc cece eee eee: I. 31. 
Then, since Zs at M and N are rt. Ls, 
me OM is | to 8), ee I. 29 (iii.) 
Hence RMNQ is a [J], 
we QDR=MN..... eee cee cece cece ecee l. 34. 


But chd. AB is bisected at M, and AC at N.........111.3 (ii.) 
Hence MN is half BC. 
-e QR is half BC. 


And L at R=Z at M=art. Z.... Lo. I. 29 (ii.) 


Similarly, if Ls OK, QL and | OS be drawn to DE, it may be shown 
that OS is half DE, and that 4 at S is a rt. Z. 


Also, extr L RQO=int® LBFQ.. ..... 0 eee. I. 29 (ii.) 


ext? LSOQ... oc ee I 29 (ii) 
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Hence, in AAs ROQ, SOQ, 


LORQ=ZOSQ, 
e 1 LRQO=ZLSOQ, 
OQ is com: 
eee (8 8) ee ee re I. 26. 
Hence BC=DE............. E se S616 bene AX. ô. 


II. Through a given point within a circle to draw the shortest possible 
chord. 


Let ABC be the ©, and P the given pt. A . 
Find O the cent..........cccsesescesceeseeees IIl. 1. B Yo pew \ 
Join OP. Pe C 
Through P draw chd. BC oN Pa 
rE E SP O E I. 11. D P anaennene- l 5 

Then BC shall be < any other chd. 

through P, such as DE. 

Draw OM L to DE.. I. 12. 

Join OC, OD. | 

Then, since LOMP isa ft: Gerccsirirasnssscrssrnicscesnooccii .. e Constr. 
Fehr ne Beeb aueuuaeseneiwicerscatens I. 17. 
FP Me OPa EEEE E I. 19. 
Now, sq. on OC=sqs. on OP, PC siase. I. 47. 
and sq. on OD=sqs. on OM, MD............... I. 47. 
Hence sqs. on OP, PC=sqs. on OM, MD. 
But sq. on OP > sq. on OM, 
-e 8q. on PC < sq. on MD. 
<. PC < MD. 
But PC is half BC, and MD is half DE................ Ill. 3. (ii.) 
i BC < DE. Q.E.D. 
EXERCISES. 


1. Prove part ii. of Prop. 3, using I. 47 instead of I. 26. 

2. If from the centre of a circle a perpendicular be drawn to the nearer of 
two parallel chords, it will, if produced, bisect the other. 

3. Find the locus of the middle points of a system of parallel chords of a circle. 

4, The portions of a common chord of two concentric circles, which are 
intercepted between the circumferences, are equal. 

5. If two circles cut, any two parallel straight lines drawn through the 
points of intersection and terminated by the circumferences, are equal. 

6. Through a point of intersection of two circles which cut one another, 
draw the greatest possible straight line terminated by their circum- 
ferences, 
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PROPOSITION IV. THEOREM. 


If, in a circle, two straight lines cut one another, which do not both 


pass through the centre, they do not bisect one another. 


Let ABCD bea ©; AC and BD two chords which cut at E and 


which do not both pass through the cent. 


Case 1.—If one pass through the 


CASE 2.—If neither pass through the 


en A 


Then AC and BD shall not bisect each other. 


cent. it is a diam. and is bisected 
by the cent. 


.". 1t cannot be bisected by the 
other which does not. 


cent., if possible, suppose 
AE=KEQC, and BESED. 


Find O the cent....cccccccccscscececcccccscccecuceeccecsecesccesenes „IIL 1. 
Join OE. 
Then, if E is the mid. pt. of AC, | 
LOEA isa rt. L woe e cee cece access cues IIT. 3 G.) 
And, if E is the mid. pt. of BD, 
LOEB is a rt. L eeccecceccccccecccccces III. 8 (i.) 


Ea L OEA = La OEB. 
t.e. the part = the whole, 
which is absurd. 


Hence, AC and BD cannot bisect each other. 
Wherefore, tf in a circle &c. Q.E.D. 


EXERCISES. 
Draw two straight lines in a circle which shall bisect each other. 


Draw two chords in a circle, neither of which pass through the centre, 
and one of which is bisected by the other. 


Prove that, in a circle, if a chord which does not pass through the centre 
bisect another chord it cannot cut it at right angles. 


Prove the converse of Ex. 3. 


If a parallelogram be inscribed in a circle it must be rectangular, 
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PROPOSITION V. THEOREM. 
If two circles cut one another they cannot have the same centre. 


Let the Os ABC, ADE cut at A. 
Then they shall not have a com. cent. 


For, if possible, let O be their cent. 
Join OA. 
Draw OCE meeting the Oces at C and E. 


Then, since O is cent. of OABC, 


e OA=OC. 
And, since O is cent. of OADE, 
”., OA=SOE. 


Hence, OC=OH, 
.€ the part=the whole, 
which is absurd. 


Wherefore, tf two circles cut &c. Q.E.D. 


PROPOSITION VI. THEOREM. 


If two circles touch one another internally they cannot have the same 
centre. 


Let the ©s ABC, ADE touch internally at A. 
Then they shall not have a com. cent, 


For, if possible, let O be their cent. 
Join OA. \ 
Draw OEC meeting the Oces at E and C. 


Then, since O is cent. of © ABC, 


°. OA=—OC.“ 
And, since O is cent. of © ADE, 
*, OA=OE. 7 


Hence, OC=OE, 
r.€. the whole=its part, 
which is absurd. 


Wherefore, 4f two circles touch &c. Q.E.D. 


EXERCISES. 
1. Prove that two concentric circles cannot cut. 
2. Prove that two concentric circles cannot touch. 
3. Of what propositions are Exs. 1 and 2 respectively converse? 
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PROPOSITION VII. THEOREM. 


If any point be taken in the diameter of a circle which is not the 
centre, of all the straight lines which can be drawn from this point to 
the circumference the greatest is that in which the centre is, and the 
other part of the diameter is the least; and, of any others, that which 
1s nearer to the straight line which passes through the centre ts always 
greater than one more remote; also, from the same point there can 
be drawn to the circumference only two straight lines equal to one 
another, one on each side of the shortest line. 


Let ABCD be a ©, and O its cent.; 
let F be any other pt. within it; 
let AOFD be the diam. through F; 
and let FB, FC, FE be any other st. lines from F to the Oce. 


Then (i) FA shall be the greatest line; 
(ii) FB shall be > FC, FC > FE; 
(iii) FD shall be the least line; 
and (iv) from F but one st. ine=FE can be drawn 


to the Oce. 
Join OB, OC, OE. 
At O in OF make 4 FOG= ZL FOE 2.00. ccee enone I. 23. 
Join FG. 
Then (i), in <A BOF, 
IKAO: ls Seen ee Tee rere I. 20. 
But OB=OA 2.2.0.0. occ ccc cee ce cc wees Rad. 
<. FA> FB. 


t.e. FA is the greatest line. 


PROP. VII. 


And (ii), in As BOF, COF, 


| OB=OC,... cece cece cece ceees 


LUB > LETU errr eee 
Pann a e e y O E 


Similarly it may be shown 
that FC>FE. 


Also (iii), ia AOFE, 


OF, FE> 0E... 
But OD=OL............. 0.0... 00 0- 


<. OF, FE> OD. 
Take away the com. part OF, 
., rem! FE>renr FD. 
1.€. FD is the least line. 


Again (iv), in <\s OFG, OFE, 


LPOG AL FOE eee eee 
ig: a E S A E 


$ | OF is com. 


sess. I. 24. 


ees I. 20. 


Laws Constr. 


pees I. 4. 


And, from F no other line can be drawn to the Oce=FE. 


For, if possible, suppose FH=FE. 


Then, since FG=FE..................00000: 


. FG=FH. 


1.€. a line nearer to FA=one more remote, 


which is impossible...............0665. 


... Part (iii). 


.”, but one st. line can be drawn to the Oce from F=FE. 


Wherefore, if any point. &c. 


EXERCISES. 


Q.E.D. 


1. If from the end of a diameter any number of chords be drawn in a 


-circle— | 
(i) the diameter itself is the greatest of these chords; 


(ii) a chord nearer to the diameter is greater than one more remote; 
(iii) there can be drawn but two equal chords from the point, one 


on each side of the diameter. 
2. Write out in full a proof that FC is greater than FE. 


3. From F draw a straight line to the circumference which shall be equal 


to FB. 
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PROPOSITION VIII. THEOREM. 


If any point be taken without a circle and straight lines be drawn 
from it to the circumference, of those which fall on the concave part of 
the circumference, the greatest 1s that which passes through the centre, 
and one nearer to that which passes through the centre ts always 
greater than one more remote; but of those which fall on the convex 
part of the circumference, the least ıs that which, when produced, 
passes through the centre, and one nearer to tt is always less than one . 
more remote; also from the same point there can be drawn to the 
circumference only two straight lines equal to one another, one on each 
side of the shortest line. 


Let ABCD be a ©, and O its cent,; 
let F be any pt. without it; 
let FDOA be drawn from A through the cent.; 
and let FGB, FHC, FKE be any other lines from F to the Oce. 


Then (i) FA shall be the greatest line; 
(ii) FB shall be > FC, FC > FE; 
(iii) FD shall be the least line; 
(iv) FG shall be < FH, FH< FK; 
and (v) from F' but one st. hne=FG can be drawn 


to the Oce. 
Join OB, OC, OG, OH. 
At O in OF, make LFOL=LEFOG.... ccc ccc ceseeeee I. 23. 
Join FL. 
Then (i) in <A BOF, 
FO, OB>FB......esnsenssesseesecsessssse I. 20. 
But OB=OA 2... coe cece ccc cnceeees Rad. 
. FA> FB. | 


t.e. FA is the greatest line. 
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And (ii) in As BOF, COF, 


OBMOC. ccc cece ccc cccascececsececs Rad. 
s | OF is com. 
LFOB> ZL FOC... cece eee ee Ax. 9. 
a BE Oe O E E I, 24. 


Simuarly it may be shown 
that FC> FE. 
Also (iii) in AAOFG, 
FG, 0. be 8 |) Oe eee I. 20. 
PU OOOD ee nn eee Rad. 
<. rem? FG>rem!' FD. 
1.€. FD is the least line. 
And (iv) in <AOFH, 
OG, FG<OH, FH........... ccc cece eee I. 21. 
But OC 0): eee ore Rad. 
e rem’ FG <rem? FH. 
Similarly it may be shown 


that FH < FK. 
Again (v) in As OFL, OFG, ` 
0 8) Sree ene eee Rad. 
— | OF is com 
LFOL= L FOG... ccc ccc cece cen ceees Constr. 
ae ye E | E eee I. 4. 


And from F no other line can be drawn to the Oce= FG. 
For, if possible, suppose FM=FG. 


Then, since FUSE G...... ccc ccee ene eeeeees Above. 
* EFL=FM. 
z.é. a line nearer to FD=one more remote, 
which 1s impossible...........ceseeeeeeees: Part (iv). 
.. but one st. line can be drawn to the Oce from F=FG. 
Wherefore, tf any point Xe. Q.E.D. 
EXERCISES. 


1. Prove that (i) AD is greater than BG; (ii) BG is greater than CH. 

2. Prove that one and only one straight line can be drawn from F to the 
circumference equal to FB. 

3. If the secant FKE be made to revolve about F, and the points K, E to 
approach each other until they become indefinitely near each other, 
what does the secant ultimately become? 
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PROPOSITION IX. THEOREM. 


If a point be taken within a circle from which more than two equal 
straight lines can be drawn to the circumference, that point ts the 
centre. 


A 


Let ABC be a ©, and from the pt. D within it let three st. 
lines DA, DB, DC be equal to one another. 


Then shall D be the cent. 


For if not, if possible, suppose E the cent. 
Join DE, and prod. to meet the Oce in F, G. 
Then since D 1s a pt., not the cent., in a diam. GF, 
. DC, nearer to DF, > DB, DB>DA...... III. 7 (ii). 


But this 1s contrary to hypothesis. 
Hence, D must be the cent. 
Wherefore, 1f a point &c. Q.E.D. 


NOTES. 


Euclid gave also a direct proof of this prop. depending on the cor. to 
Prop. 1. 

It should be noticed that the point E might be supposed to fall within 
the angle CDB, or within BAD. 


EXERCISES. 


1. Prove this prop. directly, by joining AB, BC, bisecting AB and BC at 
E and F, and proving that DE, DF are at right angles to AB and 
AC. 
. Write out an indirect proof of the prop., supposing E, the centre, to fal] 
within the angle CDB. 
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PROPOSITION X. THEOREM. 


One circumference of a circle cannot cut another at more than 
two pornts. 


a 


k 
"e en oe m a oe a 


For, if it be possible, let ©ACDE cut © BCDE at the pts. C, D, E. 
Find O the cent. of OACDE.\.... ccc cee cece ee cee ec eeeens III. 1. 
Join OC, OD, OE. 


Then, since O is cent. of Q©ACDE, 
“, OC=OD=OE 


And, since from a pt. O within © BCDE three=st. lines 
are drawn to the Oce, 


<. O is cent. of © BCDE................... III. 9 
t.e., pt. O is the com. cent. of two ©s which cut, 
which is impossible............ 2... cece eee III. 5 
Wherefore, one circumference Kc. Q.E.D. 
NOTE. 


Euclid gives two demonstrations of this prop. also, the other being similar 
to that indicated in the note to Prop. 9. 


It should be noticed in the above proof that the centre of one circle 
might be supposed to fall on or outside the circumference of the other circle. 


EXERCISES. 
1. Write out another proof of Prop. 10, depending on III. 1, cor. 


2. Complete the proof given above, by considering the cases mentioned in 
the note. 


3. Two circumferences cannot have more than two points in common. 
(310) K 
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PROPOSITION XI. THEOREM. 


If two circles touch one another internally, the straight tine which 
jorns their centres, beng produced, shall pass through the pornt of 
contact. 


Let OABC touch ©ADE internally at A; and let O and Q b 


their cents. 


Then shall OQ prodd pass through A. 


C 


For if not, let it, if possible, pass otherwise as OQDB. 
Join AO, AQ. 
Then, AQ, QO>AO........ EEEE I. 20. 
But AO=0B nnana snissreereneceis Radii. 
“. AQ, QO> OB. 
Take away the com. part OQ, 
.. rem’ AQ> QB. 
But AQ=QD .... 0. cece cece eee Radii. 
“. QD>QB, 
i.e. the less>the greater, 
which is absurd. 


Hence, OQ when prod? must pass through A. 


Wherefore, tf two circles &c. Q.E.D. 
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PROPOSITION XII. THEOREM. 


If two circles touch one another externally, the straight line which 
jorns ther centres shall pass through the point of contact. 


Let © ABC touch ©ADE externally at A, and let O and Q be 
their cents. 


Then shall st. line OQ pass through A. 


For if not, let it, if possible, pass otherwise as OCDQ. 
Join AO AQ. 


Then, in <AAOQ, 


OA, QAS>OCDQ noiera 1. 20, 
But ved, esate Rad 
and QA=QD} 


“. OC, QD > OCDQ. 
1.€. part >the whole, 


which 1s absurd. 


Hence, st. line OQ must pass through A. 
Wherefore, tf two circles &c. Q.E.D. 
NOTE. 


The words “the point of contact” in Props. 9 and 10 appear to assume 
that the circles can touch in but one point, although this is not proved 
until the succeeding proposition is reached. But, if the words are taken 
in the sense “the point of contact under consideration,” it follows from the 
proofs that, if there were a second point of contact, the line joining the 
centres would, if produced, pass through it also. 

EXERCISE. 
State and prove the converse of (i) Prop. 11; (u) Prop. 12. 


148 EUCLID, BOOK III. 


PROPOSITION XIII. THEOREM. 


One circle cannot touch another at more than one point, whether on 
the inside or outside. 


For, 1f 1t be possible, let inact 
© ABC touch © DBC at the 
pts. B and C. 
(i) Internally. 
Join BC. 
Bisect BC at E...................4. I. 10. 


Through E draw 
ADEF at rt. 2s to BC........... I. 11. F 


Then, since B and C are pts. in the Oces of both Og, 
.. BC falls within both Os................. III. 2. 


And, since AF bisects BC at rt. Zs, 
.. the cents. of both Ọs are in AF............ III. 1 cor. 
. AF passes through a pt. of contact........... III. 11. 


21.. AF passes through the extremity of a line which it bisects at rt. Ls, 


which is absurd. 


Qi) Externally. A 


= =! oe 
~~ ~~ 


Join BC. 
Then, since B and C are pts. in the 
Oce of O©ABC, i 
e BC falls within OABC................ III. 2 


And, since B and C are pts. in the 
Oce of ODBC, 
. BC falls within ©DBC................ III. 2. 


z.€. the chd. BC is within each 
of two ©s which are without each 
other, 


which 1s absurd. 


Wherefore, one circle cannot &c. Q.E.D. 
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PROPOSITION XIV. THEOREM. 


Equal straight lines in a circle are equally distant from the centre; 
and, conversely, those which are equally distant from the centre are 
equal to one another. 


Part I.—Let AB, CD be equal chds. of © ABCD. 
Then shall AB, CD be equidist. from the cent. 


Find O the cent.............cceeceeeeeee: III. 1. 
Draw OE, OF Ls to AB, CD........1. 12. 
Join OA, OD. 
Then, since OK, OF are L to AB, CD, : 
.”. AB, CD are bisected at E, F.....111. 3. 
But AB=CD................. 
<. AE=DF, 
.. 5q. on AE=sq. on DF. 
Also, since OA=OD................ Radii. C 
.. 8q. on OA =sq. on OD. _ 
Hence, sqs. on AE, OE=sqs. on DF, OE .............. I. 47. 
But sq. on AE =sq. on DF.................0... Above. 
*, rem® sq. on OE=rem8 sq. on OF. 
°, OE=OF, 
2.e. AB and CD are equidist. from O. 
Part [J.—Let the Ls OE, OF be equal. 
Then shall chd. AB=chd. CD. 
For, since OK=OF 1... ccc ccc cece eee Hyp. 
*, sq. on OK=sq. on OF. 
And, since OA=OD..................... eevee Radii. _ 
*,sq. on OA=sq. on OD. 
Hence, sqs. on OK, AE=sgqs. on OF, DF............... I. 47. 
But sq. on OE=sq. on OF ............... eee Above. 
.. rem sq. on AK=rem§& sq. on DF. 
mae AE= DFE. 
But, since OE, OF are 1 to AB, CD, 
e E, F are mid. pts. of AB, CD............... III. 3. 
Hence, AB=CD....... cece cc eee Ax. 6. 


Wherefore, egual straight lines &c. Q.E.D. 
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PROPOSITION XV. THEOREM. 


The diameter ts the greatest straight line in a circle; and, of all 
others, that which ts nearer to the centre is always greater than one 
more remote; and, conversely, the greater 1s nearer to the centre than 


C 
D 
Part I.—Let ABCD be a ©, AD a diam., O the cent., and let 
the chd. BC be nearer to the cent. than EF, 


Then shall (i) AD be the greatest line; 
(ii) BC> EF. 


From O draw 1s OM, ON to BC, EF... cece eee 1. 12. 
Join OB, OC, OE. 
Then (1) OB, OC > BC... ccc ence enna ee I. 20. 
But OB=OA, and OC=OD.............0.....,. Radii. 
“. OA, OD > BC, 
_ 4.e AD is the greatest line. 
And (ii) since OM CON 1... ccceee cece cence enone Hyp. 
.. sq.on OM <sq. on ON. 
FO, HERE OD SOL secere Radii. 
.. sq. on OB=sq. on OE. 
Hence, sqs. on BM, OM =sqs. on EN, ON............ I. 47. 
But sq. on OM <sq. on ON... eee eee Above. 
<. rem® sq. on BM>rem§ sq. on EN, 
ʻe. BM> EN. 
But, since OM, ON are +s to BC, EF............ Constr. 
`. M, N are mid. pts. of BO, EF............. .. IIT. 3. 


Hence, BOD EF........ ccc cece cece ee Ax. 6. 


PROP. XV. 15] 


Part II.—Let chd. BC >chd. EF, and let Ls OM, ON be drawn 
from the cent. O to these chds. 
Then shall OM<ON. 
Join OB, OE. 


Then, since OM, ON are ts to BC, EF......... Hyp. 
<. M, N are mid. pts. of BC, EF............... III. 3. 
and, since BODSEPFP ...... eee c cece ccc ee eee e eens Hyp. 
<. BM> EN. 
.. sq. on BM >sq. on EN. 
But, since OBS0E ....seessssssssssserseesresses Radii. 
.. 50. on OB=sq. on OE. 
Hence, sqs. on BM, OM =sqs. on EN, ON.............. I. 47. 
But sq. on BM>sq. on EN 1... . cece eee. Above. 
-e rem® sq. on OM<remé& sq. on ON. 
ʻe OM<ON, 
1.€. the greater chd. BC is nearer to the cent. 
Wherefore, the diameter is the greatest &c. Q.E.D. 
NOTE. 


The proofs of Props. 14 and 15 depend on the following important 
theorem :— 

If two right-angled triangles have their hypotenuses equal, and also one 
other side of the one equal to one other side of the other, their remaining sides 
must be equal. 

EXERCISES. 

1. Write out a proof of the above theorem. 

2. If the radius of a circle is 5 inches long, and a chord in it is 8 inches 
long, find the distance of the chord from the centre. 

3. If the diameter be 20, and the distance of a chord from the centre be 8, 
what is the length of the chord? 

4. The radius of a circle is 13 inches, the length of a chord is 2 feet; find 
its distance from the centre. 

5. The length of a chord is 6 inches, its distance from the centre is 2 inches; 
find the radius of the circle. 

6. Equal chords in a circle subtend equal angles at the centre. 

7. In a circle the greater chord subtends a greater angle at the centre 
than the less. 

8. Find the locus of the middle points of equal chords of a circle. 

9. Draw a chord of a circle which shall be double of its distance from the 
centre, 
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PROPOSITION XVI. THEOREM. 


The straight line drawn at right angles to the diameter of a circle, 
from its extremity, falls without the circle; and no straight line can 
be drawn from the extremity, between that straight line and the cir- 
cumference, so as not to cut the circle. 


Part I.—Let ABC bea ©, O its cent., AB a diam. 


Then shall the st. line drawn from A at rt. Ls to 
AB fall without the ©. 


For, if not, if possible, let it fall i 
within and meet the Oce again 
at C. 


Join OC. 
Then, since OC=QOA............ Radii. 
<. LOCA=LOAC....... I. 5. 
But LOAC 1s a rt. L......Hyp. 
<. LOCA is also a rt. L. 


1.e. two angles of AOAC together=two rt. L8, 
which is mpossible.................ceee eee I. 17. 


Hence the line must fall without the ©. 


Part [].—Let AD be at rt. Zs to the diam. AOB. 


Then between AD and the Oce no st. line can be 
drawn which does not cut the ©. 


For, if it be possible, let AE be 
drawn between AD and the Oce D 
so as not to cut the ©. 


From O draw OG 1 to AE and 


meeting the Oce in F. ' i 
Then, since LOGA isart.Z....... Constr. 
<. LOAG is <a rt. L.......... I. 17. i _ 
Hence, OG < OA............... I. 19. A | a p 
But OF=04A eenn. Radii. O 
<. OG<OF. 


2.€. the whole<its part, 
which 1s absurd. 


Wherefore, the straight line &c. Q.E.D. 
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Cor.— From this prop. it 1s manifest that the st. line 
drawn at rt. Ls to the diam. of a ©, from its ex- 


tremity, touches the Circle..............cccccceeeeeeeeeeeeeees III. def. 2. 
Also, that it can touch it at one pt. only ............eecee wees. III. 2. 
And, that there can be but one tangent to a circle at 
REY ONG GIG rrara EEEE Part II. above. 
EXAMPLE. 


To a given circle to draw a tangent which shall make a given angle with a 
given straight lune. 


Let ABC be the given ©, DE the given st. line, and F the given 4. 


At any pt. D in DE G 
make LEDG=ZLF................ I. 23. 
Find O the cent. of @MABC...... III. 1. ' C 
From O draw OH L to DG......1.12. 
and let OH, prod? if necessary, 


meet the Oce in A. 
From A draw AK at rt. Ls 


to OA and meeting DE in K.,..1.11 F 
AK shall be the req? tang. KD F 
eo since LOAK is art. 4, 
-e AK touches the ©.......... PEP III. 16. Cor. 
And, since LOHD is art. 4, 
ee ext? LOHD=int® LOAK... Ax. 11. 
-6 AK is || to HD... ean. I. 28. (i). 
Hence, LAKE=ZHDE................000000... I. 29. (ii). 
ah Se nonnen ennnen oe CONSËT. 
Q.E.F. 
EXERCISES. 


1. State the converse of the first part of the corollary to Prop. 16. 


2. Show that all chords of a circle which touch a concentric circle are 
equal. 


3. Draw a tangent to a circle which shall be parallel to a given straight line. 

4. Draw a tangent to a circle which shall be perpendicular to a given 
straight line. 

5. Find the locus of the centres of all circles which touch each other at the 
same point. 

6. Two circles cut at right angles; prove that the normals from their points 
of contact will be at right angles. 
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PROPOSITION XVII. PROBLEM. 


To draw a straight line from a given point, either in or without the 
circumference, which shall touch a gwen circle. 


Let A be the given pt., and BCD the given ©. 
It is reg? to draw from A a tang. to the OBCD. 


Case 1.—If the pt. A be in the Oce, draw from A a line _ 
at rt. 2s to the rad. at A; this line will touch the ©........ III. 16. Cor, 


CASE 2.—If the pt. A be without the ©, 


IS SF Ce iis artiin tts ties EEEE ERER III. 1. 
Join OA, cutting the Oce at B.. 

With cent. O and rad. OA desc. a OEAF. 

From B draw BE at rt. 2s to OA, meeting QEAF at E...I. 11. 
Join OE, cutting ©BCD at D. 

Join AD. 


Then shall AD be the tangent req@- 
For, in ^s ADO, EBO, 


OAOLE.,... 2. ccc cece cece cen ceee Radii. 
a OD=OB e EE E A te aaa is eee ees Ge aa E Radii 
LAOE is com. 
ie a 697: t—e & 6151) eee rrr I, 4. 
But LOBE is art. Z...... cc. eee eee Constr. 
r LODA isart. ZL, 
.. AD touches the O@BCD...............4.. III. 16. Cor. 


Wherefore, from the gwen pt. &c, Q.E.F. 
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NOTE. 
The following is another solution of the problem:— 


From a given external point to draw a pair of tangents to a given circle. 


\ 


C 
73 
Let ABC be the given ©, and P the given external pt. 
Find O the cent...... ee E ere rer Te E Te TT eT III. 1. 
Join OP. 
ES FF At Oorr E EET E E E EET I. 10. 


With cent. Q and rad. QO desc. an arc cutting QABC at A, B. 
Join PA, PB. 


Then PA, PB shall be the tangs. 
Join QA, OA. 


Then, since QPŒÆQA oo... ccc cece ccc e eee e eens Radii. 
es Eid et a SF. oe rr ee I, 5. 
And, since QO=QA... ccc ccc eee cee eee Radii. 
ee LOOA S LOA ee rere oy 
<. £8 QPA, QOA—whole ZL OAP. 
Hence LOAP is art. L oe. I. 32. 
But OA is a rad. 
o EA touches the @)......ccccccceeeceeees III. 16. Cor. 


Similarly it may be shown that PB touches the ©. Q.E.F 


EXERCISES. 

l. Prove that PA=PB, «ze. that two tangents to a circle from an external 
point are equal. 

2. Prove that the line Joining the given point to the centre of the given 
circle bisects the angle included by the tangents. 

3. If the distance of the given point from the centre be 13 inches and the 
radius of the circle be 5 inches, find the length of the tangents. 

4. If a quadrilateral circumscribe a circle, one pair of its opposite sides are 
together equal to the other pair. 


5. No parallelogram can be described about a circle except a rhombus. 
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PROPOSITION XVIII. THEOREM. 

If a straight line touch a circle, the straight line drawn from the 
centre to the pont of contact shall be perpendicular to the lane touch- 
ang the circle. 

Let st. line DC touch OABC at C, 
and let OC be the radius to the pt. of 
contact C. 

Then shall OC be 1 to DC. 

For, if not, if possible, let OE be 
drawn L to DC meeting the Oce in B. 


Then, if 2 OEC is art. Z, 


LOCE is< a rt. Livweeccceccccecccecceecees I. 17. 
r LOEC> LOCE, 
oe OCS OER. ccc cece cc ccs ccc cceeeees I. 19. 
But OC=OB...... occ cece cece cenc cence Radii. 
<. OB>OE. 


i.e. the part>the whole, 
which is absurd. 


Wherefore, if a straight line &c. Q.E.D. 


PROPOSITION XIX. THEOREM. 
If a straight line touch a circle, and from. the point of contact a 
straight line be drawn at right angles to the touching line, the centre 
of the circle shall be in that line. 


Let st. line DC touch OABC at C, and - A 
let CA be drawn at rt. 4s to DC. 
Then shall CA pass through 
the cent. . 
For, if not, if possible, let O the cent. 
be without AC. 
Join OC. . 
Then, since DC is a tang. and OC 


D ™ 
the rad. to the pt. of contact, j 
rr ae 816.6 D h oe eer rrr III. 18. 
But 2 DCA is art. L... Hyp. 


<. LDCA=Z DCO, 
t.e. the part=the whole, 
which is absurd. 


Wherefore, if a straight line &c. Q.E.D. 
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PROPOSITION XX. THEOREM. 


The angle at the centre of a circle is double of the angle at the cir- 
cumference standing on the same base, that is, on the same are. 


Let ABC be a ©, and let BOC, BAC be Zs at the cent. and 
Oce, having the same are BC for base. 


Then shall BOC be double of LBAC. 


Case 1.—When the cent. O is on A 
BA, or AC. 
In AOAC, 
ext’ L BOC= Zs OAC, OCA...1. 32. 
But, since OA SOC. ..scccseecesssses Radii. 
<. LOAC= LOCA. 
Hence, 4 BOC is double of L OAC. B C 


CASE 2.— When the cent. O is within the 4 BAC. 


Join AO, and prod. AO to meet A 
the Oce in D. | 
Then, as in Case 1, it may be 

shown that 

L BOD is double of L OAB, 
and that 

4 COD is double of LOAC. 


.. whole Z BOC is double of 4 BAC. D 


Case 3.—When the cent. O is without the 4 BAC. 
Join AO, and prod. AO to meet 
the Oce in D. 


Then, as in Case 1, it may be 
shown that 
4 COD is double of 4 OAC, 


and that 
L BOD is double of LZ OAB. 


.. rem® £ BOC is double of 2 BAC. 
Wherefore, the angle at the centre &c. Q.E.D. 
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PROPOSITION XXI. THEOREM. 
The angles in the same segment of a circle are equal to one another. 
Let ABCD be a ©, and let BAC, BDC be Zs in the same 
segt BAC. 
Then shall ~_BAC=ZLBDC, 
Case 1.—When the segt 
is > a semicircle. 
Find O the cent... ccc cece cee e ec enee: III. 1. 
Join OB, OC. 
Then, since 2 BOC at the cent. 
and L BAC at the Oce are on the 
same base, 


.. L BOC is double of 2 BAC............... III. 20. 
And, for the same reason, 
ZL BOC is double of 2 BDC. 
<. LBAC=LBDC. 


CASE 2.—When the segt is not > a semicircle. 
Find O the cent..............cceeeeeee: III. 1. A D 


Join AO. 
Produce AO to meet the Oce in E. 
Join DE. 


Then, the segt BACE is > a 


bp O 
semicircle, 
<. L BAE= 4 BDE.....Case 1, above. 
Also, the segt EBDC is > a 
semicircle, 
<. LEAC=ZLEDC......... Case 1. 
Hence, the whole 2 BAC=whole 4 BDC......... Ax. 2. 
Wherefore, the angles in the same segment &c. ().E.D. 


EXERCISES. 

1. ABC is a triangle inscribed in a circle whose centre is O. OD is per- 
pendicular to BC. Prove that angle BOD is equal to BAC. 

2. If, in either figure of Prop. 21, AC and BD cut at F, then the triangle 
ABF is equiangular to DCF. 

3. State and prove, by a reductio ad absurdum, the converse of Prop. 21. 

4. In the figure of Ex. X. page 88, prove, by help of Ex. 3, that a circle 
will go round B, C, M, N. 

5. Divide a given circle into two segments so that the angle in one segment 

may be double that in the other. 


PROPS. XXI., XXII. 159 


PROPOSITION XXII. THEOREM. 


The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. 


Let ABCD be a quad! insc in OQ ABCD. 
Then shall Ls BAD, BCD together=two rt. Zs. 


Join AC, BD. A 


Then, since £8 BAC, BDC are in 
the same seg*, 


<. LBAC=ZBDC......... III. 21. 
And, for a like reason, 
LDAC=ZLZDBC......... III. 21. 


“. 48 BAC, DAC=Zs BDC, DEC, 
te. LBAD= 4s BDC, DBC. 

To each add 4 BCD, 
”. £8 BAD, BCD= £s BDC, DBC, BCD. 


SSUWO TU, Li -E I, 32. 
Simuarly, it may be shown that 


43s ADC, ABC=two rt. Ls. 
Wherefore, the opposite angles &c. Q.E.D. 


NOTE. 


Props. 21, 22 are very important, as are also the converse props. (See 
p. 177.) 


EXERCISES. 


1. In the figure of Prop. 22, if BC be produced to E, angle DCE is equal 
to angle BAD. 


2. If, in Prop. 22, the diagonals cut at F, the triangles ADF and BCF are 
equiangular. 

3. If, in the figure of Prop. 22, AD and BC be produced to meet at G, the 
angle AGB is equal to the difference of the angles ACB and DBC. 


4. In the figure of Ex. X., page 88, prove that (assuming the converse of 
ITI. 22), 
(i) a circle can be described about each of the quadrilaterals ANOM, 
BNOL, CLOM. 
(ii) a circle can be made to pass through the points P, B, O, C. 
(iii) if LN be joined, angle OBN is equal to angle OLN. 
(iv) if LM be joined, angle ACN is equal to angle ALM. 
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PROPOSITION XXIII. THEOREM. 
On the same straight line, and on the same side of it, there cannot be 
two similar segments of circles not coinciding with one another. 
For, if it be possible, on the same chd. BC, and on the same side 
of it, let there be two sim" segts BAC, BDC, not coinciding. | 
Then, since the Os cut at B and C, 


they cannot cut at any other pt. ....... cece cece eee eee eee ence eee: IIT. 10. 
.. one segt falls within the other. 


Draw a chd. CA of the inner segt and prod. it to meet the 
outer segt in D. 


Join BA, BD. 
Then, since BAC, BDC are sim! segts, 
hfe oy S: oy ae, D O III. Def. 11. 
z.e, the ext’ L of a <A =int" opp.Z, | 
which is umpossible..................:. I. 16. 
Wherefore, on the same base &c. Q.E.D. 


PROPOSITION XXIV. THEOREM. 
Similar segments of circles on equal straight lines are equal. 
Let BAC, EDF be sim" segs of ©s on=st. lines BC, EF. 
Then shall segt BAC=segt HDF. 


For, if segt BAC be applied to EDF so that pt. B fall on E and 
st. line BC lie along EF, 


the pt. C must fall on F, °° BOSEPF.......... cece eee eee Hyp. 
And, since BC coincides with EF, 
, Segt BAC must coincide with EDF .............. III. 23. 
<. seo’ BAC=seot EDF.................... Ax. 8. 


Wherefore, similar segments &c. Q.E.D. 
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PROPOSITION XXV. PROBLEM. 


A segment of a circle being given, to describe the circle of which it 
1s a segment. 


Let ABC be the given segt- A 
It is reg? to complete the ©. 
PDPO at A seckncuvxenuassodaonnenssenaenes I. 10. 
From D draw DA at rt. 2s to BC...... I. 11. 
Join AB. B D C 
Then (i) if 2 DBA= 4 DAB, 
LB 2 e c BF, ee E EA I. 6. 
OREN Fines keuncauxeunsescucnuacaeadeessucendesnsyees Constr. 
t.e. DA, DB, DC are all equal, 
<. D is the Cent............ ccc cece cece ees III. 9. 
And, with D as cent., DB as rad., the © can be completed. 
Again, (ii) if 2 DBA is not= 4 DAB, A 
at pt. B in AB make 4 ABO= 4 DAB....1. 23. 
Let BO meet AD, or AD prod? at O. 
Join OC. 
Then in As OBD, OCD, O 
[33D 6) D ere Constr. 
| OD is com. 5 7% 
rt. 2 BDO=rt. 2 CDO. 
re OBSC arrera I. 4. A 
And, since 2 ABO= ZOAB............. Constr 
ae OBS A Pree ree ee I. 6 C 
Hence, OA, OB, OC are all equal, 
oe O IS CEN... cece ceees III. 9. O 
And, with O as cent., rad. OB, the © can be completed. 
Wherefore, a segment of a circle &c. Q.E.F. 


Cor.—If L DBA= £4 DAB, the cent. lies in BC and the given 
segt is a semicircle. 

If 2 DBA < L DAB, the cent. lies without the segt, which is less 
than a semicircle. 

If DBA > Z DAB, the cent. lies within the segt, which is greater 
than a semicircle. 

NOTE. 
The example to Prop. 1 gives a solution of this problem which is practi- 


cally simpler than the above, and is often substituted for it. 
(310) L 
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PROPOSITION XXVI. THEOREM. 
In equal circles, equal angles stand on equal arcs, whether at the 
centres or curcumferences. 
Let ABC, DEF be equal Os, let BOC, EQF be equal Zs at the 
cents., and BAC, EDF at the Oces. 


Then shall arc BGC=arc HHF. 


A BN (AX A 
No o NY 


G H 
Join BC, EF. 
Then in As OBC, QEF, 
Die 8) ern ae III. Def. 1. 
Ey OCS 8) enee IIL. Def. 1. 
LLOCS ae |) 0) eee eer Hyp. 
eae >) D |) ae nee ne I. 4. 
And, since L BAC=LEDF............... cee e eens Hyp. 
e seo’ BAC is sim? to segt! EDF................. III. Def.11. 
But the st. lines BC, EF on which they stand are equal...... Above. 
e segt BAC=seot EDF.............ceeees III. 24, 
And the whole © ABC=whole ©DEF.............. Hyp. 


<. rem’ segt BGC=rem® seot EHF. 
Hence, arc BGC=are EHF. 


Wherefore, in equal circles &c. 


NOTES. 
The following is another form of the enunciation of this proposition:— 
In equal circles, the arcs, on which equal angles stand, must be equal. 
Beginners are apt to confuse Props. 26, 27, 28, 29 with one another. 
In Prop. 26, prove arcs equal. Prop. 27 is converse of 26. 
In Prop. 28, prove arcs equal. Prop. 29 is converse of 28. 
The results proved in these four propositions for equal circles hold good 


for the same circle. 
It follows from this prop. that in any circle, or in equal circles, the greater 


angle stands upon the greater arc. 


Q.E.D. 
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PROPOSITION XXVII. THEOREM. 


In equal circles the angles which stand on equal arcs are equal, 
whether at the centres or circumferences. 


Let ABC, DEF be equal Os, and BC, EF equal arcs. 


Then shall LBOC=L EQF at the cents. 
and LBAC=LHDE' at the Oces. 


A 


C 


B E 


G 


For, if 2 BOC is not= 4 EQF, one must be >. 
If possible, suppose 4 BOC > 4 EQF. 


At O in OB make 4 BOG= ZL EQF....0.. occ ccc e eee eees I. 23. 
Then, if 2 BOG=Z EQF, 
arc BG=arce EF ........ ccc cece cece eens III. 26. 
But arc BC=are EF..................0c000e Hyp. 
.. are BG=are BC. 
1.€. the part=the whole, 
which is absurd. 
Hence, 2 BOC cannot be unequal to 4 EQF, 
t.e. £BOC=ZLEQF. 
7. also LBACS=LEDE...... ccc cee ccc cones III. 20. 
Wherefore, in equal circles &c. Q.E.D. 


EXERCISES. 
1. Prove Prop. 26 by the method of superposition. 
2. Prove Prop. 27 by the method of superposition. 
3, AB, AC, AD are chords of a circle; if the angle BAC is the supplement 


of the angle BAD, then the sum of the arcs on which they stand is 
equal to the whole circumference. 
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PROPOSITION XXVIII. THEOREM. 


In equal circles, equal straight lines cut off equal arcs, the greater 
equal to the greater, and the less to the less. 


Let ABC, DEF be equal Os, and BC, EF equal chds. 


Then shall the major arc BAC=the major arc HDF, 
and the minor arc BC=the minor arc EF, 


A D 
| O QO | 
B C E F 


Find O and Q the cents. of the OS..........ccccecceececcesceecs III. 1. 
Join OB, OC, QE, QF. 


Then, in As OBC, QEF, 


33 RI D EE III. Def. 1. 
e foc=ar SEE: III. Def. 1.. 

is) 2 — 9 8 ee Hyp 

se ee Ra den EE oeren ena I. 8. 
Hence, arc BC=are BF... cece eee ee III. 26. 

But, whole Oce ABC=whole Oce DEF.............. Hyp. 

<. rem’ arc BAC=rem® arc EDF. 
Wherefore, tn equal circles &c. Q.E.D. 
NOTE. 


The enunciation may be stated thus :— 

In any circle, or in two equal circles, the arcs cut off by equal chords must 
be respectively equal to one another: the major to the major, and the minor 
to the minor. 

EXERCISES. 
1. Prove Prop. 28 by superposition. 
2. APC, BPD are equal chords of a circle ABCD; prove that the arc AB 
is equal to the are CD. 
3. The arc AB is equal to the arc CD in the circle ABCD; prove that the 
chord AD is parallel to BC. 
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PROPOSITION XXIX. THEOREM. 


In equal circles, equal arcs are subtended by equal straight lines. 


Let ABC, DEF be equal Ọs, and BC, EF equal arcs, and let 
BC, EF be joined. 


Then shall chd. BC=chd. HF. 


A D 
O Q 
Find O and Q the cents. of the OS....... ccc cece cece cee e ee eeeees III. 1. 
Join OB, OC, QE, QF. 
Then, since are BC=arc EF-.............. 0... cece eee Hyp. 
e > 8 oy an > 8) rer err HI, 27. 
Hence, in As OBC, QEF, 
e—a De ere III. Def. 1. 
. | CPR er A YE III. Def. 1. 
LBOCSLEO T eeren Above. 
oe BCSMER ..... cece ecole 4 
Wherefore, in equal circles &c. Q.E.D. 
NOTE. 


The enunciation might be stated thus:—{n any circle, or in equal circles, 
the chords, which cut off equal arcs, must be equal. 


EXERCISES. 
1. Prove this prop. by superposition. 


2. The straight lines which join the extremities of two parallel chords of a 
circle are equal to one another. 


3. In the circle ACBD, the arc ACB is equal to the arc CBD ; prove that 
the triangle ACB 1s equal to the triangle CBD. 
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PROPOSITION XXX, PROBLEM. 


To bisect a given arc of a circle. 


Let BAC be the given arc. A 
It is reg? to bisect vt. 
Join BC. 
Bisect BC at D....... ccc eee e cece eens L 10. 
From D draw DA at rt. Zs B D C 


to BC, and meeting the Oce at A...1. 11. 


Then shall arc BAC be bisected at pt. A. 
_ Jom AB, AC. 


Then in A^s ABD, ACD, 
BD=CD.,\..... cece cece cee eee Constr. 
A AD is com. 
rt. L ADB=rt. ZL ADC. 
. chd. AB=chd. AC ........ cece cee scenes I. 4. 
Now AD, if prod® is a diam...............06. III. 1, Cor. 
Hence AB and AC are both minor arcs. 
<. arc AB=are AC........ E E III. 28. 
Wherefore, the gwen arc &c. Q.E.F. 


PROPOSITION XXXI. THEOREM. 


In a circle, the angle in a semicircle vs a right angle; the angle ina 
segment greater than a semicircle is less than a right angle; and the 
angle in a segment less than a semicircle is greater than aright angle. 


Let ABCD be a ©, BC a diam. and AC a chd. 


Then shall (i) 2 In semicircle BAC be a rt. £; 
(ii) Lin > segt ABC be <a rt. L; 
(iii) 2 In < segt ADC be >a rt. ZL. 
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Fod O eCo eneee E E E EE TEE AEE S I. 10. 
Join BA, AD, DC, AO. 

Then (i) since OA=0B.....essesessssosensessetresesescess Rad. 

< 2054; — LODA eee re eer ee I. 5. 

And, since OA=OC......... (Ane RbeUeEiade ka S Rad. 

m OF: \ toe 8). een Perr Tre Tere I. 5. 


”, £8 OAB, OAC= Ls OBA, OCA. 
i.e. LBAC= Ls OBA, OCA. 


But Ls BAC, OBA, OCA=twort. LS.......... cece: I. 32. 
<. LBAC is art. L. 
Again, (11) £8 BAC, ABC < two rt. LS....... cece eee ees I. 17. 
Tre fe ED Th Bakers tesesseneastererven Above. 


<. LABC <art. L. 
Also, (iii) since ABCD is a quad? inscribed in the ©, 


<. LS ABC, ADC=two rt. LS... ceeeee een (II. 22. 
Bit LABU CAL Eerste Above. 
<. LADC>art. ZL. 
Wherefore, the angle in a semacircle &c. Q.E.D. 


Cor.—If one 4 of a <^ be equal to the other two, it is a rt. 4. 


EXERCISES. 


1. If, in a circle, one angle is the complement of another, the sum of the 
arcs on which they stand is half the circumference. 

2. Prove that, if any other point E be taken in the arc BAC (prop. 30), 
the area of the triangle EBC is less than the area of the triangle ABC. 

3. Prove, by a reductio ad absurdum, that if a semicircle be described on 
the hypotenuse of a right-angled triangle as diameter, it will pass 
through the right angle. - 


4. What is the locus of the vertices of all right-angled triangles described 
on the same hypotenuse? 


5. ABC is a triangle; D is the middle point of BC; L, M, N are the feet of 
the perpendiculars from A, B, C on the sides; prove that 
(i) the circle, centre D and radius DB, will pass through M and N; 
(ii) the triangle LMN has its angles each double of the complements of 


those of ABC respectively. 
6. The greatest rectangle that can be inscribed in a circle is a square. 


7. Draw a straight line at right angles to another straight line, from its 
extremity, without producing the given line. 
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PROPOSITION XXX. PROBLEM. 


To bisect a given arc of a circle. 


Let BAC be the given arc. A 
It vs reg? to bisect it. 
Join BC. 
Bisect BC at D.......ccccccesccccssceves L 10. 
From D draw DA at rt. Zs B D C 


to BC, and meeting the Oce at A...1. 11. 


Then shall arc BAC be bisected at pt. A. 
. Join AB, AC. 


Then in As ABD, ACD, 
BD=CD..... cece ccc een ees Constr. 
A AD is com. 
rt. L ADB=rt. 2 ADC. 
”. chd. AB=chd. AC...............00c ceed. & 
Now AD, if prod? is a diam...............06. III. 1. Cor. 
Hence AB and AC are both minor arcs. 
<. arc AB=are AC........ ES IIT. 28. 
Wherefore, the given arc &c. Q.E.F. 


PROPOSITION XX XI. THEOREM. 
In a circle, the angle in a semicircle is a right angle; the angle in a 
segment greater than a semicircle rs less than a right angle; and the 
angle in a segment less than a semicircle ts greater than aright angle. 


Let ABCD be a ©, BC a diam. and AC a chd. 


Then shall (i) 2 in semicircle BAC be a rt. £: 
(ii) Lin > segt ABC be <art.Z; 
Gii) L in < segt ADC be >a rt. L. 
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Eou O UO OUD narra ESE I. 10. 
Join BA, AD, DC, AO. 

Then (i) since DASO B esrpisisnni ra Rad. 

hee © @ 7.8 5 S LOBA nanen I. 5. 

Ani, BAe CER Rad. 

a ta At EO POTTIE I. 5. 


48 OAB, OAC= Ls OBA, OCA. 
t.e. LBAC=Zs OBA, OCA. 


But 4s BAC, OBA, OCA=twort. LS....... cece econ. I, 82. 
<. LBAC is art. L. 
Again, (ii) 48s BAC, ABC < two rt. L8S..ssssseeseeessssee I. 17. 
Dat ABACA A sisennsisesaseestcseens Above. 


<. LABC <art. L. 
Also, (iii) since ABCD is a quad? inscribed in the ©, 


<. LS ABC, ADCHtwo rt. L8essspesessssssssosses ITI. 22. 
But L ABC < art. Luccrrcccccccccccccccecccss Above. 
<. LADC >art. L. 
Wherefore, the angle in a semicircle &c. Q.E.D. 


Cor.—If one L ofa <^ be equal to the other two, it is a rt. 4. 


EXERCISES. 


1. If, in a circle, one angle is the complement of another, the sum of the 
arcs on which they stand is half the circumference. 

2. Prove that, if any other point E be taken in the arc BAC (prop. 30), 
the area of the triangle EBC is less than the area of the triangle ABC. 


3. Prove, by a reductio ad absurdum, that if a semicircle be described on 
the hypotenuse of a right-angled triangle as diameter, it will pass 
through the right angle. 


4. What is the locus of the vertices of all right-angled triangles described 
on the same hypotenuse? 


5. ABC is a triangle; D is the middle point of BC; L, M, N are the feet of 
the perpendiculars from A, B, C on the sides; prove that 
(i) the circle, centre D and radius DB, will pass through M and N; 
(ii) the triangle LMN has its angles each double of the complements of 


those of ABC respectively. 
6. The greatest rectangle that can be inscribed in a circle is a square. 


7. Draw a straight line at right angles to another straight line, from its 
extremity, without producing the given line. 
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NOTES. 
The following construction for Prop. 38 is practically simpler than that 
in the text:— 


Let AB be the given line, C the given 4. 


At A make LBAD=LOC....ececececeeees I. 23. 
Draw AE at rt. 28 to AD.................. I. 11. 
From B draw BE at rt. Zs 

to AB, meeting AE at E.................. I. 11. 


On AE as diam. desc. a ©). 


Then it can be proved, as in Ex. 3 on 
III. 31, that B is on the Oce, and the 
rest of the proof follows as before. 


EXAMPLE. 


To construct a triangle, having given the base, the vertical angle, and the 
sum of the sides. 


Let AB be the given base, C the given vertical 4, D the given sum of 
sides. 


C 


A B 


D 


Boci A Ornea S E E E EEE E E EEEE I. 9. 
On AB desc. a segt containing an L=half LC......... ccc cee scene. III. 33. 
With cent. A and rad.=D, desc. an arc cutting the segt at E. 
Join AH, EB. 
At B make L EBF= Z AEB, and let BF meet AE at F. 

Then FAB shall be the <A req?@- 


EXERCISES. 

1. Write out the proof of the example given above. ` 

2. Construct a triangle, having given the base, the vertical angle, and the 
length of the line joining the vertex to the middle point of the base. 

3. Construct a triangle having given the base, the vertical angle, and the 
altitude of the triangle. 

4. Construct a triangle having given the base, the vertical angle, and the 
difference of its sides. 
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PROPOSITION XXXIV. PROBLEM. 


from a given circle to cut off a segment containing an angle equal 
to a given rectilineal angle. 


Let ABC be the given ©, and D the given 4. 


It is reg? to cut of from © ABC a segt containing an L = L D. 


A 


C 
D 
B E 
At any pt. B on the Oce draw the tang. BE..................... III. 17. 
At pt. Bin BE make LEBC=L Dau... cece ees I, 23. 


Then shall BAC be the segt reqa. 


For, since BC is a chd. drawn from the pt. of contact 
of tang. BE, 
. LEBC=Z in alt. segt BAC.........1I0. 32. 


But LEBC= LD... cece ee eees Constr. 
<. 4 ln seot BAC= 4D. 
Wherefore, from the given circle &c. Q.E.F. 


EXERCISES. 
1. From a given circle cut off a segment similar to a given segment. 


2, Through a given point within a circle, draw a chord which shall cut off 
a segment containing a given angle. 


3. Through a given point without a circle draw a secant which shall cut off 
a segment similar to a given segment. 


4. State and prove the converse of Prop. 32. 
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PROPOSITION XXXV. THEOREM. 


If two straight lines cut one another within a circle, the rectangle 
contained by the segments of one of them shall be equal to the rectangle 
contained by the segments of the other. 


In the © ABCD let the chds. AC, BD cut at E. 
Then shall rect. AH, HC=rect. BH, ED. 


Find O the cent. of the ©......... III. 1. 
From O draw OM to AC....... I. 12. 
Join OA, OE. 


Then, since OM is drawn 
from the cent. L to AC, 
.. M is mid. pt. of AC.....III. 3. 
And, since AC is bisected 
at M, and divided un- 
equally at E, 
<. rect. AE, EC with sq. on EM=sgq. on AM............. Il, 5. 
To each add the sq. on OM, 
*, rect. AE, EC with sqs. on EM, OM =sqs. on AM, OM. 
t.e. rect. AE, EC with sq. on OE =sq. on OA.............4. I. 47, 


—=sq. on a rad. 


In the same way, if a L from O be drawn to BD, 
it may be shown that 
rect. BE, ED with sq. on OK =sgq. on a rad. 


Hence, rect. AE, EC with sq. on OE=rect. BE, ED with sq. on OE. 
Take away the com. sq. on OE, 
<. rect. AE, EC=rect. BE, ED. 
Wherefore, if two straight lines &c. Q.E.D. 


NOTES. 
Four cases are dealt with by Euclid in this prop. :— 
Case i.—When both lines pass through the centre; 
Case ii.— When one passes through the centre and cuts the other at rt. £3; 
Case iii—m When one passes through the centre and cuts the other, but not 
at right angles; 
Case iv.— When the position of the chords is entirely unrestricted, as above. 
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The last and most general case only has been inserted in the text, for it 
includes the special cases, while they add greatly to the length of the 
demonstration. The following separate proof of Case ii. is, however, given 
here as an example:— 


If, in a circle, a chord be bisected at right-angles by a diameter, the square. 
on half the chord is equal to the rectangle contained by the segments into 
which it divides the diameter. 


À 


In the ©QABC let the chd. BC be 
bisected at rt. 28 in E by the diam. 
AD. 


Then shall sq. on BEH=rect. AH, ED. 


Find O the cent.......ssssseesesesersessessoee I, 10. A 
Join OB. 7 
Then, since AD is bisected at O, and 
divided unequally at E, D 
.,. rect. AE, ED with sq. on OE=sq. on OD............ n II. 5. 
=sq. on OB...... yepebaeaeceyss Rad. 
=sqs. on OF, BE...... MEN I. 47. 
Take away the com. sq. on OE, 
<. rect. AE, ED=sq. on BE. Q.E.D. 
EXERCISES. 


1. Write out an independent proof of Case iii. as stated in the note. 

2. In the figure of Ex. X. page 88, prove that rect. AO, OL=rect. BO, OM. 

3. If a chord of a circle when produced meet a diameter produced at a 
point outside the circle, prove that the rectangle contained by the 
segments of the chord is equal to that contained by the segments of 
the diameter. 


4. Prove the same property when two chords, being produced, intersect 
outside a circle. 


5. If, through any point in the common chord of two circles which inter- 
sect, there be drawn two other chords, one in each circle, the four 
ends of these latter chords will le on the circumference of a circle. 

6. If a diameter of a circle be produced to any point, the rectangle con- 
tained by the whole line so produced, and the part of it without the 
circle, shall be equal to the square on the tangent drawn from the 
point to the circle. 

7. State, and prove by a reductio ad absurdum, the converse of Prop. 35. 

S. In the above figure, prove that if DC be joined, DC?-=DE. DA. 
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PROPOSITION XXXVI. THEOREM. 


If from a point without a circle two straight lines be drawn, one of 
which cuts the circle and the other touches rt; the rectangle contained 
by the whole line which cuts the circle and the part of it without the 
circle, shall be equal to the square on the line which touches tt. 


Let ABC bea ©, and from the external pt. P let the tang. PA, 
and the secant PBC, be drawn. 


Then shall rect. PB, PC=sq. on PA. 
A 


\ 
SSCA 
C 
Find O the Centn.ccccccccccccccccccececsccccvcccnccccccucececccccvcvvecess III. 1. 
From O draw OM L to BC ercccecccccc cess cc ccscccccvccccecccccceevce I. 12. 


Join OP, OA, OC. 
Then, since OM is a L from the cent. 
. M is mid. pt. of BC... eee ee. III. 3. 
And, since CB is bisected at M and prod? to P, 
.. rect. PB, PC with sq. on CM =sq. on PM....... II. 6. 
Add sq. on OM to each, 
*, rect. PB, PC with sqs. on CM, OM =sqs. on PM, OM. 


t.e. rect. PB, PC with sq. on OC=sq. on OP............. I. 47. 
=sqs. on PA, OA...... I. 47. 
But sq. on OC=sq. on OA............. Rad. 
*, rect. PB, PC=sq. on PA............. Ax. 3. 
Wherefore, tf from a point &c. Q.E.D. 


Cor.—If, from a point without a circle. two straight lines be 
drawn cutting the circle, the rect- 
angles contained by their segments 
are equal, 

t.e. rect PA, PD=rect. PB, PC, 
for each is equal to the sq. on the 
tang. from P to the ©. 
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PROPOSITION XX XVII. THEOREM. 


If from a point without a circle there be drawn two straight lines 
one of which cuts the circle and the other meets it, and if the rectangle 
contained by the whole line which cuts the circle and the part of t 
without the circle be equal to the square on the line which meets the 
circle, the line which meets shall touch the circle. 


Let ABC be a ©, and, from the external pt. P, let PBC be drawn 
cutting the ©, and PA meeting it, and let the rect. PB, PC be equal 
to sq. on PA. 


Then shall PA be a tang. 


From P draw the tang. PD.....1II. 17. 
Find O the cent...............0008. III. 1. 
Join OA, OP, OD. : 


Then, since OD is drawn from 
the cent. to the pt. of contact, 


e ODP is art. ZL........... III. 18. 
And, since PD is a tang. | 
ag took FD, Tocai 0D Fh errs III. 36. 
But rect. PB, PC=sq. on PAu... eee Hyp. 
. sq. on PD=sq. on PA. 
.. PD=PA. 
Hence, in As OPD, OPA, 
eID = 07. Rad. 
pe Oe ak ol. E Above 
OP is com. 
. LODP= LOAP ae.ccccccccccceccccccees I. 8. 
But LODP is art. L...ssessssssssssesessososoo Above. 
<. LOAP isa rt. L, 
<. PA touches the ©)......ccccscccccecccsecs III. 16. Cor. 
Wherefore, if from a point &c. l Q.E.D. 
EXERCISES. 


1. State and prove the converse of the corollary to Prop. 36. 

2. Prove that, if two circles cut, their common chord produced bisects 
their common tangents. 

3. Tangents drawn from any point in their common chord produced to 
two circles which intersect, are equal. 
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MISCELLANEOUS EXAMPLES. 
I. To find a square which shall be equal to the difference of two given 


squares. 


D 

Let AB be a side of the greater sq., and C 
a side of the less. On AB desc. a semicircle. 
With cent. A and rad.=C desc. an arc cutting A B 
the semicircle in D. Join DA, DB. 

Then L ADB in a semicircle, is a rt. 2 ...III. 31. C 

e sq. on DB=diff. of sqs. on AB and AD (or (C)............ I. 47. 
Q.E.F. 


II. In a circle, the arcs intercepted by parallel chords are equal. 


Let AD, BC be || chds. of QABCD. 
Join AB, AC, DB, DC. 


Then, 2BAC=>=ZBDC......... III. 21. A 
And LCAD=CLZCBD......... III. 21. 
—=LBDA.........1. 29 (i). 
<. £8 BAC, CAD=Zs BDC, BDA. B C 
i.e. L BAD= LCDA. 
.°. arc BCD=arc ABC........ Ill. 26. 


Take away the com. arc BC. 


.. arc DC=arc AB. 
Q.E.D. 


III. Zf two chords of a circle be produced to meet without the circle, the 
angle they contain is equal to half that subtended at the centre by the differ- 
ence of the intercepted arcs. 


Let the chds. AD, BC of @ABCD be prod4 to meet at E. 
Through D draw DF || to BC. 


> 4 
Then, since arc FB=arc DC........ Ex. Il. 


., arc AF is diff. of arcs AB and DC. 
And, since DF is || to BO, 


<. LADF=LAEB......... I. 29. 
But LADF at the Oce is 
half L AOF at the cent......... III. 20. 


<. LAEB is half 2 AOF at the cent. which stands on the 


diff. of the intercepted arcs AB and DC. 
Q.E.D. 
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IV. (i) Zf a straight line subtend equal angles at any points, a circle can 
be described the circumference of which will pass through the extremities of 
the line and throuyh cach of the points. 

Let AB be the line, and P, Q, pts. such that L APB=ZAQB. 

Then shall the © desc? through A, B, P pass through Q. 


For, if not, if possible, let the © 
round A, B, P not pass through Q, 
but cut AQ, or AQ prod, in K, 
and join KB. 


Then, since APB, AKB are 4s 
in the same segt., 


a L APB — LAKB coves III. 21. 


But LAPB=ZLAQB........ Hyp. 
>. LAKB=ZLAQB. 


t.e. ext" L of a <A = int" opp. L 
which is impossible...........cccceeceeeeeece ees I. 16. 
‘Hence Q must lie on the Oce of the © through A, B, P. 
Q.E.D. 


IV. (ù) If two opposite angles of a quadrilateral are together equal to two 
right angles, a circle can be described about the figure. 


In quad! ABCD let Ls ABC, ADC=two 
rt. ZS. 
Desc. a © through pts. A, B, C......... Ex. 8. p. 86. 
If possible, suppose this Ç) does not 
pass through D, but cuts AD (or AD 
prod?) at E. Join EC. 
Then 4s ABC, AEC=two rt. ZS....... III. 22. 
But 4s ABC, ADC=two rt. ZLs..... Hyp. 
<. LS ABC, AEC=Zs ABC, ADC. 
Take away the com. L ABC, 
., rem? L AEC=rem’ 4 ADC, 
which is impossible.. ........... cscs eee ene ees I. 16. 


<. D must lie on the Oce of the © through A, B, C. Q.E.D. 


IV. (i), which is the converse of III. 21, and IV. (ii), the converse of 
III. 22, are very important. IV. (i) may be enunciated in various ways, of 
which the following are examples:— 


The locus of the vertices of all triangles on the same base, and having equal 
vertical angles, is a circle. 
If four points be so situated that the line joining any two subtends equal 
angles at the other two, the four pornts lie on a circle. 
(310) M 
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V. If the opposite pairs of sides of a quadrilateral in a circle be produced 
to meet and the angles so formed be bisected, the bisectors are at right angles 


to one another. 

Let ABCD be a quad! in a ©. 

Let AD and BC meet at E, and AB and DC at F. 

Let the bisectors of the angles at E, F cut one another at G, and the 
Oce at H, K, L, M. 


M 


K 


Then ZL AEK=Z at Oce which stands on diff. of arcs AK and DH...Ex. III. 
And LBEK=Z at Oce which stands on diff. of arcs BK and CH...Ex. III. 


But L AEK= Z BEK..........0.ceccececceceecuees Hyp. 
.. diff. of arcs AK and DH=diff. of arcs BK and CH....... III. 26. 
Hence, sum of arcs AK and CH==sum of arcs BK and DH. 


Similarly, it may be shown that 
sum of arcs AM and CL==sum of arcs DM and BL. 
<, sum of arcs AK, CH, AM, CL=sum of arcs BK, DH, DM, BL.. Ax. 2. 
i.e. sum of arcs MK, HL=sum of arcs MH, KL. 


Hence, sum of arcs MH, KL=half the Oce of the ©. 
., sum of the Z8 at the Oce which stand on them=a rt. Z...III. 31. 
ie. LS MKH, KML=a rt. 4. 


But L MGE=Zs MKH, KML.............0.... I. 32. 
a LMGE 18 art. L. 


t.e. EG, FG cut at rt. 2s. 
Q.E.D. 
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VI. If, from any point on the circumference of the circle circumscribing 
a triangle, perpendiculars be drawn to the sides, the feet of these perpendi- 


culars lie in a straight line. 


Let P be any pt. in the Oce of the © circumscribing the <A ABC. 


From P draw PL L to BC and PN L to AB. 
Join LN, and prod. LN to meet AC prodå at M. 


Then PM shall be L to AC. 


Since PNB, PLB are rt. 28, 


<. a © can be desc? round PBLN........ eane Ex. IV. 
<a L. PBN = L PLN E EE eee awe E E ete fener III. 21. 
ze LPBA=ZLPLM. 


But L PBA=ZPCM.,......................0065 III. 21. 
Naa LPLM= 4 PCM, 
.. the pts. P, L, C, M lie ona ©................ Ex. IV. 


And, since PLC is art. 4, 
oe PMC is also a rt. Li... cece ces III. 22. 


Hence L, M, N, the feet of the Ls, lie in a st. line. 
Q.E.D. 


The above theorem is sometimes referred to as Simson’s Theorem, and 
the line LNM as Sumson’s line. 
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VII. To describe a circle which shall touch a given circle, and a given 


straight line at a gwen pornt. 


Let P be the given pt.,.PQ the given st. line, and ABC the given ©, 
cent. O. 


C 
Pi 
Pa 
# 
f 
O F 
pb 
a 
D | 
; 
i 
ri 
A / 
eS 
"a 
Pa 
=” 
Q P 


Draw OQ 1 to PQ, and let OQ prodå meet the Oce in C. 


Join CP cutting the Oce in B. 
Join OB, and from P draw PD at rt. 2s to PQ and meeting OB prod! 


in D. 
Then D shall be the cent. of the © reqd. 


For, since the 4s at P,Q are rt. Zs, 


oe P Dis || to dain a cenececeaceswessessein: I. 28. 
<. LDPB=alt. LOCB......0000000.. ee L 29. 
= L OBC oen. RER I. 5. 
SLDB nee I. 15. 

Rane 9) ca a o E I. 6. 


Hence, the © descå with cent. D and rad. DP 
will pass through B. 


Also, since PQ is at rt. 28 to rad. DP.. ..ooeoceecsessenerene eee Consir 
-e PQ touches this @)................02 sean I11. 16, Cor. 
And, since OD joining the cents. passes through B........ ........ Constr. 
>. OABC touches this ©@,............... 0005. III. 12. 
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VIII. To draw common tangents to two given cireles. 
Let O be the cent. of the >, Q of the < ©. 
Case 1. For the transverse pair. 


With cent. O, and rad.=sum of radii of ©s O and Q, desc. a ©. 
From Q draw QA a tan». to this ©. 
Join OA, cutting the Oce of the given © in B. 
From Q draw QC at rt. Ls to QA, and join BC. 
BC shall be a com. tang. 
For, since QA is a tang. to OAA’, 


we QAO i8 a rb. Liv cece cee ee ees ITI. 16, Cor. 
But AQC is also a rt. Looe. eee cece ceca eee Constr. 
oe AB is || to QC... ee cece ccc eee eee eee ee: I. 28. 
Also AB=QC ETE E E EN TE T ETT Constr. 
-e QA is=and || to BC.. .... i. serres. I. 33. 
ie. QCBA is a J, 
ee LQOQCB=ZLQAB........... punbiad 4anbcensaens I. 34. 
=e Ps £on anh E ess oa eaedebinscneces Above 
and L OBC=ZLQADB.......... T I. 29. 
=a D ta PE A 
<. BC is a tang. to both @s.................. 0. III. 16, Cor. 
Case 2. For the direct pair. i 


iie 
~ 
7 
_ 
™ 
m 


k 
Tig 
kn 
Tn. 
a 
| 


“© a 
Tia 
ka a 
™ 


With cent. O, and rad.=diff. of radii of ©s O and Q, desc. a ©, and com- 


plete the construction and proof as before. 
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IX. Zo describe a circle which shall pass through two given points and 


touch a given circle. 


Let P, Q be the given pts., ABC the given ©). 


om 


Through P, Q describe any © cutting ABC in B, C. 
Join PQ, BC and let them be prod? to meet at D. 
From D draw DA a tang. to (ABC w... ccc cece cece ence eee ee cee ees Il. 17. 
| IlI. 1, Ex. 


„E E E -E E EEEE EEE EEES EEEE EE T CHOC CPO HH KR OS 


Desc. a © to pass through P, Q, A. 
PQA shall be the read ©). 


For, since DPQ, DBC cut MQPBC, 
.”, rect. DP, DQ=rect. DB, DC............... III. 36, Cor. 


And, since DBC cuts, and DA touches OABC, 
». rect. DB, DC=sq. on DA........ «0... eee, III. 36. 


.. rect, DP, DQ=sq. on DA. 


@eoeesne ene eeeanes. 


<. DA touches © QPA at pt. A. 


Hence, since ©s QPA, ABC have a com. tang. at A, 
». the Os touch at A. 
Q.E.F. 
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X. To find the locus of a point from which the tangents to two circles 
are equal. 


Cask 1. When the ©s intersect. 


Let ABC, DBC be the Os. 
Take any pt. P in their 
com. chd. BC proda, and draw 
PA, PD tangs. to the ©s. 
Then, in OABC, 

rect. PB, PC=sq. on PA...III. 36. 
And, in ODBC, 

rect. PB, PO=sq. on PD...III. 36. 

<. sq. on PA=sgq. on PD. 


<. PA=PD. 
Hence the prod4 com. chd. is the req4 locus. 


P 


Cast 2. When the ©s do not intersect. 


Find O, Q the cents............ III. 1. 
Join OQ. 
Divide OQ at N so that the A INN 
diff. of the sqs. on ON and QN 
may=diff. of sqs. on the radii. 2 
(See Ex. VII. p. 124, and Ex. I. /\ 
Draw NP at rt. 28 to OQ......1. 11 


PN shall be the reg? locus. 


Take any pt. P in PN, 
Draw PA, PD tangs. to the ©8........... ccc cece ecce eevee ees wake wauaes III. 17. 
Join OP, OA, QP, QD. 


Then, PA2=OP? — OA2... 0. cece seen eee I. 47. 
—=PN?+ ON? — OA?..... eee I. 47. 
And PD?=QP? — QD2............c cece eee I. 47. 
—PN?2+ QON? - QD*.............. I. 47. 

But ON? - QN?=OA?—-QD2?... erene, Constr. 


<. ON? - OA? =QN? - QD*. 
<. PN*+ON?—- OA?=PN?+4+ QN?- QD’, 
AA a gd og D Above. 
<. PA=PD. 
Hence the st. line PN is the reqå locus. 


This st, line is called the Radical Axis of the circles, 
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XI. In any triangle ABC, if O be the orthocentre, and L, M, N the feet 
of the perpendiculars, the circle described through L, M, N will (i) bisect OA, 
OB, OC, and will also (ii) pass through the middle points D, E, F, of the 
sides of the triangle. 


Q7 


B 


For, (i) since OMC, OLC are rt. L8, 
<. & © will go round O, M, O, L..............,..... Ex. IV. 
ni L OCM= L OLM. Tore eee ee a Te ee TETEN ETE IIT, 21. 


And, since ONB, OLB are rt. 4s, 
<. a © will go round O, N, B, L................. o. Ex. TV. 
ee LOBN=LOLNAz.... oe cece ccc cece ees III. 21. 


Also, since BNC, BMC are rt. L8, 
<e 2 © will go round B, N, M, C................... Ex. IV. 
ae a 023, fe a 8 OD ee ee IIT. 21. 


Hence, LOLM=ZLOLN. 


Now, OB is diam. of © round O, N, B, L............ III. 31. 
and Q, the mid. pt. of OB, is its cent. 

e LOQN=twice LOBN............... cee. IIT. 20. 

=twice LOLN.................008. Above. 

SON GM eee ee eee re Above 

ee Q is a pt. on the © through L, M,N .. ........ Ex. IV 


Similarly it may be shown that the middle pts. P, R of OA, OC lie on 


this circle, 


MISCELLANEOUS EXAMPLES. 185 


Again (ii), if QD be joined, since Q is mid. pt. of OB, and Dis 
mid. pt. of BC, 


AP BIO OCO concn cies nntenescasstinesasons Ex. p. 69. 
pee LODD- ae OCI Pee eee ee I. 29. 
= LOML (or QML).............. IIT. 21. 


Add LQDL to each, 
<. LS QDB, QDL= Zs QML, QDL. 


But Ls QDB, QDL=—two rt. £8.00... eee cece eee I. 13. 
<. L8 QML, QDL=—two rt. Ls. 
e D is on the Oce of the © through LMQ..... ..... Ex. IV. 


Similarly it may be shown that E, F lie on this ©. 
Q.E.D. 


This circle, which passes through the points L, M, N; P, Q, R; D, E, F, is called 
the Nine-points circle. 


XII. The centre of the Nine-points circle is on the line joining the ortho- 
centre to the centre of the circle circumscribing the triangle, and bisects this 
line; and the radius of the Nine-points circle i8 half the radius of the cir- 
cumscribed circle of the triangle. 


B C 
(i) From E, F draw EK, FK at rt. 28 to AC, AB, 
then K is cent. of © circumscribing <\ABC............0... Ex. VIII. p. 86. 
And cent. of Nine-points © is found by bisecting 
its chds. FN, EM and drawing Ls to these chds.................46. IIL. 1, Ex. 
Hence, if RS be one of these Ls, since RS is || to ON and KF, 
e RS bisects OK at S eeose. . Ex. VIII. p.125. 
Similarly, the other 1 will also bisect OK, 
-e they meet in OK at S its mid. pt. 
Again (ii), if SP, KA be joined, 
since S is mid. pt. of OK, and P of OA.......Ex. XI. 
ee SPæhalf of KA... Ex. VIII. (i) p. 69. 


Q.E.D. 
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MISCELLANEOUS EXERCISES. 


. Prove that two circles cannot have a common arc. 


2. Show that straight lines drawn from the same point to touch two circles 


17. 


having the same centre cannot be equal. 


. Through a given point within a circle draw two equal chords at right 


angles to each other. 


. Two points are taken on the circumference of a circle at equal distances 


from one extremity of a given diameter. Show that they are equi- 
distant from the other extremity. 


. Two circles touch one another internally at A; AB, AC are chords of 


one of them meeting the other in D, E. Prove that DE is parallel 
to BC. 


. From a given point as centre describe a circle which shall cut a given 


circle at right angles. When is this impossible? 


. Show that the centre of a circle which cuts two given circles at right 


angles lies on a fixed straight line. 


. Describe a circle which shall have a given radius and touch two given 


straight lines. In what case 1s this impossible? 


. Describe a circle to pass through a given point and touch a given circle 


at a given point. 


. Describe a circle to touch a given circle, and a given straight line at a 


given point. 


. Of all triangles on the same base and having equal vertical angles, the 


isosceles has the greatest area. 


. Given the hypotenuse and the length of the perpendicular from the 


right angle upon it, construct the right-angled triangle. 


. A circle is described on the radius of another circle as diameter. Show 


that any chord of the greater through the point of contact is bisected 
by the circumference of the less. 


. Two circles intersect in P and Q. Any line through P cuts the circles 


in Rand S. Show that the angle RQS is constant. 


. Given the base BC of a triangle, the length of the side AC, and the 


length of the perpendicular from B on AC. Construct the triangle. 


. If two straight lines AEB, CED in a circle intersect in E, the angles 


subtended by AC and BD at the centre are together double of the 
angle AEC. 

AB, CD are chords of a circle at right angles to one another. Prove 
that the sum of the arcs AC, BD is equal to the sum of the arcs 
AD, BC. 
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If two straight lines intersect each other in a circle, the sum of the 
arcs cut off between their extremities is the same as that cut off by 
any two lines respectively parallel to them, and intersecting each 
other within the circle. 

Describe, when possible, a circle to touch three given straight lines. 


Find the locus of the middle points of all chords of a circle which pass 
through a fixed point. 

Two equal circles intersect at right angles. Show that the length of 
their common chord bears to their radius the ratio of V2 to 1. 

From a point P.tangents PA, PB are drawn to a circle ABC; DCE 
is any other tangent meeting PA, PB in Dand E. Prove that the 
perimeter of the triangle PDE is constant whatever be the position 
of the point C. 

If two circles touch, either internally or externally, any straight line 
through the point of contact cuts off similar segments. 

Two circles PAB, CABD intersect in the points, A, B. PAC, PBD 
are straight lines drawn from any point P on the circumference of 
the first circle to meet the second in the points C, D. Prove that 
the arc CD is of constant length. 

AA’, BB’, CC’ are parallel chords of a circle. 
ABC, A’B’C’ are equal. 

If a straight line be drawn cutting any number of concentric circles, 
the segments so cut off are not similar. 

Find a point in a given straight line from which the tangent drawn to 
a given circle shall be of given length. 

The lines which bisect the vertical angles of all triangles on the same 
base, and having the same vertical angle, intersect at a point. 


Prove that the triangles 


If two opposite sides of a quadrilateral figure inscribed in a circle be 
equal, the other two are parallel. 

The angles subtended at the centre of a circle by two opposite sides of 
a quadrilateral figure circumscribed about it, are together equal to 
two right angles. 

Two circles intersect. Draw through one of the points of intersection 
a secant of both circles which shall be bisected at the point. 

AB is a diameter of a circle, CD a chord perpendicular to it. A straight 
line through A cuts the circle in E, and CD produced, in F. Prove 
that the angles AEC and DEF are equal. 

Two circles intersect at A and B, a common tangent meets them in C 
and D. Prove that the bisectors of the angles ACB and ADB are at 
right angles to each other. 

One circle is wholly within another and contains the centres of both. 
Find the greatest and least chords of the outer circle which touch the 
inner circle. 


188 
35. 


36, 


37. 


38. 


39. 


40, 


41. 


42. 
43. 


44. 


45. 


46. 


47. 


EUCLID, BOOK III. 


A straight line intersects one circle in P and Q, and a second circle 
in R and S. If the tangents at P and R are parallel, the tangents 
at Q and S are also parallel. 


Two circles intersect at A and B. In the circumference of one of the 
circles ABC any point P is taken, and the straight lines PA, PB, 
produced if necessary, meet the circumference of the other circle at 
Q, R. Show that the chord QR is of constant length whatever my 
be the position of the point P. 


In a given straight line determine a point at which two straight lines 
drawn to it from given fixed points, both on the same side of the 
given line, shall contain the greatest angle. 


If two triangles have their bases, areas, and vertical angles equal, they 
are equal in all respects. 


Two circles AOB, COD touch externally at O; two straight lines 
AOC, BOD are drawn cutting the circles. Prove that AB, CD are 
parallel. 

Two given circles intersect in O, draw through O a chord to meet the 
circles in A, B. Find when AB is greatest. 

A regular pentagon is inscribed in a circle, and every second angular 
point joined by a straight line. Prove that these lines will form by 
their intersections an equiangular pentagon. 

Describe a circle to pass through two given points and touch a given 
straight line. 

Describe a circle which shall cut off three chords, each equal to a given 
straight line, from the sides of a given triangle. 

If two circles touch one another externally, and through the point of 
contact any two straight lines be drawn cutting the circles, the tan- 
gents at the points of section form a parallelogram. 


AB is the diameter of a circle, C is any point on the circumference; 


- AC, BC, produced, meet the tangents at B, A in D, E, and the tan- 


gent at C meets the tangents at B, A in F, G. Prove that FG is 
half the sum of BD and AE. 


A, B are the points of intersection of two circles. Through any point 
C on the common chord AB between A and B, a straight line is 
drawn cutting one of the circles in D and E; and through the same 
point C is drawn a straight line FG cutting the other circle in F 

. and G. Show that the angles FDG and FEG are together equal to 
two right angles. 

Given three points in a plane; show how, with only a ruler and a 
square, to find any number of points on the circumference of the 
circle which could be described through these points; and find the 
centre of this circle. 
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AB, CD are two chords of a circle intersecting at right angles in E; 
from C a line CF is drawn perpendicular to AD, and cutting AB at 
G. Prove that GE is equal to EB. 


. AB is a straight line divided in two equal parts in C and two unequal 


parts in D; at C and D circles, whose radii are equal to CD, DB 
respectively, touch the straight line AB. Show that, if O and Q be 
their respective centres, then AQ? = 2A 02., 


DEF is a circle which touches the side AD of the parallelogram 
ABCD; DC produced meets the circle in E, BE produced meets the 
circle in F, and BC produced cuts DF in G. Prove that G, C, E, F 
he on a circle. 

If two circles touch one another at A, and BC is a common tangent 
touching them in B and C, show that the circle described on BC as 
diameter touches at A the line joining their centres. 


ABCD is a quadrilateral inscribed in a circle, AB, DC produced meet 
in E, and a circle is described round the triangle AED. Show that 
the tangent at E to this circle is parallel to BC. 

From one of the points of intersection of two equal circles each of 
which passes through the centre of the other, a line 1s drawn to inter- 
sect the circles in two other points. Prove that these points form an 
equilateral triangle with the other point of intersection of the circles. 

Through each of the points of intersection of two circles any straight 


line is drawn. If these lines cut one circle in A and B and the other 
in C and D, then AB is parallel to CD. 


j. Two points D, E are taken in the base BC of a triangle ABC, so that 


the tangents from B and C to the circle circumscribing the triangle 
ADE are equal. Show that D and E must be equidistant from B 
and C respectively. 

ABC is a triangle inscribed in a circle, and the arcs AB, AC are bisected 
at G and H; if GH cuts AB in D and AC in E, then will ADE be 
an isosceles triangle. 


Two circles cut at A and B. At A tangents AC, AD are drawn to 
each circle and terminated by the circumference of the other. If 
BC, BD be joined, show that AB, or AB produced, bisects the angle 
CBD. 

The locus of the point of intersection of tangents to a circle at the 
extremities of a chord through a fixed point is a straight line parallel 
to the shortest of the chords. 

Given the base, vertical angle, and radius of the inscribed circle, con- 
struct the triangle. 

If two chords produced intersect at right angles without a circle, the 
sum of the squares on the four segments shall be equal to the square 
on the diameter. 
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If from two fixed points on the circumference of a circle straight lines 
be drawn intercepting an arc of given length and meeting without 
the circle, the locus of their point of intersection 1s a circle. 


The point, in which the bisector of an exterior angle of a triangle 
again cuts the circumscribed circle, is equidistant from the other two 
angular points of the triangle. 


. Two equal circles touch one another externally, and through the point 


of contact chords are drawn, one to each circle, at right angles to’each 
other. Prove that the straight line joining the other extremities of 
these chords is equal and parallel to the straight line joining the 
centres of the circles. 


From a point P outside a circle a perpendicular PN is drawn to a 
diameter AB, such that AN is equal to the tangent from P to the 
circle, and BA is produced to N’ so that AN’ is equal to AN. If a 
circle be described on BN’ as diameter and a perpendicular to AB be 
drawn from A cutting this circle in K, prove that AK and PN are 
equal. 


With a given radius, to describe a circle touching two given circles. 


If two circles touch each other, and parallel diameters be drawn, then 
lines joining the opposite extremities of these diameters will pass 
through the point of contact. 


Find a point within an acute-angled triangle from which, if straight 
lines be drawn to the angles of the triangle, they shall make equal 
angles with one another. 


ACDB is a semicircle whose diameter is AB, and AD, BC are any 
chords intersecting at P. Prove that the sum of the rectangles DA, 
AP and CB, BP=AB*. 

A. flag-staff of given height is erected on a tower whose height is also 
given. Find the distance from the foot of the tower at which the 
flag-staff subtends the greatest angle. 


The four common tangents to two circles which do not meet intersect, 
two and two, on the line which joins the centres. 


The radii of two circles which do not cut are 13 and 5 inches respec- 
tively. Draw a straight line to cut the circles so that the chords 
intercepted shall be 10 and 6 inches long respectively. 


Draw a straight line to touch one given circle, so that the part of it 
contained by another given circle which is wholly without the former 
may be equal to a given straight line, not greater than the diameter 
of this latter circle. 

Two circles intersect in A, B: PAP’, QAQ’ are drawn equally inclined 
to AB to meet the circles in P, P’, Q, Q’. Prove that PP’ is equal 
to QQ’. 
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Find the distance of a point from the centre of a given circle, so that 
if tangents be drawn from it to the circle, the concave part of the 
circumference may be double of the convex. 


The foot of a ladder leaning against a wall slips, and the ladder slides 
down to the ground. Find the locus of its middle point as it descends. 


Find a point in a diameter of a given circle produced such that the 
tangent drawn from it to the circle may be equal to a given straight 
line. 


A straight line and two circles are given; find the point in the straight 
line from which two tangents drawn to the circles shall be equal. 


The centre C of a circle BPQ lies on another circle APQ. Any chord 
through P meets them in A, B. Show that BQ, CA are perpendicular. 


A given straight line is drawn at right angles to the straight line join- 
ing the centres of two given circles. Prove that the difference between 
the squares on two tangents drawn, one to each circle, from any point 
on the given straight line, is constant. 


An acute-angled triangle is inscribed in a circle, and the paper is folded 
along each of the sides of the triangle. Show that the circumferences 
of the three segments will pass through the same point. 


Describe a circle to touch a given line, and a given circle at a given point. 


Describe through two given points a circle such that the chord inter- 
cepted by it on a given unlimited straight line may be of given length. 


Through a given point without a circle draw a chord such that the 
difference of the angles in the two segments into which it divides the 
circle may be equal to a given angle. 


Through a point within a circle draw a chord, such that the rectangle 
contained by the whole chord and one part may be equal to a given 
square. Determine the necessary limits to the magnitude of this 
square. 


AB, CD are parallel diameters of two circles and AC cuts the circles 
in P, Q. Prove that the tangents to the circles at P, Q are parallel. 


Produce a given line so that the rectangle contained by the whole 
line produced, and the part produced, shall be equal to the square of 
a given line. 

Two circles with centres A and B cut at right angles, and their com- 
mon chord meets AB in C. DE is any chord of the first circle which, 
when produced, passes through the centre B, of the second circle. 
Show that D, A, E, C lie on the circumference of a circle. 


If from any point in a given circular arc, perpendiculars be drawn to 
its bounding radii, the distance between their feet is invariable. 


Describe three circles, having given centres, to touch one another. 
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90. E, F, G, H are the middle points of the arcs AB, BC, CD, DA which 
subtend the sides of a quadrilateral inscribed in the circle ABCD. 
Prove that GE and HF are at right angles to each other. 


91. APQB is half and PQ the fourth part of the circumference of a circle. 
If the chords AQ, BP intersect in C, prove that the difference between 
the squares on AQ, QC is double of the rectangle under BP, PC. 


92. From a point L in the diameter AB of a circle produced a perpendicu- 
lar to the diameter is drawn, and any point E is taken in it,'from 
which a line is drawn cutting the circle at Cand D. Prove that the 
rectangle under EC and ED is greater than that under LA and LB 
by the square on LE. 


93. If three circles touch, two and two, the three tangents at the points of 
contact meet at a point. 


94. Two equal semicircles are described on the diameter of a semicircle so 
as to touch the semicircle and each other, and a circle, inscribed in 
the space between them, touches the three circumferences. Show 
that its diameter is one-third of the diameter of the circle. 


95. From the obtuse angle of an obtuse-angled triangle draw a straight 
line to the base, the square on which shall be equal to the rectangle 
contained by the segments into which it divides the base. 


96. If a quadrilateral be inscribed in a circle, and the middle points of the 
arcs subtended by its sides be joined to make another quadrilateral, 
and so on; show that these quadrilaterals tend to become squares. 


97. If perpendiculars be drawn from the extremities of the diameter of a 
circle upon any chord, or chord produced, the rectangle under the 
perpendiculars is equal to that under the segments between the feet 
of the perpendiculars and either extremity of the chord. 


98. If a triangle ABC be inscribed in a circle, and AA’, BB’, CC’ be drawn 
parallel to BC, CA, AB meeting the circle in A’, B’, C’, show that 
B’C’, C A’, A’B’ are parallel to the tangents at A, B,C. 


99. Two circles touch externally. In them place a line of given length so 
that it shall pass through the point of contact and have its extremities 
on the circumferences of the circles. 


100. AB is the diameter of a semicircle, P, Q, R...K are any number of 
points on the circumference taken in order from A; show that the 
square upon AB is not less than the sum of the squares on AP, PQ, 


QR, ... KB. 


BOOK IV. 


DEFINITIONS. 


1. A cectilineal figure (or polygon) is said 
to be inscribed in another, when 
all the angles of the first are on the 
sides of the second, each on each. 


2. A rectilineal figure (or polygon) is 
said to be described about another, 
when all the sides of the first pass 
through the angular points of the 
second, each through each. 


3. A rectilineal figure is said to be rn- 
scribed in a circle, when all its 
angles lie on the circumference of 
the circle. 


4. A rectilineal figure is said to be 
described about (or to circumscribe) 
a circle, when each of its sides 
touches the circumference of the 
circle. 


Oo. A circle is said to be inscribed in a 
rectilineal figure, when the circum- 
ference of the circle touches each 
side of the figure. 


©. A circle is said to be described about 
(or to circumscribe) a rectilineat 
figure, when itscircumference passes 
through all the angular points of the 
figure. 


7. A straight line is said to be placed in a circle, when its ex- 
tremities are on the circumference of the circle. 


(310) 
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PROPOSITION I. PROBLEM. 


Ina given circle to place a straight line equal to a given straight 
line which rs not greater than the diameter of the circle. 


Let ABC be the given ©, and D the given st. line not >a diam‘. 
It is reg? to place in CALC a chd.=D. 


Draw any diam. AB..............66. III. 1. F 
Then, if AB=D, C 
what was req®@ is done. 
If not, from AB cut off AE=D...1. 3. 
With cent. A, rad. AE, desc. 
a © ECF cutting © ABC at C. A __ Ip 
Join AC. k 


Then shall AC=D. 
For, since A is cent. of QECF, N 


Wherefore, in the gwen circle Xe. Q.E.F. 


NOTES. 


Book IV. consists entirely of problems connected with the circle. Props. 
1 to 5 deal with triangles; props. 6 to 9 with squares; and props. 11 to 16 
with the inscription and circumscription of regular polygons in and about 
a circle, and vice versd. The polygons dealt with by Euclid are the pen- 
tagon, hexagon, quindecagon. The octagon, nonagon, decagon, dodecagon, 
&c., may also be dealt with by Euclid’s methods; but it is not possible, 
with ruler and compasses alone, to inscribe or describe a regular seven-sided, 
or eleven-sided, polygon in or about a circle. 


EXERCISES. 
1. Construct a right-angled triangle having given the hypotenuse and one 
side. 
2. About a given straight line describe the smallest possible circle. 


8. Construct a right-angled triangle whose hypotenuse shall bear to one of 
its sides the ratio of 3 to 1. 


4, The radius of a circle is 2 inches; how many lines, each 2 inches long, 
can be placed in succession in the circle? 


5. Through a given point within a circle draw a chord of given length. 
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PROPOSITION II. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given 
triangle. 


Let ABC be the given ©, and DEF the given \. 
It is reg? to inscribe in CABC a A equiang’ to DEF. 


G 
A 
D H 
F B C 
Draw GAH to touch the © at any pt. Au... cece ee III. 17. 
At pt. A in AG make LGAB=ZDFE................... Pern I. 23. 
At pt. A in HA make LHAC=ZDEP..............00. ee. 1, 23. 


Join BC. 
Then shall ABC be the  req@. 


For, since GAH is a tang., and AB a chd. from 


Ara OE E o a O E EE Constr. 
<. LGAB= L4 ACB in the alt. segt ......... IIL 32. 
BDU a 2.8 ee — poe 0) U eerren nee Constr. 


~ LACB= L4 DFE. 


Similarly, it may be shown that 
4L ABC = 4L DEF. 


Hence, rem? 2 BAC=rem8 ZL EDF...................... I. 82. 
Wherefore, in the given circle &c. Q.E.E. 
EXERCISES. 


1. In a given circle inscribe 
(i) an equilateral triangle; 
(ii) a right-angled isosceles triangle; 
(ili) an isosceles triangle which shall have each of the angles at the 
base equal to one-sixth of the vertical angle. 


2. An equilateral triangle is inscribed in a circle whose radius is 3 inches; 
find the length of its sides. 
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PROPOSITION ITI. PROBLEM. 
About a given circle to describe a triangle equiangular toa given 
triangle. 
Let ABC be the given ©, and DEF the given A\.. 
It is reg? to describe about QO ABC a A equiang’ to DEF. 


D 


L 


Produce EF both ways to G, H. 
Find O the cent. of OABC........... cece cece c cece etc eecceen ese eeees II. 1. 
Draw any rad. OB. 
At pt. O in OB make 4 BOA=ZDEG, 
and on the other side of OB make ZL BOC= 4L DFH............ I. 23. 
At pts. A, B, C draw tangs. to the © ..........ccececceeseeeeeeeens III. 17. 
(These tangs. will, if prod¢, meet one another; for, if 
the tangs. at A and B do not meet they are ||, and 
then OA, OB at rt. 28 to them are |] .............. cece eee I. 29 (Ex. 5). 
which is impossible, since they cut at O.) 
Let K, L, M be the pts. at which the tangs. meet. 


Then shall KLM be the A req4. 


Join OL. 
Then, in A OAL, 
As ALO, AOL, OAL=two rt. Ls................05. I. 32. 
But OAT ts art. L cece ccc eee ence eee Constr. 


<. L8 ALO, AOL=a rt. L. 
Similarly, 4s BLO, BOL=a rt. 4. 


Hence, Ls ALB, AOB=two rt. LS....... cece ecco Ax. 2. 
But Ls DEF, DEG=two rt. Z8................... I. 13. 
<. LS ALB, AOB=Zs DEF, DEG. 
But LAOB=Z DEG... eee. Constr. 


<. rem? L ALB=rem® 2 DEF. 
Similarly, it may be shown that 4 BMC=ZDFE. 
.. the third 2 AKC=the third 4 EDF........ .. 1. 32. 
Wherefore, about the given circle &c. Q.E.F. 


PROP. III. 197 


NOTES. 


The proof that the tangents will, if produced, meet Is not given by 
Euclid. 


The following is another construction for the problem:— 
Let ABC be the ©, DEF the A. 


Draw any tang. GBH to the ỌẸ...sesssssesssssesssssssosessresrnssrereseses III, 17. 
At any pt. G in BG make 4 BGK=ZDEF.......0. I. 23. 
At any pt. H in BH make LBHL=ZDFE.... ........... ee, 1. 23. 
From O, the cent., draw Ls OK, OL to GK, HL............00......... I. 12. 


and let these Ls, prodå if necessary, cut the Oce in M, N. 


D 


N JE 
G Q B li R 


Through M, N draw tangs. to the © and let these tangs. cut one another 
at P and the tang. at B in Q, R. 


Then PQR shall be the reqd. —\. 


EXERCISES. 


l. Prove the construction given above. 
2. Prove the following construction for Prop. 3:— 


In the circle inscribe a triangle equiangular to the given triangle 
(Prop. 2), and from the centre draw radii perpendicular to the sides 
of the inscribed triangle; the tangents at the ends of these radii will, 
by their intersections, form the required triangle. 
3. About a given circle circumscribe 
(i) an equilateral triangle; 
(ii) a right-angled isosceles triangle. 
4. If an equilateral triangle be circumscribed about a circle, the radius of 
which is 3 inches, find the length of its sides. 
5. About a circle describe a trapezium equiangular to a given trapezium. 
6. An equilateral triangle whose side is a circumscribes a circle; find the 


length of the radius. 
810) N 2 
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PROPOSITION IV. PROBLEM. 


To inscribe a circle in a given triangle. 
Let ABC be the given -\. 
Lt is reg? to inscribe a © in it. 


Bisect the £8 ABC, ACB by BO, CO meeting at O............ I. 9. 
From O draw OD, OE, OF Ls to BC, AC, AB.................. I. 12. 
Then, in <\s OBD, OBF, 
L OBD=ZOBE...... cee cee Constr. 
ci f L ODB=rt. 2 OFB, 
OB 1s com. 
me, 6 8 0) ee ee en I. 26 (ii). 
Similarly, it may be proved that 
OD=OKE. 


Hence OD, OE, OF are all equal. 


<. the © desc? with cent. O and rad. OD will pass through 
E and F; let this © be desc’. 


Then, since the Zs at D, E, F are rt. Zs, 


.. the © touches POAC AD eeren ESEE III. 16 Cor. 
Wherefore, a circle has been inscribed &c. Q.E.F. 
EXAMPLES. 


I. To describe a circle which shall touch one side of a triangle and the 
other two sides produced. 
Let the sides BA, BC of <A ABC be prod? to G, H. 
Bisect Ls CAG, ACH by AK, CQ. 
Then, since Ls BAC, GAC=two rt. LS... eee e ween eee I. 13. 
and Ls BCA, HCA=two rt. LS8...... cee cece e ccc eees I. 13. 
<. L8 BAC, GAC, BCA, HCA=four rt. Ls. 
.. LS GAC, HCA <four rt. Zs. 
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Fd , 
AY, 
Ne 


A 
i C L H 
Hence, Ls KAC, QCA <two rt. Ls. 
». AK, CQ will meet if prod?................... Ax. 12. 
Let AK, CQ, when prod4, meet at Q. 
Then Q shall be the cent. of the regt ©. 


This circle is called an escribed circle of the triangle. 


II. Zhe area of any triangle is equal to that of the rectangle contained by 
the semt- perimeter and the radius of the 


inscribed circle. NE 
Let O be cent. of © insc4 in <A ABC. NN 
Draw ts OL, OM, ON to the sides. 7 ee N C 
Join OA, OB, OC. L 
Then, area of <AOBC=half the rect. OL, BO .....nusnsssseieserensere I 41, 


7 =rect. cont? by OL and half BC. | 
And, area of <\AOQAC =rect. cont4 by OM and half AC. 
=rect. cont? by OL and half AC.............. Hyp. 
Similarly, area of <AOAB=rect. cont? by OL and half AB. 
.. area of whole <\ABC=sum of rects. contt by OL and half BC, 
OL and half AC, OL and half AB. 
=rect. cont? by OL and half the perimeter...I1. 1. 
Q.E.D. 
EXERCISES. 
. Prove the construction given above for the escribed circle. 
. In Prop. 4 prove that the bisectors of the angles B and C must meet. 
. In the figure above, prove that B, O, Q are in one straight line.’ 
. Prove that the line joining the centres of any two escribed circles passes 
through an angular point of the triangle. 
p- With three given points as centres describe circles mutually touching. 
6. Describe a circle to cut off equal chords from the sides of a triangle. 
7. How many circles can, in general, be drawn to touch three given straight 
lines? What are the exceptional cases? 
8. Prove that the sum of the tangents drawn to an escribed circle from the 
remote angle of the triangle is equal to the perimeter of the triangle. 


Hm CO N 
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PROPOSITION V. PROBLEM. 
T'o describe a circle about a given triangle. 
Let ABC be the given A. 
It vs reg* to describe a © about it. 


RW FFs BS EG D E pr E E E E I. 10. 
From D, E draw st. lines at rt. Ls to AB, AC................... I. 11. 
(These lines will, if prod*, meet; for, if not, they 
would be ||, and then AB, AC at rt. Ls to them 
would De [| piv acicacokecieacecensunaisssestapuenneieasceesensen I. 29 (Ex. 5). 
which is impossible, since AB, AC meet at A.) 
Let them meet at O. 
Join OA, and, if O be not in BC, join OB, OC. 


Then, in <\s AOD, BOD, 


AD =BD......... EEE E Constr. 
o | OD is com. 
rt. L ADO=rt. 4 BDO................... Constr. 
we OASOB... cece ccc cece eceees I. 4. 
Similarly, it may be shown that 
OA=—OC. 


Hence, OA, OB, OC are all equal. 
With cent. O and rad. OA desc. a ©; this © passes 
through B and C and circumscribes the A. 


Wherefore, has been described &c. Q.E.F. 
Cor.— When the cent. falls within the \, each of the Zs of 
the <A is in a segt > a semicircle, and is < art.Z...... III. 31. 
When the cent. falls on a side of the <\, the Z opp. to 
this side 1s in a semicircle, and is art. Lu... cee eee eee III. 31. 


When the cent. falls without the <^, the Z opp. to the 
side beyond which the cent. lies, is in a segt < a seml- 
OIG, MOU. 56 OF BPG O FER EEFESEEEEE III. 81. 
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And, conversely, if the AA is acute-angled, the cent. of the 
© falls within it; 

if the \ is right-angled, the cent. falls on the hypot.; 

if the \ is obtuse-angled, the cent. falls beyond the side 
which subtends the obtuse angle. 


NOTE. 
Props. 4 and 5, and Example I. on Prop. 4, are very important. For 
particular cases of these props. see pages 86, 89, 94 (Ex. 71), 135 (Note and 


Ex. 1). 
EXAMPLE. 


If O is the centre of the circle circumscribing the triangle ABC, and if 
E, F are the feet of the perpendiculars from B, C on the opposite sides, then 
OA cuts EF at right angles. 


Let OA and EF cut at K. A. 


Then shall AKE bea rt. L. 
For, since OAOC............ ccc: Rad. 


‘e LOAE=LOCA ............0.. I. 5. 

°. LAOC, and twice LOAE 

=two rt. Oe. ee 1. 32. 
But L AOC at cent. is double 
of LABC at Oce, B C 

.. twice Ls ABC, OAES=two rt. L8. 
<e L8 ABC, OAE=a rt. L. 

But, since each of the Ls BFC, BEC is art. 4L, 


<. & ©’ will go round B, F, E, Cu... cece eee ee ees Ex. IV. page 177. 
oe GAEF = LPBC.... cece ccs ccc eee eeeees Ex. I. page 159. 
Hence Zs AEF, OAK=a rt. ZL. 
.. the remS LAKE of AAKE is art. Z........-...... I. 32. 
m Q.E.D. 
EXERCISES. 


1. If the centres of the inscribed and circumscribed circles of a triangle 
coincide, the triangle is equilateral. 

2. The diameter of the circle circumscribing an equilateral triangle is double 
of the diameter of the inscribed circle. 

3. If, in the figure of IV. 5, OF be drawn perpendicular to BC, then BC 
is bisected at F. 

4. If, in the figure of IV. 5, OD be produced to meet the circumference in 
G, then the angle GCB is half of the angle ACB. 

5. If the perpendiculars from the angles A, B, C of a triangle ABC to the 
opposite sides be produced to meet the circumference of the circum- 
scribed circle in D, E, F respectively, then the arcs EF, FD, DE are 
bisected at A, B, C respectively. 

6. In the figure of the example above, prove that, if D be the foot of the 
perpendicular from A on BC, then ED is at right angles to OC. 
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PROPOSITION VI. PROBLEM. 
To inscribe a square in a given circle. 
Let ABCD be the given ©. 
It is reg? to inscribe a sq. in it. 


C 
Find O the cent. .....ccccccccccccscccccecscceccccsccvcscceccessesevees III. 1. 


Draw the diams. AOC, BOD at rt. £8 to each other........... I. 11. 
Join AB, BC, CD, DA. 

Then ABCD shall be the sq. req4. 
For, in A^s AOB, COB, 


paca O O er een ee Rad. 
Ps | OB is com 
rt. L AOB=rt. 4L COB............. cee. Constr. 
8. AB=CB.......cccccccceccececceccees I. 4. 


Similarly, BO=CD, CD=DA. 
-= Hence, fig. ABCD is equilat. 
And, since AC is a diam. 


e LABC in a semicircle is art. L........006. III. 31. 
Hence, fig. ABCD is a 8q....... cece eeeeeess I, 46 Cor. 
Wherefore, has been inscribed Ke. Q.E.F. 
EXERCISES. 


. The area of the inscribed square is double of the square on the radius 
of the circle. | 

. If any points E, F, G, H be taken in the arcs AB, BC, CD, DA respec- 
tively, the sum of the angles AEB, BFC, CGD, DHA is six right 
angles. 

. If the radius of the circle be 5 inches, find the length of the side of the 
inscribed square. 

. In a given circle inscribe a regular octagon. 

. If a regular octagon be inscribed in a circle of 3 inches radius, find the 
length of one of its sides. 
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PROPOSITION VII. PROBLEM. 
To describe a square about a given circle. 
E AC H 
Let ABCD be the given ©. 
It is reg? to desc. a sq. about it. 


Find O the cent 


errr TTT eT re eT Tre IIT. 1. R D 
Draw the diams. AOC, BOD 
at rt. 2s to each other...........006. I. 11. 
At A, B, C, D draw tangs. to 
the ©, cutting at E, F, G, H........ III. 17. F C G 


Then EFGH shall be the req@ sq. 
For, since EF and HG are tangs. 


<. Lsat Band D are rt. ZS................ III. 18. 
But 4s at O are also rt. LS....ssesssesose. Constr. 
Hence, EF, AC, HG are || ..............05. I. 29. 


Similarly, EH, BD, FG are ||. 
.. all the quad’ in the fig. are (7s. 


Hence, EH=FG, and EF=HG................ cece eee I. 34. 
Fa, D s EC icc A I. 34. 

= AC, 
=d] e AE EE I. 34. 


<. the fig. EFGH is equilat. 
And, since EBOA isa O, 


Ra La AEB= fa AOB TEEPE eer rer ere ee ee I, 34. 
i a eT eee he rer rere Constr. 
.. the fig. EFGH is rectangular...............ceeeeee I. 46 Cor. 
Hence EFGH is a sq. 
Wherefore, about the given circle &c. Q.E.F. 
EXERCISES. 


1. Prove that the tangents at A and D must meet each other. 
2. The square described about, is double that inscribed in, a circle. 


ə. About a given circle describe a rhombus two of the sides of which shall 
include a given angle. 


4, If, in the figure of this proposition, HF be joined, prove that HF passes 
through O. 
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PROPOSITION VIII. PROBLEM. 
To inscribe a circle in a given square. 


Let ABCD be the given sq. 


It is reg? to inscribe a © n tt. 
F H 


B G C 
Bisect AD, AB at E, F........nonnsnsesssesessssssesasaeseesesseseseeee I. 10 


Through E, F draw EG, FH || to AB, AD and cutting at O...1. 31. 
Then all the quad!’ in the fig. are (7s. 


Hence AE=FO, and ED=OH............... I. 34. 
BALS LPD oa ca cccncnngssascnsenenens Constr. 
<. FO=OH. 


Similarly, HO=OG. 
And, since AD=AB 


(iA Hyp 
and E, F are their mid. pts...............6. Constr 
”, AE=AF. 
Hence, OE, OF, OG, OH are all equal. 
With cent. O, rad. OF, desc. a ©; this will pass through 
the pts. F, G, H. 
And, since EG is || to AB, 
by Sik Ae Ec ENEKE EEE I. 29. 
— A E EETA Constr. 
Similarly, the 28s at F, G, H are rt. Zs. 
. the © EFGH touches the sides of the sq. 
Wherefore, in the gwen sq. &c. Q.E.F. 


EXERCISES. 


1. Inscribe a circle in a given rhombus. 
2. Prove that, if in the figure above, AO, DO be joined, AOD is a right 


angle. 
3. Can a circle be inscribed in a rhomboid? 
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PROPOSITION IX. PROBLEM. 
To describe a circle about a given square. 


Let ABCD be the given sq. 
It is reg? to desc. a © about it. 


Join AC, BD, cutting at O. 
Then, in As ABC, ADC, 


Be D rerni R EIA Hyp. 
E. | AC is com 
s OD O T Hyp 
e LBACS ALDA U rsen I. 8. 
=half 2 BAD, 
=half a rt. Luisesccccccccccccceces Hyp. 


Similarly, 2 ABD is half a rt. 4. 
<. L BAO= 4 ABO. 
ra AOE BO ee TE I. 6. 
Similarly, BO=CO, CO=DO, DO=AO. 
Hence, AO, BO, CO, DO are all equal. 
With cent. O, rad. OA, desc. a ©; this will pass through 
the pts. B, C, D, and circumscribe the sq. 


Wherefore, about the given sq. &c. Q.E.F. 


EXERCISES. 
1. Describe a circle about a given rectangle. 
2. Describe, when possible, a circle about a given quadrilateral. When is 
this impossible? 
3. If the side of a square be 3 inches long, find the length of the radius of 
the circumscribed circle. 
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PROPOSITION X. PROBLEM. 


To describe an isosceles triangle having each of the angles at the 
base double of the third angle. 


Ne 


B D 
Take any st. line AB. 
Divide AB at C so that rect. AB, BC=sq. on AC................ II. 11. 
With cent. A and rad. AB desc. a O BDE. 
T OBLE TI pa TE EEE IV. 1, 
Join AD. 
Then ABD shall be the A req@. 
Join DC. 
About AACD dese. a MACD .icccccccccccccccscccecccscccsuccssces IV. 5. 
Then, since rect. AB, BO=sq. on AC,......... ccc ee eee Constr. 
e ae) a De ee Constr. 
<. BD touches the OACD........... cece cence ceeeeees III. 37. 
And, since DC is drawn from the pt. of contact D, 
° L BDC= L DAC in alt. segt.......... III. 32, 


Add ZL CDA to each, 
<. whole 4 BDA=Zs DAC, CDA. 


But 2 DCB=Zs DAC, CDA............... I. 32. 
~ L BDA= 4 DCB. 
But, since ADSAB.....esessesesssessssessessse. Rad. 
We L BDASLABD ..osoessessessseessesee. T. 5. 
Hence 4 DCB= 4 ABD. 
we CDSE D arnan I. 6. 
——— nnn Constr. 
oie des Ae LBP) erar I. 5. 
Hence 4 DCB is double of 4 DAC. 
But L BDA and LABD each= L DCB... ccc cece cece ee ees Above. 
..4BDA and L ABD are each double of 4 DAC. . 
Wherefore, has been described &c. Q.E.F. 


N. B.—This prop. is a very important one. 
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EXAMPLES. 


I. Find the number of degrees in each of the angles of the triangle in 
IV. 10. 


Since the three Z8 of AA BI9=two rt. L8S....essessosessssese. I 32. 
and each of the 4s at B and D is double of LA, 
LA is one-fifth of two rt. LS, 
or LA=2 rt. L = $ x 90°36. 
Also, LB and LD each=§ rt. L= 72. | 
Q.E.D. 


II. Describe an isosceles triangle having each of the angles at the base 
equal to three-quarters of the vertical angle. 


[Since the three Ls of a <\=2rt. Ls, the req’ <^ will be such that its vert! 
L with twice $ of its vert! CL =2 rt. Ls, 
i.e. 19 ofits vert! L=2rt. Le. 
.. its vert! L=4ofart. L, 
which is the magnitude of one of the base 4s in IV. 10. From the above analysis 
(as it is called) of the problem we arrive at the following construction:—] 


Make an isos. <A ABC having each of the 48 at B and C double 


ofthe ae) ae, Serre EE EEE IV. 10. 
From BA. cut of BD=BC........... cee ees I, 3. A 
Join DC. 
Then BCD shall be the reqa —\. 
For, since BC=BD........... 0c. ccc cee eee eee Constr. D 
<. LBCD=LBDC...........0.....0..04.. [. 6. 


But 4 DBC= rt. L = 3 of 2 rt. Z8...... Ex. I. above. 

».48s BCD, BDC together=3 of 2 rt. Zs...1. 32. 

<. L BCD=3 of a rt. L= }3 of L DBC. B C 
B Q.E.D. 
EXERCISES. 

1. Construct angles of (i) 18°, (ii) 54°, (iii) 126°, (iv) 12°. 

2. Divide a right angle into (i) five, (ii) fifteen, equal parts. 

3. Describe an isosceles triangle having each of the angles at the base 
equal to one-eighth of the vertical angle. 

4, In the figure of IV. 10, (i) If DE be joined DE=BD. 

(ii) What portion of the circumference of the smaller circle does the 
larger circle intercept? 

(iii) If O be centre of circle ACD and the diameter COF be drawn, 
prove that the triangle CEF has one of its angles four times the 
size of another. 

(iv) If AE meets BD produced in F, prove that FAB is another 
isosceles triangle of the same kind. 

(v) Arc BD is one-tenth of the whole circumference. 

(vi) If AE meets BD produced at F, then CDFE is a parallelogram. 
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PROPOSITION XI. nT 


To inscribe an equilateral and equiangular pentagon in a given 
circle. 


Let ABCDE be the given ©. * 
It is regt to insc. a reg. pentagon in it. 


A 
F 
C D G H 
Make an isos. AFGH having Zs at G, H each double of 4 F...IV. 10. 
In OQABCDE insc. a AACD equiangt to AFGH............... IV. 2. 


having 4 at A=Z at F. 
Bisect Ls ACD, ADC by CE, BD meeting the Occ at B, E....1 9. 
Join AB, BC, DE, EA. 


Then ABCDE shall be the pentagon reqd. 


For, since 4s ACD, ADC are each double of LCAD............ Constr. 
and are bisected by CH, BD......... cece cece ne eceeeeeeeeeees Constr 
.. the 2s ADB, BDC, CAD, DCE, ECA are all equal. 
`. the arcs AB, BC, CD, DE, EA are all equal..................... IIT. 26. 
e the chds. AB, BC, CD, DE, EA are all equal..................... III. 29. 
.. pentagon ABCDE is equilat!. 
Again, arc AB=arc DE,...... eee eee eee Above. 


Add are BCD to each, 
<. Whole arc ABCD=whole arc BCDE. 
<. LAED which stands on are ABCD= 4 BAE on are BCDE... II. 27. 
Similarly, each of the 2s ABC, BCD, CDE= 2 BAE. 
.", pentagon ABCDE is equiang". 
Hence, ABCDE is a reg. pentagon. 
Wherefore, an equilateral &c. Q.E.F. 


EXERCISES. 


1. Find, in degrees, the magnitude of the angle subtended at the centre by 
a side of the regular pentagon. 

2. If all the diagonals of the pentagon be drawn, prove that the diagonals 
form, by their intersections, another regular pentagon. 
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PROPOSITION XII. PROBLEM. 

To describe an equilateral and equiangular pentagon about a given 
circle. 

Let ABCDE be the given ©. 

lt is regt to desc. a reg. pentagon 
about it. 
In ©QABCDE inscribe a reg. 
pentagon ABCDE................. IV. 11. 
At the pts. A, B,C, D, E draw 
tangs. to the © cutting at 


Then FGHKL shall be the 
pentagon reqa. 


Join BD. 
Then, since CB=CD...... cece cece eceee nee eeees Constr. 
aoe =) 38 ee 81D) See ere I. 5. 
And, since GH isatang.,and CD a chd. from the pt. of contact C, 
”,£HCD=LCBD in alt. segt.......... III. 32. 
Also, since HK isa tang., and DC a chd. from the pt. of contact D, 
<’. .CDH=ZLCGBD in alt. seg*.......... III. 32. 
“.LHCD=LHDC. 
eu ACSH D posnnvakicesetdsncacnnecasess I. 6. 


Similarly, GO=GB. 
Again, since GH isa tang. and CB a chd. from the pt. of contact C, 


°. LGCB= LCDB in alt. segt.......... III. 32. 
com a ) SS 8 Se rrr Above. 
i ae |G) Deere eer Above 
Hence, in As BGC, DHC, 

LGBC=LHDC........................ Above. 
— | LGCB=LHCD........0..0.. 0. Above. 
CB DCD... c ccc ccc ccc ccc ccc cece cece Constr. 

2. CG=CH _ 

and 2 atGe=L_atHQ , 26, 


Similarly it may be shown that any other side FG is bisected 
at the point of contact B, and that 4 at F=Z at G, and so on. 
Hence pentagon FGHKL is equiang™. 
Also, since TE AE ani vb ecoccscccexatsercesans Above. 
ne REREAD s E ET Ax. 6. 
Similarly it may be shown that GF=FL, and so on. 
Hence pentagon FGHKL is equilati, 
“. FGHKL 1s a reg. pentagon. 
Wherefore, an equilateral &c, Q.E.F. 
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PROPOSITION XIII. PROBLEM. 
To inscribe a circle in a given equilateral and equiangular pen- 
tagon. 
Let ABCDE be the given reg. pentagon. 
It is reg? to insc. a © IN tt. 


E 
Bisect 4s BCD, CDE by CO, DO meeting at O..............068. I. 9. 
Join OB. 
From O draw Ls OM, ON to BC, CDu........ 2... cece cece e eee noone I. 12. 
Then, in As OBC, ODC, 
PO- 6 8 ee ne rrr Hyp. 
Ay | OC is com | 
L BCO= L DCO. ee re rere Constr. 
A ACBOS LODO ere ere I. 4. 
> half AUD eee re Constr. 
=half L CBA cyeenncscsaakawnrs Hyp. 


Similarly, if OA, OE be drawn, it may be shown that they 
bisect the Zs at A and E. 


Again, in <^As OCM, OCN, 


LOCM= LOCN ....... ccc eee ce eee Constr. 
w | LOMO S LONO errre Ax. 11. 
OC is com. 
A OME ON eee ra ee eee I. 26. 


Similarly, if Ls be drawn from O to BA, AE, ED they may 
be shown to be each equal to OM. 
With cent. O and rad. OM desc. a ©; then since this © 
passes through the feet of the other 1s, 
.”. 1t touches the sides of the pentagon............ IIT. 16. 
t.e. a © 18 inscribed in the pentagon......:....IV. def. 5. 


Wherefore, a circle &c. Q.E.F. 
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PROPOSITION XIV. PROBLEM. 
To describe a circle about a given equilateral and equiangular 
pentagon. 
Let ABCDE be the given reg. pentagon. 
It is reg to desc. a © about it. 


A 
CNS D 
Bisect 4s BCD, CDE by CO, DO meeting at O.................. I. 9. 
Join OB. 
Then, in <As OBC, ODC, 
BO OD ea EEN Hyp. 
a | OC is com. 
L BCO=4LDCO sisesccccsvassseesccneis Constr. 
1. LCBO=ZCDO................... esol. 4. 
—=half LODE.......cccccsececcs Constr. 
—=half LCBA................... Hyp. 


Similarly, if OA, OE be drawn, it may be shown that they 
bisect the 2s at A and E. 
And, since 4 CBO=half one of the Zs of the pentagon...Above. 
and 4 BCO=half one of the Zs of the pentagon...Constr. 
Se tee | ries Bi BI? aE EE EAN Ax. 7. 
ge EEEE ENARA 1. 6. 
Similarly it may be shown that OA, OE, OD are each=OC. 
With cent. O, and rad. OC desc.a ©; then this © passes 
through B, A, E, D, and .*, circumscribes the pentagon........ IV. def. 6. 


Wherefore, æ circle &c. Q.E.F. 


EXERCISES. 
1, Prove that a circle can be described about any regular polygon. 
2. Prove that a circle can be inscribed in any regular polygon. 


3. If any regular polygon be inscribed in a circle, the tangents drawn to 
the circle at its points of contact form a regular polygon. 
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PROPOSITION XV. PROBLEM. 


To inscribe an equilateral and equiangular hexagon in a given 
circle. 


Let ABC be the given ©. 
It is reg? to insc. a reg. hexagon in tt. 


Find O the cent........cccesceceeees III. 1. 
Draw the diam. AOC. 
With cent. C, rad. CO desc. @BOD A 
cutting ©ABC at B, D............ 
Draw the diams. BOF, DOE. 
Join AE, EB, BC, CD, DF, FA. 
Then AEBCDF shall be the 
hexagon reqå. 
For, since As DOC, BOC are equilat.... 0 oo... Constr. 
<. each of the 2s DOC, BOC=one-third of two rt. Zs.....1. 32. 
<. whole L DOB=two-thirds of two rt. Zs. 
<. rem? L DOF=one-third of two rt. Zs.....1. 13. 
Hence, 4s FOA, AOE, EOB each=one-third of two rt. Z8.....1. 15. 
%.€. the six 4s at O are all equal. 
e the six arcs on which they stand are all equal.....1II. 26. 
.. the six chds. AE, EB, BC, CD, DF, FA are all equal...1I1. 29. 
2.€. the hexagon is equilat. 


Again, since the sum of the four arcs AE, EB, BC, CD 
=the sum of the four arcs EB, BC, CD, DF............... Ax. 2. 
hee ee DFA — oa i.) ennnen. .. III. 27. 
Similarly, L FAE= Z EBC, and so on. 
z.€. the hexagon is equiang. 
Wherefore, AR BCDE s a reg. hexagon. Q.E.F. 


D 


Cor.—The side of a reg. hexagon inscå, in a © is equal to the rad. 


EXERCISES. 
. Opposite sides of a regular hexagon are parallel. 
. Inscribe a circle in a given regular hexagon. 
. If the radius of the circle be 3 inches, find the length of the chord AB. 
. If the radius of the circle be a, find the length of the perpendicular from 
the centre on a side of the hexagon. 
5. If the radius be a feet, find the area of the hexagon. 
6. The difference between the areas of the inscribed hexagon and dodecagon 
in a circle of radius 2 inches, is 6 (2 - »/3) square inches. 


me OC bdo m 
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PROPOSITION XVI. PROBLEM. 
To inscribe an equilateral and equiangular quindecagon in a given 
circle. 


Let ABC be the given ©. 
It is reg? to inscribe a reg. quindecagon in it. 


Inscribe an equilat. <AABC in the ©.........c ccc cceeeeeeeeeeneeees IV. 2. 
and a reg. pentagon ADEFG ......... 0. cece ccc ce eeeneeeeeeeeees IV. 11. 


Then, of fifteen equal parts into which the whole Oce is 
to be divided, 
the arc AB contains five, 
and the arc AD contains three: 
.. the rem® arc DB contains two. 


Bisect the are DB at Hesreriirerridtrseriirr rir ar rannu Nur r Erias III. 30. 
.. arcs DH, HB are each one-fifteenth of the whole Oce. 

Join DH, HB, and in the © place, in succession, chds. 

equal to either of these lines. 

These chds. will form a quindecagon, which may be proved 

to be regular by the method used in the preceding props. 


Wherefore, has been inscribed &c. Q. EF. 


NOTE. 


A. regular hexagon, or quindecagon, may be described about a circle by 
drawing tangents to the circle through the angular points of the 
inscribed figure, as was shown in the case of the pentagon. And, by 
the same method as was used for the pentagon, a circle may be in- 
scribed in, or circumscribed about, a regular hexagon, or quindecagon. 

Also, by bisecting the arcs which are cut off by the sides of any one of the 
figures dealt with in Book IV., a regular figure of twice that number 
of sides may be inscribed in the circle. Hence, by the methods used 
in Book IV., regular polygons of 3, 6, 12, 24 &.; 4, 8, 16, 32 &c.; 5, 
10, 20, 40 &c.; 15, 30, 60, 120 &c., sides may be inscribed in, or de- 
scribed about, a circle. 
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MISCELLANEOUS EXERCISES. 


1. Find the magnitude of the angle subtended at the centro by the pari of 
any tangent intercepted by the square circumscribing the circle. 


2. ABC is a triangle; if any tangent to that part of the circumference of 
the inscribed circle which is convex to the point A, meet AB, AC in 
D, E, then the difference of the perimeters of the triangles ABC, 
ADE is twice BC. 


do. Any equilateral figure inscribed in a circle is also equiangular. 


4. The area of a regular octagon inscribed in a circle is equal to that of 
the rectangle contained by the sides of the inscribed and circum- 
scribed squares. 


5. Inscribe a circle in a given quadrant. 


6. Find the locus of the centres of the circles inscribed in all right- 
angled triangles standing on the same hypotenuse as base. 


7. Circles are described, each touching one side of the triangle and the 
other two sides produced. Show that the straight line joining any 
two of the centres of these circles passes through an angular point of 
the triangle, and that a circle can be described passing through these 
two centres and the other two angular points of the triangle. 


8. The perpendicular from A, upon BC, meets the circumference of the 
circumscribed circle in G. If P be the point in which the perpen- 
diculars from the angles upon the opposite sides intersect, prove that 
PG is bisected by the side BC of the triangle ABC. 

9. If the circle inscribed in a triangle ABC touch the sides AB, AC in 
the points D, E, and a straight line be drawn from A to the centro 
of the circle, meeting the circumference in G, show that the point G 
is the centre of the circle inscribed in the triangle ADE. 


10. If it be possible to describe a triangle with its angular points on tho 
outer of two concentric circles and its sides tangents to the inner, tho 
radius of one circle must be double that of the other, and the triangle 
so described must be equilateral. 


11. P is a point on the circumference of the circle circumscribing a given 
triangle ABC. The sides of a triangle DEF are parallel to the 
straight lines PA, PB, PC. Prove that the triangle DEF is equi- 
angular to the triangle ABC. 


12. If with one of the angular points of a regular pentagon as centre and 
one of its diagonals as radius a circle be described; a side of the pen- 
tagon will be equal to a side of the regular decagon inscribed in the 
circle. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23, 


24, 


29. 
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If I, O be the centres of the inscribed and circumscribed circles of the 
triangle ABC, and if AI be produced to meet the circumscribed 
circle in D, prove that OD bisects BC. 


If ABC be a triangle, show that the circle through B, C, and the centre 
of the escribed circle touching BC, passes through the centre of the 
inscribed circle. 


A, B, C, D, E, F are successive angular points of a regular decagon 
inscribed in a circle of which O is the centre. OC cuts AD in G. 
Prove that AE bisects OG at right angles. 


If the line bisecting the angle A of a triangle ABC meet the lines 
bisecting internally and externally the angle C in E and F, and the 
circle described about the triangle ABC in O, then EO = FO. 


Describe an isosceles triangle having each of the-angles at the base 
one-third of the vertical angle. 


If one side of a regular pentagon be produced, trisect the external 
angle. 


If ABCDE be an equilateral and equiangular pentagon inscribed in a 
circle, and if P be the middle point of the arc AB, prove that AP 
together with the radius of the circle is equal to PC. 


Show that the circles, each of which touches two sides of an equilateral 
and equiangular pentagon inscribed in a circle at the extremities of a 
third, meet in a point. 


In a given circle inscribe a triangle of given area having its vertex at 
a fixed point in the circumference and its vertical angle equal to a 
given rectilineal angle. 


If DA be one side of a regular hexagon inscribed in a circle, AB a 
tangent equal in length to AD and making an obtuse angle with it, 
C the centre of the circle, and if BD meet the circle in E and BC 
meet the nearer part of the circumference in F, prove that AE and 
EF are equal to sides of regular polygons in the circle of twelve and 
twenty-four sides respectively. 


Two equilateral triangles are described about the same circle; show 
that the intersections will form a hexagon, equilateral but not gener- 
ally equiangular. : 

If a regular pentagon, hexagon, and decagon are inscribed in the same 
circle, the square of a side of the pentagon is equal to the square of a 
side of the hexagon together with the square of a side of the decagon. 


Triangles are constructed on the same base, with equal vertical angles; 
prove that the locus of the centres of the escribed circles, each of 
which touches one of the sides externally and the other side and base 
produced, is an arc of a circle, the centre of which is on the circum- 
ference of the circle circumscribing the triangles, 
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26. 


28. 


29. 


30. 


ol. 


od. 


Oo 


d4. 


8D. 


36. 


37. 


Do. 
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Describe a circle touching the side BC of the triangle ABC and the 
other two sides produced, and prove that the distance between the 
points of contact of the side BC with the inscribed circle, and the 
latter circle, is equal to the difference between the sides AB and AC. 


. Having given an angular point of a triangle, the circumscribed circle, 


and the centre of the inscribed circle, construct the triangle. 


A line drawn parallel to the base BC of a triangle ABC meets the 
other sides in D and E respectively. Show that the circles circum- 
scribing the triangles ABC, ADE have a common tangent. 


If two equiangular triangles be circumscribed about the same circle, a 
circle will pass through any two corresponding angular points and the 
intersections of the lines containing them. 


ABCDE is a regular pentagon. F is the middle point of the side CD 
Show that the pentagon is equal in area to a rectangle, one of whose 
sides is AF, and the other the excess of AC over CF. 


Having given the length, but not the position, of one side of a triangle 
the centres of the inscribed circle and of the circle which touches the 
given side and the other two sides produced, and the position of the 
vertex opposite to the given side, construct the triangle. 


If, in a triangle ABC, straight lines from B and C, perpendicular to 
the opposite sides, meet in L, and B’, C’ be the centres of the circles 
described round the triangles CLA, ALB, then B’C’ will be equal 
and parallel to BC. 


If O be the centre of the circle inscribed in the triangle ABC and AO, 
BO be produced to meet the opposite sides in E, F; prove that, if a 
circle can be described round the quadrilateral CEOF, then tho 
angle C must be equal to one-third of two right angles. 


A circle B passes through the centre of another circle A; a triangle is 
described round A having two of its angular points on B; prove that 
the third angular point is on the line of centres. 


The perpendiculars from the centres of the escribed circles of a triangle 
upon the corresponding sides meet at a point when produced. 


If the inscribed circle touch the sides of the triangle in D, E, F, and 
the diameter which passes through A meet FD in M and DE in N; 
show that CM, BN, EF are parallel. 

A triangle is inscribed in a given circle so as to have its centre of per- 
pendiculars at a given point; prove that the middle points of its sides 
lie on a fixed circle. 


Given the vertical angle, and the radii of the inscribed and circum- 
scribed circles, construct the triangle. 


BOOK V. 


DEFINITIONS. 


1. A less magnitude is said to be a part of a greater when the 
less measures the greater; that is, when the less 1s contained 
a certain number of times exactly in the greater. 


2. A greater magnitude is said to be a multiple of a less when 
the greater is measured by the less; that is, when the greater 
contains the less a certain number of times exactly. 


3. Ratio is the mutual relation of two magnitudes of the same 
kind to one another in respect of quantity. 


NOTES. 
Book V. treats of Proportion. 


The first four Books deal with the absolute equality or inequality of 
Geometrical magnitudes; in Book VI., however, relative greatness is con- 
sidered; this necessitates a definition of Proportion holding good for all 
Geometrical magnitudes, whether commensurable or incommensurable, 
and either the proof, or assumption, of the principles of the theory. Only 
those parts of Book V. which supply this necessary introduction to Book 
VI. are given here, and then the enunciations only of the propositions. 
The proofs are excluded because Book V. seldom forms part of a course 
of elementary Geometry, and the theory of Proportion is now generally 
studied in Algebra. But it should be remembered that Algebraical proofs 
must not be regarded as complete when applied to Geometrical magnitudes, 
since they assume the commensurability of those magnitudes. 


In def. 1, Euclid uses the word part in the restricted sense aliquot part, 
or sub-multiple; 1.e. a part which is contained an exact number of times in 
the whole. 


In def. 3, the word quantity must be understood to mean the number of 
times the one contains the other; this is sometimes expressed by the word 
quantuplicity. 

(310) O 
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Oo. Equal ratios. 


The first of four magnitudes 1s said to have the same ratio 
to the second that the third has to the fourth, when, any 
equimultiples whatever of the first and third being taken, and 
any equimultiples whatever of the second and fourth, the 
multiple of the “rst is greater than, equal to, or less than that 
of the second, according as the multiple of the third 1s greater 
than, equal to, or less than that of the fourth. 


And the four magnitudes are then called proportionals. 


[For example: if A, B, C, D be four magnitudes, 
mA, mC equimultiples of A, C, 
nB, nD equimultiples of B, D, 
and if, whatever integral values be given to m, n, 
mC is always >n D, when mA>nB, 
mC is always =n D, whenmA=nB, 
mC is always <n D, when mA< nB, 
then the ratio of A to B is equal to the ratio of C to D, and 
A, B, ©, D are proportionals. 
This is expressed by saying “A is to B as C is to D.” J 


10. When three magnitudes are proportionals the first is said to 
have to the third the duplicate ratio of that which it has 
to the second. 

And the second is said to bea mean proportional be- 
tween the first and third. 


11. When four magnitudes are proportionals the first 1s said to have 
to the fourth the triplicate ratio of that which it has to the 
second; and so on. 


Compound Ratio. 


When there are any number of magnitudes of the same kind, 
the first 1s said to have to the last the ratio which is com- 
pounded of the ratios of the first to the second, the second to 
the third, and so on. 


[ For example: if A, B, C, D are four magnitudes, the ratio A to 
D is compounded of the ratios of A to B, B to C, and C to D. | 


12. In proportionals, the antecedent terms are said to be homo- 
logous to one another; as also the conseguents to one 
another, 


DEFINITIONS. 


ADDITIONAL DEFINITIONS. 


Equimultiples of magnitudes contain them the same number of 
times. 


When the two terms of a ratio are equal it is called a ratio of 
equality. When the first term of the ratio is greater than the 
second it is called a ratio of greater inequality. When the 
first term of the ratio 1s less than the second it is called a 
ratio of less inequality. 


The first term of a ratio is called the antecedent, and the second 
term the consequent. 


If A, B, C, D are proportionals, A and D, the first and last terms, 
are called the extremes; and B and C, the second and 
third terms, are called the Means. 


Three magnitudes are said to be in continued proportion when 
the first is to the second as the second 1s to the third. 


The ratio of B to A is called the reciprocal of the ratio of A to B. 


NOTES. 


The definition of proportion is of the greatest importance, and should be 
carefully studied by the student before he proceeds further. 
The statement of the proportion A ts to B as C is to D is often expressed 
thus :— 
A:B::C:D, 
or thus, 
A:B=C:D. 
The Algebraic method of expressing a ratio, = being a very convenient 


one, will also be found in the Examples, where it should be regarded as a 
symbol for the words the ratio of A to B, and not as implying the operation 
of division; it should not be used for book-work (see Preface). 


In the “ book-work”’ of this edition none of these forms have been used, 
as the words themselves are so short that they scarcely seem to need 
abbreviating. 


Euclid’s definitions of duplicate and triplicate ratio can be easily shown 
to agree with those of Algebra; for instance, if a, b, c are in continued pro- 
. L3. a b.aaéeia b a? a , 
portion, a : b=b : ¢, or BB Ee oe TBE which shows 
that Euclid’s definition of duplicate ratio is in agreement with the Algebraic 
a 


b 


2 
one that i is the duplicate ratio of 
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Theorems of Book V referred to in Book VI. 


PROPOSITION B. 


If four magnitudes are proportionals, they are proportionals when 
taken inversely. 
[we, TE A:B::C:D; 
Then B:A::D:C.] Invertendo. 


PROPOSITION D. 
If the first term of a proportion be a multiple, or a part, of the 
second, the third is the same multiple, or part, of the fourth. 
[ze, IfA:B::C:D, 
and if A=mB; then C=mD. | 


PROPOSITION VII. 


Equal magnitudes have the same ratio to the same magnitude; and 


conversely. 
[ie, If A=B; then A:C::B: QC, 
and C:A::C:B.] 


PROPOSITION IX. 


Magnitudes which have the same ratio to the same magnitude are 
equal to one another; and conversely. 
[ze, IFA :C::B:QC, 
or, if C :A::C:B; then A=B. ] 
PROPOSITION XI. 
Ratios that are equal to the same ratio are equal to one another. 
‘{aue, If A:B::C: D, 
andifE:F::C:D; 
then A: B::E: F. ] 
PROPOSITION XII. 


If any number of magnitudes be proportionals, as one of the ante- 
cedents 1s to its consequent, so rs the sum of all the antecedents to the 
sum of all the consequents. 

[ie, IFA: B::C0:D, 
and C :D::E:F; 
then A:B::A+4+C+E:B+D+F. | 


PROPOSITION XIV. 
If the first term of a proportion is greater than the third, the 
second ts greater than the fourth, if equal, equal; and if less, less. 
[ie, If A: Bs: C: D, 
and if A>C; then B>D; if A=C; then B=D; if A<C; then B<D. ] 
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PROPOSITION XV. 


Magnitudes have the same ratio to one another that their equi- 
multiples have. [ie A:B::mA: mB.) 


PROPOSITION XVI. 


If four magnitudes are proportionals, they are also proportionals 
when taken alternately. [i.e If A:B::C:D; 
then A:C::B:D.] Alternando. 


PROPOSITION XVII. 


If magnitudes taken jointly are proportionals, they are also propor- 
tionals when taken separately. 
[ie, IF A+B: B::C+D:D; 
then A :B:: © :D.] Dividendo. 


PROPOSITION XVIII. 


If magnitudes taken separately are proportionals, they are also 
proportionals when taken jointly. 
[ ie., If A :.B::C :D; 
then A+B:B::C+D:D.] Componendo. 


PROPOSITION XXII.’ 


If there be any number of magnitudes, and as many others, which 
have the same ratio, taken two and two in order, then the first has to 
the last of the first set the same ratio which the first has to the last of 
the second set. [i.e., If A, B, C and D, E, F be the two sets of magnitudes, 

andifA:B::D: HE, 
and B:C::E:F;3 
then A:C::D:F.] Ex æquali. 


PROPOSITION XXIV. 


If the first magnitude have to the second the same ratio which the 
third has to the fourth, and the fifth have to the second the same ratio 
which the sixth has to the fourth, then the first and fifth together have 
to the second the same ratio which the third and sixth together have to 
the fourth. [ie IF A :B:: C :D, 

and E :B:: EFE :D; 
then A+E:B::C+F:D.] 


NOTE. 


The terms JInvertendo, Alternando, Dividendo, Componendo, Ex equal 
are used when reference is made to props. B, 16, 17, 18, 22, of Bk. V. 
The propositions “ B” and “ D” were inserted by Simson. 


BOOK VI. 


DEFINITIONS. 


1. Similar rectilineal figures are such as have their angles 
equal, each to each, and their sides, taken in order, about 
their equal angles proportionals. 


2. Two triangles, or parallelograms, are reciprocal when their sides 
about two angles are proportionals in such a way that a side 
of the first figure is to a side of the second as the remaining 
side of the second is to the remaining side of the first. 


3. A straight line is said to be cut in extreme and mean ratio, when 
the whole 1s to the greater segment as the greater segment 
is to the less. 


4, The altitude of a figure is the straight line drawn from the 
vertex perpendicular to the base. 


ADDITIONAL DEFINITIONS. 


Similar figures are said to be similarly situated when each pair of 
homologous sides are either parallel or inclined at the same 
angle, and are drawn towards the same parts. 


Three magnitudes are said to be in Harmonic proportion when the 
first is to the third as the difference between the first and 
second is to the difference between the second and third. 

(For example, if A, B, C arein Harmonic proportion, 
then A is to C as A~\B is to B~C.) 

Three magnitudes are in Geometric’ proportion when the second is 
a mean proportional between the first and third. 


| 
| NOTES. 
No use is made by Euclid of def. 2 ås it stands, but the sides of such 
figures are said to be reciprocally proportional. 


In this book, references to the postulates, axioms, and propositions of 
Book I. will not be inserted in the constructions. 
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PROPOSITION I. THEOREM. 


Triangles and parallelograms of the same altitude are to one 
another as their bases. 


Let ABC, ACD be two \s having the same alt. 
Then shall AABC be to AACD as BC to CD. 


F E B C D G H K 


Produce BD both ways to F,K. 

From BF cut off any no. of parts BE, EF each = BC. 

From DK cut off any other no. of parts DG, GH, HK each=CD. 
Join AE, AF, AG, AH, AK. 


Then, since FE, EB, BC are all equal, 
<. ASAFE, AEB, ABC are all equal.................. I. 38, note. 
ʻe AAFC is the same mult. of <AABC that FC is of BC. 


Similarly, it may be shown that 
AA ACK is the same mult. of AACD that CK is of CD. 


Hence, AAFC and FC are equimults. of <A ABC and BC, 
the first and third, 
and <\ACK and CK are equimults. of AACD and CD, 
the second and fourth, 
of the four mags. <AABC, AACD, base BC, base CD; 
also, if FC=CK, AAAFC= AACK.......... I. 38. 
if FC>CK, AAFC> AACK, } 
if FC<CK, AAFC <AACK, J 
“ AAABC isto AACD as BC isto CD...... V. Def. 5. 


Again, if (7s LBCA, ACDM be completed, 
then LJ LC is double of AABC, Li 
and JCM is double of AACD, UTT o 


But AABC isto ZAACD as BC isto CD...Above. 
.. twice <AABC istotwice AACD as BC isto CD...V. 15. 
ze [JCL isto [FIJCM as BC isto CD. 


Wherefore, triangles Kc. Q.E.D. 


errr I. 38, note. 
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PROPOSITION II. THEOREM. 


If a straight line be drawn parallel to one of the sides of a triangle 
wt shall cut the other sides, or those sides produced, proportionally ; 
and, conversely, if the sides, or the sides produced, be cut proportion- 
ally, the straight line which joins the points of section shall be parallel 
to the remaining side of the triangle. 


Part I.—Let DE be || to BC, a side of <AABC; 
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Then shall BD be to DA as CE to BA. 


A A 
B C B 7 C 
F 


Join BE, CD. 


Then, since DE is || to BC... ccc cece ee scenes Hyp. 
 AABDE=ACDE..................... I. 37. 

<ABDE isto AADE as ACDE isto AADE...V. 7. 
But AABDE isto AAADE as BD isto DA......VI. 1. 
And ACDE isto AAADE as CE isto EA .....VI. 1. 
BD isto DA as CE isto EA .....V. 11. 

Part II.—Let BD be to DA as CE to EA; 
Then shall DE be || to BC. 
Join BE, CD. 

Then, <ABDE isto AADE as BD isto  DA.....VI.1. 
And ACDE isto AADE as CE isto  EA.....VI.1. 
But BD isto DA asg CE isto EA .....Hyp. 

 “AABDE isto <AADE as ACDE is to AADE...V. 11. 
AA BDE=ACDE....................0.. V. 9. 

and they stand upon the same base DE, 
WE is || to BC... ccc cee ee eee I. 39. 


Wherefore, if a straight line &c. 


E 


=D 


Q.E.D. 
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NOTE. 


Since BD is to DA as CE isto EA. 
.. sum of BD, DA is to DA as sum of CH, EA is to EA...... Compo. 
%e., AB isto AD as AC isto AE. 
A form of the result which is often useful. 


EXAMPLE. 


If, in the figure of VI. 2, BE and CD cut at O, then AO, or AO pro- 
duced, will bisect BC. 


Let AO meet BC at F. | 
Then, <A DBC=—AEBC............... I. 37. 
Take away the com. <AOBC, 
oe CODB=AOEC. 
But AODB_DE jane eee VI. 1 
<AOQOBA BA 
EC C 
E eE IER VI. 2. 
= KY 
ZAOEC 
tec c ccc ccc enes VI. 1. 
ZAOCA 
<AODB 
e $n rcverscnccves Above. 
ZAOCA a E 
c LNAOBA=AOCA ............... V. 9. D 
and they stand on the same base OA, 
.. their alts. are equal... Ex. 4,p. 67. 


t.e, LBM= 4. CN. 
. Hence in As BFM, CEFN, 
LBFM=LCEN, 
eel (/ BMF=ZLCNF, 


BM=CN. 
See oe DA E I. 26. 
Q.E.D. 
EXERCISES. 


1. If two straight lines are cut by three parallels, they are cut proportion- 
ally. Prove this and the converse. 

2. If a quadrilateral have two of its sides parallel, the line joining the 
middle points of these sides will pass through the point of intersection 
of its diagonals. 

ə. If O is a fixed point, and the ratio OP : OQ is constant, then if the 
locus of P is a straight line, so also is that of Q. 

4, If from any point O in the diagonal AC of a quadrilateral ABCD, OE, 
OF be drawn parallel to AB, AD and meeting BC, CD in E, F; then 
EF shall be parallel to BD. 

5. From a given point P in the side AB of a triangle ABC, draw a straight 
line to AC produced which shall be bisected by BC. 
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PROPOSITION III. THEOREM. 


If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the segments of the base shall have the same 
ratio which the other sides of the triangle have to one another; and, 
conversely, uf the segments of the base have the same ratio which the 
other sides of the triangle have to one another, the straight line drawn 
from the vertex to the point of section shall bisect the vertical angle. 

Part I.—Let LBAC of <A\ABC be bisected by AD meeting 
BC at D. 


Then shall BD be to DC as BA to AC. 


B D C 
Through C draw CE || to AD, meeting BA prod? at E, 


Then since AD, CE are ||, 


&. LBAD= LAEC wee ccc cece cece neon I. 29, ii. 
and LDAC= LACE... cece cece cece eens I. 29, i. 
But 2 BAD= LDAC 2... cece cee Hyp. 
° LAEC=ZLACE. 
a Pe O E I. 6. 
But BD isto DC as BA isto AFE.................. VI. 2. 
”., BD isto DC as BA isto AC................. V. 7. 


Part II.—Let BD beto DC as BA to AC; 
Then shall AD bisect LBAC. — 
Through C draw CE || to AD, meeting BA prod? at E 


Then, since BD isto DC as BA isto AC................ Hyp. 
and BD isto DC as BA isto AE................ VI. 2. 
“, BA isto AC as BA isto ABj........ cee eee V. 11. 
A ACSA NEN ETENA V. 9. 
S ae 8!) ATL O NE I. 5. 
Bae A DACS LAO E essence reris 
and L BAD= LAEC..n 1 29 


’. LBAD= £ DAC. 
t.e., AD bisects 4 BAC. 


Wherefore, if the vertical &c. Q.E.D. 


PROPS, III., A. 


PROPOSITION A, THEOREM. 


If the exterior angle of a triangle, made by producing one of its 
sides, be bisected by a straight line which also cuts the base produced, 
the segments between the dividing line and the extremities of the base 
shall have the same ratio which the other sides of the triangle have to 
base produced have 
the same ratio which the other sides of the triangle have, the straight 
Shall bisect the ex- 


one another; and, conversely, rf the segments of the 


line drawn from the vertex to the point of section 
terior angle of the triangle. 


Part I,—Let ext? LCAF of AAABC be bisected by AD meeting 


BC prod4 at D; 


Then shall BD be to DC as BA to AC. 


Through C draw CE || to AD, meeting AB at E. 


Then, since AD, EC are ||, 


ae ae eS 0 a ae: 5) rene I. 29, ii. 
and LCAD = LACE ere I. 29, i. 
But 2 FAD=ZCAD................0000.0.... Hyp. 
<. LAEC = 4L ACE. 
og AESAC nno rnu I. 6. 
But BD isto DC as BA isto AE.............. VI. 2 
<. BD isto DC as BA isto AC.............. V. 7. 
Part II.—Let BD beto DC as BA to AC; 
Then shall AD bisect LCAF. 
Through C draw CE || to AD, meeting AB at E. 
Then, since BD isto DC as BA isto AC............. Hyp. 
and BD isto DC as BA isto AE.............. VI. 2. 
<. BA isto AC as BA isto AE.............. V. 11. 
Pees oe — Ss) er ee V. 9. 
Pe LACK =LAEC wee ccc ce ee eeee I. 5. 
But 2 ACE = CCAD  .............. 0.000... a 
and LAEC=ZEAD oo... eee cece cece ee Ea 


“, LCAD= L FAD. 
2z.€., AD bisects 4 CAF. 
Wherefore, tf the exterior &e. 


228 EUCLID, BOOK VI. 


NOTES. 


Prop. A is not Euclid’s; it was added by Simson. 

Props. III. and A might be included in one enunciation, thus :— 

If the interior and exterior angles at the vertex of any triangle be bisected 
by straight lines which meet the base and the base produced, they divide the 
base, internally and externally, into segments which have the same ratio as the 
sides of the triangle; and, conversely. 


EXAMPLES. 


I. If the vertical angle of a triangle be bisected, both internally and ex- 
ternally, the bisectors divide the base harmonically. 


Let the bisectors meet the base in D, E. 


BD BA 
Then Demag VI. 3 
BE 
=F pe esnicunines VILA 
. BD DC 
oe BÉ EG aeons. Altern l 
BC—BD B D C E 
~~ BE—BC" 
., BD, BC, BE are in harmonic proportion....... def. p. 222. Q.E.D. 


II. Construct a triangle, having given the base, the vertical angle and the 
ratio of the sides. 


Let AB be the given base, C the given vert! Z, x the given ratio of 
the sides. F 
Bisect 4C. < 
From A draw a st. line 
making any L with AB, 
and from it cut off 
AF=M, FG=N. 
Join GB. 
Draw FD || to GB 
and meeting AB at D. 


On AD desc. a segt of a © containing 
i Lo E AE III. 33. G 
On DB desc. a segt of a © containing C 


an L=}4 C, meeting the other segt at E. 
Join AE, EB. Then AEB shall be the A reqå. 


For, since L AED =4 C= L DEB......Constn ii 
<. Whole L AEBSC, N 
Also, AE is to EB as AD isto DB... ............. ee. iene VI. 3. 
as AF is to FG... cece ek cece eee e es VE 2 
aS M istoN meses e ccaccucecceevececes vow ss Constr. 


Q.E.F. 
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III. Find the locus of a point which moves so that the ratio of its distances 
from two fixed points is constant. 
Let A, B be the fixed pts. and P the moving pt. 
Case i. If the const. ratio is one of equality, 
i.e., if, PA=PB, the locus is evi- 
dently a st. line L to AB through 
its mid. pt. 


Case ii. If the const. ratio iin is not one 
, N 
of equality ; 
Divide AB at C in the given ratio 
(see preceding Ex.). 


Join PC. A, 
Draw PD at rt. Ls to PC meeting AB prodå at D. 
Then, since AC is to CB as M isto N ooo... cece cece ee ees Constr. 
as AP is to PB......... aaa. ATA Hyp. 
.. PC bisects ZL APB.......... EE EA VI. 3. 
and .°,PD at rt. £8 to PC bisects the ext! L BPE.................... Ex. 6, p. 36. 
.. AD isto DB as M is to N................... VI. A. 


<. C and D are both fixed pts. for all positions of P. Hence 
the locus of P is that of the vertex of a rt. L? ACPD whose 
hypot. CD is fixed, and this is a © on CD as diam................... Ex. 4, p. 167. 


EXERCISES. 

1, ABC is a triangle with the base BC bisected at D. DE, DF bisect the 
angles ADC, ADB, meeting AC, AB at E, F. Prove that EF is 
parallel to BC. 

2. Trisect a line by the help of vi. 3. 

3. The sides of a triangle are 3, 4, and 5 inches;.find the lengths of the 
segments into which the bisector of the opposite angle divides the 
longest side. 

4. A, B, C are points in a line and D is a point at which AB, BC subtend 
equal angles; show that the locus of D is a circle. 

5. The LC of a <AABC is bisected by CF meeting AB at F. LB is 
bisected by BG meeting CF at G. Prove that AF : FG :: AC: CG. 

6. Two circles touch internally at O. A straight line touches the inner 
circle at C and meets the outer circle at A, B; and OA, OB meet the 
inner circle at P, Q; prove that OP : OQ=AC : CB. 

7. Interpret the result when the two sides in VI. A. are equal. 

8. The straight lines bisecting one interior and two exterior angles of a 
triangle are concurrent. 

9. If, in the figure of Example I., O is the middle point of BC, then OB is 
a mean proportional between OD and OE. 
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PROPOSITION IV. THEOREM. 


The sides about the equal angles of triangles which are equiangular 
to one another are proportionals; and those which are opposite to the 
equal angles are homologous sides, that is, are the antecedents or the 


consequents of the ratios. T 


Let As ABC, DCE 
have 4 ABC= 4 DCE, 
L ACB= 4 DEC, 
and 4 BAC=ZLCDE; 


D 


/\ 


B C E 


Then shall BA be to BC as CD to CE, 
BC be to AC as CE to DH, 
and BA be to AC as CD to DE. 


Let the \s be so placed that their bases BC, CE lie in one con- 
tinuous st. line with their vertices A, D on the same side of it. 


Then, since LACB=ZLDEC.,....... cece eee eens Hyp. 
and 4s ABC, ACB<two rt. L£8.................068 I. 17. 
<. LS ABC, DEC <two rt. Ls. 
.. BA, ED, if prod, will meet................ Ax. 12. 
Prod. BA, ED to meet at F. 
Then, since L ACB =Z DEC............ eee Hyp. 
Pulte WO DE sinbisevakrncesoressareet I. 28. 
and since L ABC =ZL DCE u........ eee ee Hyp. 
geek WE SG ESE do cnceevsessoeasssssanens I. 28. 
Hence ACDF isa L], 
6, AC=FD and CD=AF....................4 I. 34. 
Again, since AC is || to EFE, wc... ccc cceeee eee seen eee Above. 
* BA isto AF as BC isto CE......... VI. 2. 
or BA isto CD as BC isto CE......... Above. 
° BA isto BC as CD isto CE......... Altern. - 
And, since CD is || to BE ....... ccc cee ce eee eeenenees Above. 
e. BC isto CE as FD isto DE......... VI. 2. 
or BC isto CE as AC isto DE......... Above. 
<. BC isto AC as CE isto DE......... Altern. 
Hence BA isto AC as CD isto DE..... eee EX. £q. 


Wherefore, the sides about &c. | Q.E.D. 
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NOTES. 


The enunciation of Prop. 4 may, by def. 1, be expressed thus: 
Triangles which are equiangular to one another are simular. 


The proposition may be easily proved by the method of superposition, 


thus— 
Let As ABC, DEF, 
have LA=ZD, A 
LB=LE, 
i 62 —F ae G H 


Then the <\S shall be similar. 


Apply <AABC to DEF, with pt. A 

on D and AB along DE, E 
Then, since L A= 4 D, AC must lie along DF. 

Let G, H be the positions of the pts. B, C. 


B C 


Join GH. 
Then, since L G= 4L B= LE, 
fg TO EE orean I, 28, 
<. DG isto EG as DH isto HF............. VI. 2. 
<. DG isto DE as DH isto DE ............Compo. 
or DG isto DH as DE isto DF............. Altern. 


ie AB isto AC as DE isto DF. 
Similarly, by applying the As with pt. B on E, or pt. C on F, 
it may be shown that the sides about these £8 are : :1s. 
oe the “AS are SIMMUAL..........cccesee senor: VI. def. 1. 


EXERCISES. 


1. Show that the line joining the middle points of the sides of a triangle 
is half the base. 
2. The shadow of a stick 3 feet long is 5 feet when the shadow of a tower 
is 40 yards; find the height of the tower. 
3. In the figure of VI. 2, F is the middle point of BC, show that AF bisects 
DE. 
4, AB, CD are two parallel straight lines; E is the middle point of CD; 
AC and BE meet at F, and AE and BD at G: show that FG is 
parallel to AB. 
5. ABC is a triangle with angle ACB double of ABC; the bisector of 
angle ACB meets AB at D; prove that AC is a mean proportional 
between AD and AB. 
6. The diagonals of a trapezium, two of whose sides are parallel and one of 
these double the other, cut one another at a point of trisection. 
7. In the figure of I. 43, show that GE, FH will meet, if produced, on CA 
produced. 
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PROPOSITION V. THEOREM. 


If the sides of two triangles about each of their angles, be propor- 
tionals, the triangles shall be equiangular to one another, and shall 
have those angles equal which are opposite to the homologous sides. 


Let the As ABC, DEF have their sides : :, 
namely, AB to BC as DE to EF, 
BC to AC as EF to DF, 


and AB to AC as DE to DF; 
Then shall ^A ABC be equiangTr to ADHF-. 
D 
A 


B C 


At pt. Ein EF, make 4 FEG= £4 ABC. 
At pt. F in EF, make L EFG= Z ACB. 
«rem? L EGF=rem8 L BAC.,........ ccs eee eee. [. 82. | 
t.e. <\ABC is equiang’ to -AGEF. 
<. AB isto BC as GE isto EF.............0..0..... I. 4. 
But AB isto BC as DE isto EF pi 
“GE isto EF as DE isto EF... V. 11. 


Similarly it may be shown that GF=DF. 
Hence in As GEF, DEF, 
f GE=DE, 
GF=DFP, 
l EF is com. 
ra GPO — GEDI ree I. 8. 
Similarly 4L GEF= 4 DEF, 
and LGFE=ZDFE. 
%.e. <AGEF is equiang! to ADEF, 
But A ABC is equiangt to AGEF 
“. AABC is equiangt to ADEF. 
Wherefore, if the sides &c. 


NOTE. 
Tt follows from def. 1, that the —\s are similar. 
This proposition is the converse of Prop. 4. 
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PROPOSITION VI. THEOREM. 


If two triangles have one angle of the one equal to one angle of the 
other and the sides about the equal angles proportionals, the triangles 
shall be equiangular to one another, and shall have those angles equal 


which are opposite to the homologous sides. 


Let As ABC, DEF have L ABC=Z DEF, 
and let AB be to BC as DE to EF; 


Then shall <~AABC be equiangt to ADEF. 
M | 


A 


B C 
G 


At pt. Ein EF make 2 FEG=ZABC, or DEF. 
At pt. F in EF make CL EFG=Z ACB. 


<. rem 4L EGF=rem8 L BAC ............ 6. eee 1. 32. 
t.e. <A ABC is equiang’™ to AAGEF. 
”. AB isto BC as GE isto EF.................. VI. 4. 
But AB isto BC as DE isto EF................. Hyp. 
e GE isto EF as DE isto EF-................. V. 11. 
he Re aL Seen cease coenenssascecesecscersss V. 9. 
Hence in <\s GEF, DEF, 
GE=DE 
e EF is com. 
LGEF= ZL DEF, 


$. AGEF=ADEF in all respects......1. 4. 


But AAABC is equiang”™ to AGEF............ Above. 
“. <AABC is equiang™ to ADEF. 


Wherefore, if two triangles Xc. 


NOTE. 

It follows from prop. 4, since the —\s are equiang’® to one another, 
that their sides about their equal angles are proportionals, and consequently, 
from def. 1, that the triangles are similar. 

Props. 5 and 6 can, like prop. 4, be easily proved by superposition. 

(310) P 
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PROPOSITION VII. THEOREM. 


If two triangles have one angle of the one equal to one angle of the 
other, and the sides about two other angles proportionals; then, tf each 
of the remaining angles be erther less, or not less, than a right angle, 
or if one of them be a right angle, the triangles shall be equiangular 
to one another, and shall have those angles equal about which the sides 
are proportionals. 


Let As ABC, DEF have L ABC=ZDEF, 
and let BA be to AC as ED to DF, 
also, (i) let Ls at C and F be either both acute or both obtuse; 


or, (ii) let L at C be art. 2; 
Then shall A^ ABC be equiangr to - DEF. 


(i) For, if 2 BAC be not= 4 EDF, one must be the >. 
If possible, suppose 2 BAC > L EDF. 
At pt. Din ED make 4 EDG = 4 BAC. 
and let DG meet EF prod?¢ at G. 


R E 
Then, since 4 ABC= L DEG............006. Hyp. 
and L BAC=ZLEDG................ Constr. 
rem? 4L ACB=rem® 4L DGE......... I. 32. 
te. < ABC is equiangt to <A DEG. 
<. BA isto AC as ED isto DG......... VI. 4. 
But BA isto AC as ED isto DFE.........Hyp. 
ED isto DG as ED isto DF......... V. 12. 
<e DGHDE i... cee ccc cece cee eseese V. 9. 
se te RE ED AI cokacdaceannesseessavns I. 5. 
But 2 DGF= L ACB................0......43 Above. 
<. L DFG= ZL ACB. | 
But 2s DFE, DFG=two rt. Z28.................0.8. I. 18. 


<. £8 DFE, ACB=two rt. Zs, 
which 1s impossible, 
since they are, by hyp., either both <, or both >, a rt. 4. 
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Hence, 4 BAC is not unequal to 4 EDF, 
t.e. L BAC=LEDF. 
But L ABCO= L DEF cvceccaccxstesssvseseeees Hyp. 
ʻe rem® L ACB=rem® L DFE... I, 32. 
t.e. < ABC is equiang" to A^ DEF. 


(ii) Again, if the 4 at C be a rt. 4, 
then it may be shown, as in the preceding case, 
that Ls ACB, DEE together=two rt. Ls. 
and .°,, in this case, 2 DFE must also be a rt. 4, 
and, consequently, <\ ABC be equiang’ to A DEF. 


Wherefore, if two triangles &c. Q.E.D. 


NOTES. 

From this proposition it is manifest that— 

If two triangles have one angle of the one equal to one angle of the other, 
and the sides, taken in order, about one other angle in each proportionals; 
then the third angles are either equal, or supplementary; and that, in the first 
case, the triangles are similar. 


The enunciations of VI. 5 and VI. 7 are faulty :— 


In VI. 5 it should be stated that the sides must be taken in order about 
the angles; and, in VI. 7, that, of the sides which are proportionals, those 
which subtend the equal angles must be homologous, 


EXERCISES. 


1. A point D is taken within a triangle ABC; on BC, without the triangle, 
is constructed a triangle BEC similar to BDA; prove that the triangle 
DBE is similar to ABC. 


2. The straight lines which join corresponding angular points of two 
similar triangles whose homologous sides are parallel will, if produced, 
meet in one point. 


8. Distinguish between “an equiangular triangle” and “a triangle equi- 
angular to another.” 


4. ABCD is a parallelogram; P,Q are points in a straight line parallel to 
AB; PA and QB mett at R, and PD, QC at S. Show that RS is 
parallel to AD. 


5. In the sides AB, AC of a triangle ABC two points D, E are taken such 
that BD=CE; DE, BC are produced to meet at F, show that AB : 
AC :: EF : DF. 

6. ABC is a common tangent to two circles whose centres are O,Q. ABC 
meets OQ at A, and through A a secant is drawn cutting the circles; 
prove that the radii to corresponding points of section are parallel. 
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PROPOSITION VIII. THEOREM. 


In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the base, the triangles on each side of it are similar to 
the whole triangle and to one another. 

Let ABC be a rt.-angled <^ having the rt. 2 at A, and let AD 
be drawn L to BC; 

Then shall <~As DBA, DAC be simr to <AABC and 


to each other. 
A 


B D:. C 


For, in As DBA, ABC, 
since rt. L BDA=rt. 4 BAG, 


and Z at B is com.: 


<e rem? L DAB=rem® 2 ACB................ cee I. 32. 
t.e. ADBA 1s ‘equiangt to AABO, 
e these AAS are SIM! .......c ccc cece ccc cneees VI. 4. 


In like manner it may be shown that 
—\s DAC, ABC are equiang™ to one another, 
aud .*, sim’. 
Hence, since <\s DBA, DAC are each equiang? to <A ABC, 
<. ADBA is equiang’ to AADAC. 
<. these AAs are SIM! ...... eee cece cece eee VI. 4. 


Wherefore, in a right-angled triangle &c. Q.E.D. 


Cor.—F rom this prop. it is manifest 
(i) that the 1 from the rt. 4 to the hypot. is a 
mean : :! between the segts of the base. 
ae, since As DBA, DAC are’sim’, 


. BD isto DA as DA isto DC.............. VI. def. 1. 
(ii) that each side is a mean : :! between the base 


and the seg* of the base adj. to that side. 
_ For, since <\s DBA, ABC are sim’, 

~ BD isto BA as BA isto BC; 
and, since. As DAC, ABC are sim’, 

T DC isto CA as CA isto CB. 
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PROPOSITION IX. PROBLEM. 
From a given straight line to cut of any part required. 
Let AB be the given st. line: 


It is reg? to cut.of from it a certain aliquot part. 


G C 


D 


A H B 
From A draw a st. line AC making any 4 with AB. 
In AC take any pt. D. 
From DC cut off, in succession, parts each=AD until 
the whole AG contains AD as many times 
as AB contains the reqt part. 
Join GB. 
Through D draw DH || to GB, meeting AB at H. 


Then shall AH be the part reqd@. 
For, since DH and GB are ||, 


<. AD isto DG as AH isto HB............ VI. 2. 
<. AD isto AG as AH isto AB............ Compo. 
But AG is a mult. of AD................... Constr. 
.. AB 1s the same mult. of AH.................. V. D. 
z.€. AH is the req? part of AB. 
Wherefore, from a given &c. Q.E.F. 
EXERCISES. 


1. The sides of a right-angled triangle are 3 and 4 inches; 

find (i) the length of the perpendicular to the hypotenuse, 
(ii) the length of the segments of the hypotenuse. 

2. Prove that the three sides and the perpendicular are four proportionals. 

3. Prove that the segments of the base are to one another in the duplicate 
ratio of the sides, assuming the theorem on p. 249. 

4. The radius of a circle is a mean proportional between the segments into 
which the part of any tangent intercepted by two other parallel tan- 
gents, 1s divided at its point of contact. 

5. Trisect a given straight line. 

Indicate three other constructions by which this problem may be solved. 

6. Given a line ¢ of an inch long, draw a line 1 inch long. 

7. Cut off from a triangle one-seventh of its area. 
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PROPOSITION X. PROBLEM. 


To divide a straight line similarly to a given divided strarght line; 
that zs, into parts which shall have the same ratios to one another that 
the parts of the given divided line have. C 


Let AB, AC be the given st. lines, 
AC being divided at D, E; 

It is regt to divide AB similarly to AC. 
Let AB, AC be so placed as 

to contain any 4. 
Join BC. 
Through D, E, draw DPF, A FC p 
EG || to CB meeting AB in F, G. 

Then AB shall be divided similarly to AC at pts. F, G. 
Through D draw DHK || to AB. 
Then DG and HB are []s. 


<. DH=FG, and HK=GB......... I. 34. 

But, since EH, CK are ]]................. E E Constr. 
<. DH isto HK as DE isto EC......... VI. 2. 

ze FG isto GB as DE isto EC......... Above. 

Also, since DF, EG are || ...........cccsscsccscccsscccescvesssuesseves Constr. 
». AF isto FG as AD isto DE......... VI. 2. 

Hence, AF isto GB as AD isto EC......... Ex. æq. 

Wherefore, the given straight line Xe. | Q.E.F. 

NOTE. 


The following is an important special case of the problem. 

To divide a given straight line into two parts which shall be in a given ratio. 
Let AB be the given st. line, and P to Q the given ratio. 
From A draw any st. line AC. From AC cut off AD=P. 


CASE i: Lnternally; 
From DC cut off DE=Q. Join EB. 
Through D draw DF || to EB. 

CASE ii: Externally; 
From DA cut off DE=Q. Join EB. 
Through D draw DF || to EB, 
meeting AB prodå at F. 

Then, in both cases, since EB, DF 


are ||, A 
<. AF isto FB as AD isto DB... VI. 2. 
as P isto O aa Constr. 
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PROPOSITION XI. PROBLEM. 
To find a third proportional to two given straight lines. 
Let A, B, be the two given st. lines. 
It is reg’ to find a third ::'to A and B. 


oO PS 


H 
Draw two st. lines CD, CE containing any 4. 
From CD cut off CF=A, FG=B. 
From CE cut off CH=B. 
Join FH. 
Through G draw GK || to FH, meeting CE at K. 


Then shall HK be the req@ third ::1. 


For, since FH, GK are || ..... ccc cece cece eee teneceeecees Constr. 
“CF isto FG as CH isto HK..................... VI. 2. 
ae, A isto B as B isto HEK..................... Constr. 

Wherefore, has been found &c. Q. ELF. 


PROPOSITION XII. PROBLEM. 
To find a fourth proportional to three given straight lines. 


Let A, B, L be the three given st lines; 
It ws reg? to find a fourth : :! to A, B, L. 


A 
B 
L 


é H ë K E 


Draw two st. lines CD, CE containing any Z. 
From CD cut off CF=A, FG=B. 

From CE cut off CH=L. 

Join FH. 

Through G draw GK || to FH, meeting CE at K. 


Then shall HK be the req@ fourth: :1. 


For, since FH, GK are || on... ce cece ec cceee reeves Constr. 
<. CF isto FG as CH istoHkK................... VI. 2. 
ie, A isto B as L isto HK.......ccccccccec. Constr. 


Wherefore, has been found &e, Q.E.F. 
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PROPOSITION XIII. PROBLEM. 


To find a mean proportional between two given straight lines. 


Let AB, BC be the two given st. lines; 
It is required to find a mean : :' between them. 


D 


\ 


A B C 


Place AB, BC in a st. line. 
On AC desc. a semicircle ADC. 
From B draw BD at rt. Zs to AC. 


Then BD shall be the req? mean ::!?. 
Join AD, DC. 


Then 4 ADC, in a semicircle, 18 a rt. Lu... cece cee eeeee ees ITI. 31. 
And, since DB is the L from the rt. 2 to the base, 
». DB is a mean : :’ between AB, BC, the segts 
Of the base uc... cece cece cecccecceccccccecccescueees VI. $, cor. 
Wherefore, has been found &c. | Q. ELF. 


EXERCISES. 


1. The perpendicular let fall from any point in the circumference of a circle 
on any diameter 1s a mean proportional between the perpendiculars let 
fall from the point on the tangents at the extremities of that diameter. 


2. ABC isa triangle. At A a straight line AD is drawn, making the angle 
CAD equal to CBA, and at C a straight line CD is drawn making the 
angle ACD equal to BAC. Show that AD is a fourth proportional to 
AB, BC, CA. 

3. OAB is a triangle. Any straight line through O cuts AB at G, and a 
parallel to OB, drawn through A, at X, and a parallel to OA, drawn 
through B, at Y. Show that GO is a mean proportional between GX 
and GY. 


4. If two circles touch externally and also touch a straight line, the part of 
the line intercepted between the points of contact is a mean propor- 
tional between the diameters. 

5. A, B, C are three points in a straight line: find a point P in the line such 
that PB may be a mean proportional between PA and PC. 
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PROPOSITION XIV. THEOREM. 


Equal parallelograms which have one angle of the one equat to one 
angle of the other, have their sides about the equal angles reciprocally 
proportional; and, conversely, parallelograms which have one angle of 
the one equal to one angle of the other, and their sides about the equal 
angles reciprocally proportional, are equal to one another. 


Part I.—Let AC, CF be= (Js, having 4 BCD=Z ECG; 
Then shall BC be to CG as EC to CD. 
= Place the (/s with their sides BC, CG in a st. line, 
the CJs standing on opp. sides of it. 
= Then EC, CD are also in a st. lime............cce cece cee eee I. 14. 
Complete £7 DG. 


A D 
B C G 
H, 4 
Then, since C7] AC= [L] OF ooo cccccccccescccccseeeeeuasvecessaess Hyp 
<. OAC isto [JDG as SICF isto £] DG... V. 7. 


But (JAC isto L7DG as BC isto COQ .........VI. 1. 
And C/JCF isto (/DG as EC isto CD ......... VI. 1. 
BC isto COG as EC isto CD ........ V. 11. 


Part [J.—Let 2 BCD= 4 ECG, 
and let BC beto CG as EC to CD; 
Then shall (JAC=L/CF. 
Place the (/s with their sides BC, CG in a st. line, 
and the £/s on opp. sides of this line. 


Then EC, CD are also im a st. ne... ccecce, I. 14. 

Complete (7 DG. 

Then BC isto CG as EC isto CD ........... Hyp. 
But BC isto CG as [JAC isto £/DG............ VI. 1. 
and EC isto CD as CLIJCF isto £7DG............ V. 1. 

°° OJ AC isto ODG as JCF isto C/DG............ V. 11. 
e LJ ACS [CE en V. 9. 


Wherefore, egual parallelograms &c. Q.E.D. 
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PROPOSITION XV. THEOREM. 


Equal triangles which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally pro- 
portional; and, conversely, triangles which have one angle of the one 
equal to one angle of the other, and their sides about the equal angles 


reciprocally proportional, are equal to one another. 


' Part I.—Let ABC, CDE be= As, having 4 BCA=Z DCE; 
Then shall BC be to CH as DC to CA, 


Place the —As with A 
their sides BC, CE in 
a st. line, and their 


vertices A, D, on opp. B c E 
sides of this line. 
Then DC, CA are 
also a st. line............ I. 14. 
Join AE. D 
Then, since AABC=ACDE 2.0... ccc ccc cece cence eee eeeeeees Hyp. 
c. AABC isto AACE as ACDE isto AACE...V. 7. 
But AABC isto AACE as BC isto CE...... VI. 1. 
And ACDE isto AACE as DC isto CA...... VI. 1. 
<. BC isto CE asg DC isto CA...... V.11. 


Part II.—Let As ABC, CDE have  BCA=Z DCE, 
and let BC be to CE as DC to CA; 


Then shall AABC=ACDE. 


Place the As with their sides BC, CE in a st. line, 
and their vertices A, D on opp. sides of this line. 


Then DC, CA are also in a st. lime... cece ccc eee cece ee eeeees Į. 14. 
Join AE. 

Then BC isto CE as DC isto CA.......... Hyp. 

But BC isto CE as AAABC isto AAACE........ VI. 1. 


and DC isto CA as AACDE isto AACE........ VI. 1. 
e <AABC isto AACE as “ACDE isto AACE........ V. 11. 
we HABC=ACDE...... ccc ccc ccc ee: Vv. 9 


Wherefore, egual triangles Lc. Q.E.D. 
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NOTE. 


Prop. 14 might have been combined with prop. 15, and the truth of the 
prop. for parallelograms deduced from that for triangles, as in prop. 1. 

Both props. have a second converse not dealt with by Euclid; the follow- 
ing is a proof of this converse of prop. 15. 

Equal triangles which have the sides about a pair of angles reciprocally 
proportional, have that pair of angles either equal, or supplementary. 


Let ABC, DCE be=—\s A 
having BC to CE as DC to CA. C 


Then shall (i) either LACB=LDCE, or B 
(ii) Ls ACE, DCB=two rt. Ls. 

Place the <\s with BC, CE in a st. line 

and their vertices on opp. sides of this line, 

Then (i.) if DC, CA are in a st. line 
LACB=ZLODCE...............55. 1.15 B 


But (ii.) if not, produce AC to F, 
make CF=CD, and join EF, DF. 


Then, since BC isto CE as DC isto CA,.........0 occ cece. 
BC isto CE as CF isto CA... ccc ccc ccc cece. 
Also ZL FCE= L ACB. .... cece nee I. 15. 
ew A FCE=SAABC on. EEEE E VI. 15. 
But A DCE= AABC ooa aare eA Hyp. 
wg AFEFCE=ADCE. 
<. DF is || to BE vivicwiwerecaccsniexsxsceueseessvins L. 39. 
. LACB=ZLCED ou. sce ees I. 29. 
et D D E E 1. 6. 
48 ACB, DCE=LCDF, DCE, 
CWO Ty. L Biskicccce sidie «suns ELEERI I. 29. 
Q.E.D. 
EXERCISES. . 
1. In the figure of VI. 15, prove that the triangles BCD, ACE are similar. 


2. If, in the figure of VI. 15, BA, DE are produced and meet at F, then CF 
will when produced bisect BD. 

do. If from the ends A, B, of the hypotenuse of a right-angled triangle, per- 
pendiculars AE, BD be drawn meeting BC, AC produced at E, D, 
then triangle ACB is equal to triangle ECD. 

. Construct an isosceles triangle, the area and vertical angle being given. 

. P is any point on the side AC of the triangle ABC; CQ is parallel to 
BP and meets AB produced at Q; AN, AM are mean proportionals 
between AB, AQ and AC, AP, Prove that the triangles ANM, ABC 
are equal, 


>, e 
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PROPOSITION XVI. THEOREM. 


If four straight lines be proportionals, the rectangle contained by 
the extremes ts equal to the rectangle contained by the means; and, 
conversely, if the rectangle contained by the extremes be equal to the 
rectangle contained by the means, the four straight lines are propor- 
tionals. 

Part I.—Let the four st. lines AB, CD, EF, GH be : :*, 

so that AB isto CD as EF to GH; 


Then shall rect. AB, GH=rect. CD, EF. 
L 


A 3 C D 
Draw AK, CL at rt. Ls to AB, CD. 
Cut off AK=GH, and CL=EF. 
Complete the rectangles KB, LD. 
Then, since AB isto CD as EF isto GH............ Hyp. 
“, AB isto CD as CL isto AK............ V. 7. 
t.e. the sides about the = Zs at A and C of 
the (7s KB, LD are reciprocally : :!, 
a ae KbBe/ 7 LDD errenneren VI. J4. 
1.e. rect. AB, AK=rect. CD, CL................. II. def. 1. 
<. rect. AB, GH=rect. CD, EF................ Above. 


Part II.— Let rect. AB, GH=rect. CD, EF; 
Then shall AB be to CD as EF to GH. 
Draw AK, CL at rt. Ls to AB, CD. 
Cut off AK=GH, and CL=EF. 
Complete the rectangles KB, LD. 
Then, since rect. AB, GH=rect. CD, EF.........0.00.000..... Hyp. 
.. rect. AB, AK=rect. CD, CL......000......000... Above. 
1.6. C] KB=([7 LD. 
., the sides about the = Zs at A, C are reciprocally : :}, 
or, AB isto CD as CL isto AK............ VI. 14. 
t.e. AB isto CD as EF isto GH............ V. 7. 


Wherefore, 2f four straight lines &c. Q.E.D. 
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PROPOSITION XVII. THEOREM. 


If three straight lines be proportionals, the rectangle contained by 
the extremes ıs equal to the square on the mean; and, conversely, if 
the rectangle contained by the extremes be equal to the square on the 
mean, the three straight lines are proportionals. 


Part I.—Let the three st. lines AB, CD, EF be : :*, 
so that AB isto CD as CD to EF; 


Then shall rect. AB, HF'=sq. on CD. 


A B C D E F 
| G dH 
Draw GH=CD. 
Then, since AB isto CD as CD isto EF............... Hyp. 
<. AB isto CD as GH isto EF.............. V. 1. 
.. rect. AB, EF=rect. CD, GH................. VI. 16. 
=rect. CD, CD.................. Above. 
=sq. on CD. 


‘Part II.—Let rect. AB, EF=sq. on CD, 
Then shall AB be to CD as CD to BF. 
Draw GH=CD. 


Then, since rect. AB, EF=sq. on CD.................064. Hyp. 
=rect. CD, GH................. Above. 
“. AB isto CD as GH isto EF......... VI. 16. 
or AB isto CD as CD isto EF......... V. 7. 
Wherefore, if three straight lines &c. Q.E.D. 
NOTE. 
VI. 17 is merely one special case of VI. 16, that in which the two means 
are equal. 
EXERCISES. 


1. If the perpendicular from the right angle in a right-angled triangle 
divide the hypotenuse so that one of its segments is equal to one of the 
sides of the triangle, the hypotenuse is divided in medial section. 

2. ABCD is a parallelogram; from B a straight line is drawn cutting the 
diagonal AC at F, the side DC at G, and the side AD produced at E; 
show that the rectangle EF, FG is equal to the square on BF. 
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PROPOSITION XVIII. PROBLEM. 


On a given straight line to describe a rectilineal figure similar and 
similarly situated to a given rectilineal figure. 


Let AB be the given st. line and CDEFG the given fig. 


It is reg? to desc. on AB a fig. sim" and similarly situated to 
CDEFG. 


K 


A B 
Join FD, GD. 
At pt. A in AB make 2 BAH= £4 DCG. 
At pt. Bin AB make 2 ABH= 4L CDG. 
<. remë8 L AHB=rem8 LOGD.............0...04. I, 32. 
and <^ HAB is equiang" to A GCD. 


At pt. H in HB make 2 BHK= £ DGF. 

At pt. B in HB make 4 HBK= LGDF. 
“.rem® L HKB=rem8 LGEFD.................... I. 32. 
and <\ KHEB is equiang™ to A FGD. 


At pt. K in KB make CLBKL=ZDFE. 

At pt. Bin KB make ~KBL=ZFDE. 
e rem? L KLB=rem’ LFED...............0006 I. 32. 
and <^ LKB is equiang™ to A EFB. 


Let all these Ls be drawn towards the same parts as the 
corresponding Ls in the given fig. 
Then shall fige. ABLKH be simr and similarly 
situated to CDHFG. 
For, since 2 AHB=LCGD | 


and L BHK=ZDGF 
°. whole L AHK =whole L CGF. 


en EAEE Constr, 
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Similarly, L HKL= 4 GFE, 
and L LBA= 4 EDC. 


Hence, fig. ABLKH is equiang! to CDEFG. 


Again, since each pair of —\s In the fig. are 
respectively equiangt to one another, 


~, AB isto AH as CD isto CG............... VI. 4. 
2.e. the sides about the Zs at A, C are: :}, 
Also AH isto BH as CG isto DG............... VI. 4. 
and BH isto KH as DG isto FG.... .......... VI. 4. 
”. AH isto KH as CG isto FG.\.............. Ex, æq. 


t.e. the sides about the Ls at H, G are : :'%. 


Similarly the sides about the 4s at K, F, and L, E, are: :5. 


Lastly, since LB isto KB as ED isto FD.............. VI. 4. 
and KB isto HB as FD isto GD.............. VI. 4. 

». LB isto HB as ED isto GD.............. Ex. æq. 
But HB isto AB as GD isto CD.............. VI. 4. 

. UB isto AB as ED isto CD............., Ex. æq. 


i.e. the sides about the Zs at B, D, are : :¥, 
|. fig. ABLKH is sim" to CDEFG. 
Wherefore, on the given straight line &c. Q.E.F. 


NOTE. 


The problem has been solved for the case of a five-sided figure; this 
includes the case of a triangle or quadrilateral, and might, obviously, be 
extended for a figure of six, or any number of sides. 


EXERCISES. 


1. If HL, GE be joined, prove that the triangles KHL, FGE are similar. 
2. Ona given straight line AB, describe a quadrilateral similar but oppositely 
situated to the given quadrilateral CDEF. 
3. In the figure of VI. 18, AB, CD, being parallel, prove that HG, KF, LC, 
_if joined and produced, meet in one point. 
4. If the middle points of adjacent sides of the figures ABLKH, CDEFG 
be joined, the figures so formed are similar. 
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PROPOSITION XIX. THEOREM. 


Similar triangles are to one another in the duplicate ratio ve therr 
homologous sides. 


Let ABC, DEF be sin! As, having LB=ZLE 
and sides BC, EF homologous: 


Then shall AABC be to ADEF in the dup. ratio 


of BC to HF. 
A 
D 
B E C E f 
From BC cut off BG a third : :! to BC and EF................. VI. 11. 
Join AG. 

Then, since As ABC, DEF are sim? ..............ccccee eens eee. Hyp. 
.”.AB isto BC as DE isto EF................... VI. def. 1. 
or, AB isto DE as BC isto EF................... Altern. 

But BC isto EF as EF isto BG................... Constr. 


"AB isto DE as EF isto BG..........0........ V. 11. 
2.€., the sides about the = 4s at P, E, 
of A^s ABG, DEF, are reciprocally : :}, 
° AABG= ADEF 
Again, since BC isto EF as EF isto BG............... Constr. 
.. BC is to BG in the dup. ratio of BC to EF......... V. def. 10. 
But AAABC isto AABG as BC isto BG 
“. <AABC is to <\ABG in the dup. ratio of BC to EF.....V. 11. 
<. <AABC isto ADEF in the dup. ratio of BC to EF.....v. 7. 


Wherefore, similar triangles &c. Q.E.D. 


Cor. From this it is manifest that, if three st. lines be : :!8, as the 


first is to the third, so is any <^ desc® on the first to a sim’, and 
similarly desct <\ on the second. 
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NOTE. 
Prop. 19 is of great importance. 
The following theorem will be required for some of the exercises. 
If two ratios are equal, their duplicates are also equal. 
Let A, B, C, D be : :!8, such that A is to B as C is to D; 
Then shall the dup. ratio of A to B=dup. ratio of C to D. 
To A, B, take a third : :! M, and to C, D, a third ::! N...... VI. 11. 


Then, A isto B as B isto M................ Constr. 
and C isto D as D isto N................ Constr. 
But A isto B as C isto D............. a. Hyp. 
.. B isto M as D isto N................ V. 11. 
Hence, A isto M as C isto N................ Ex æq. 
But, since A, B, M, are in cont4 prop, 
<. A isto M in dup. ratio of A to B............ V. def. 10. 
and, since C, D, N, are in conta prop®, 
.. C isto N in dup. ratio of C to D....... Leese V. def. 10. 


e the dup. ratio of A to B=the dup. ratio of C to D. 
Q.E.D. 


EXERCISES. 
1. State and prove the converse of the theorem given above. 
2. Prove that similar triangles are to one another in the duplicate ratio of 
(i) their altitudes; 
(ii) their corresponding medians; 
(iii) the radii of their inscribed circles; 
(iv) the radii of their circumscribed circles. 

3. ABC is a triangle with angle A greater than B : if D be taken in BC 
such that angle CAD=B, then CD: CB in the duplicate ratio of 
AD to AB. 

4. Any two equilateral triangles, described on the sides of an acute-angled 
triangle, are together greater than the third. 


5. ABC is a given triangle: construct asimilar triangle of double the area. 


6. ABC is a triangle, AB is produced to E, AD is a line meeting BC in 
D, BF is parallel to ED and meets AD in F; determine a triangle 
similar to ABC and equal to AEF. 


7. ABC is a triangle inscribed in a circle, AD, AE, are drawn parallel to 
the tangents at B, C, to meet the base in D, E. Prove that BD is 
to CE in the duplicate ratio of AB to AC. 


(310) Q 
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PROPOSITION XX. THEOREM. 

Similar polygons may be divided into the same number of similar 
triangles, having the same ratio to one another that the polygons have; 
and the polygons are to one another in the duplicate ratio of their 
homologous sides. 

Let ABCDE, FGHKL, be sim" polygons, with the side AB 
homologous to FG. 

Join AC, AD, FH, FK. 

Then shall (i) the polygons be divided into the same 
number of simr As: 
(ii) each pair of A^s have the same ratio to 
one another that the polygons have; 
(ili) polygon ABCDE be to polygon FGHKL 
in the dup. ratio of AB to FG. 


A 
B 
G 
L 
C D H K 
(i) For, since polygon ABCDE is sim” to polygon FGHK L...Hyp. 
“, LABC= 4 FGH, a VI. def. 1 
and AB is to BC as FG is to GH. i E 
<. AABC is sim’? to AFGH.............. YI. 6. 
a a RE LAPEER eE VI. def. 1. 
But 2 BCD=ZGHEK..................... Hyp. 
”. rem’ L ACD=rem’ 4 FHK. 
And, since <AABC is sim" to -AFGH......... Above. 
<. AC isto BC as FH isto GH.......... VI. def. 1. 
But BC isto CD as GH isto HE......... Hyp. 
<. AC isto CD as FH isto HEK......... Ex æq. 
r.€. sides about= 4s ACD, FHK, of As ACD, FHK are : :3, 
<. AACD is sim’ to AFHK............... VI. 6. 


Similarly, it may be shown that 
A ADE is sim’ to AFKL. 
Qi) Again, since <AABC is sim? to AFGH occ ce eens Above. 
<. AABC is to AFGH in the dup. ratio of AC to FH...VL 19. 
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And, since <AACD is sim? to AFHK......... Above. 
<. AACD is to AFHK in the dup. ratio of AC to FH...VI. 19. 
6, ZAAABC is to AFGH as AACD is to AFHK........ V. 11. 


Similarly, it may be shown that 

AACD is to AFHK as AADE is to AFKL. 
Hence, <\ABC is to AFGH as sum of As ABC, 

ACD, ADE is to sum of As FGH, FHK, FKL...... V. 12. 
t.e., <AABC is to AFGH as fig. ABCDE is to fig. FOHKL. 


(iii) Also, since AABC is sim" to paa d L E d a AERO AEE Above. 
“. AABC is to AFGH in the dup. ratio of AB to FG...VI. 19. 


Hence, polygon ABCDE is to polygon FGHKL 
in the dup. ratio of AB to FG...V. 11. 


Wherefore, semilar polygons &c. Q.E.D. 
Cor. To AB, FG let a third : :! MN be taken. 
Then AB is to MN in the dup. ratio of AB to FG.......... V. def. 10. 


But, any polygon on AB 1s to the sim" and similarly 
desc? fig. on FG in the dup. ratio of AB to FG............ Above. 
. AB isto MN as fig, on AB is to fig. on FG.....V. 11. 
t.e., If three st. lines be ::*, as the first is to the third, so is the rect! 
fig. desc? on the first to a sim” and similarly desc? fig. on the second. 


NOTES. 
By the help of this proposition it can be shown that 
(i) Similar triangles are to one another as the squares on their corre- 
sponding sides. 


A D 
For, let ABC, DEF be B C E F 
sim! —\s and on BC, EF 
let sqs. BG, EH be descå. i H 


Then, AABC is to ADEF in the dup. ratio of BC to EF...... VI. 19. 
Also, since the sqs. are sim" figs., 
.. 8q. BG is to sq. EH in the dup. ratio of BC to EF.......... VI. 20. 
’. AABC is to ADEF as sq. on BC is to sq. on EF......... V. 11. 
In the same way it may be shown that 
(ii) Similar polygons are to one another in the ratio of the squares on their 
corresponding sides. 
Also, since <A ABC is to ADEF in the dup. ratio of BC to EF, 
and <AABC is to ADEF as sq. on BC is to sq. on EF, it follows that 
(iii) The duplicate ratio of BC to EF ts the same as the ratio of the squares 
on BC and EF. (See note on page 219.) 
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PROPOSITION XXI. THEOREM. 
Rectilineal figures which are similar to the same rectilineal figure, 
are also similar to each other. 
Let each of the rect! figs. A and B be sim" to the rect! fig. C. 
Then shall A be simr to B. 


For, since A is sim” to C 
., A is equiang. to C, 


and the sides about their= Zs are ::}8.............05. VI. def. 1. 

And, since B is sim" to C........s.snssessecsesesesessecssesnsessens Hyp. 
.. Bis equiang. to C, 
and the sides about their= Zs are : i8 uunc. VI. def. 1. 
Hence, A 1s equiang. to B, 
and the sides about their= Zs are : :38.............065. V. 11. 
.. A is sim? to B......... s VI. def. 1. 

Wherefore, rectilineal figures &c. Q.E.D. 


PROPOSITION XXII. THEOREM. 


Tf four straight lines be proportionals, the similar rectilineal figures 
similarly described on them shall also be proportionals; and, con- 
versely, if the sumilar rectilineal figures similarly described on four 
straight lines be proportionals, those straight lines shall be propor- 
tionals. : 

Part I.—Let AB, CD, EF, GH be four st. lines, such 
that AB is to CD as EF is to GH, 
and on AB, CD, let the sim’ rect! figs. KAB, LCD, 
be similarly desc‘, 
and on EF, GH, let the sim’ rect! figs. MF, NH, 
be similarly desc?. 
Then shall fig. KAB be to fig. LCD as fig. MF 
to fige. NH. 
To AB and CD find a third : :! X, and 
to EF and GH find a third : 2! Y eee eee VJ. 11. 
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. E F G H 
Then, since AB isto CD as CD isto X ee ile 
and EF isto GH as GH isto Y 
Also, AB isto CD as EF isto GH................. Hyp. 
<. CD isto X as GH isto Y ................. V. Il. 
Hence, AB isto X as EF isto Y esene, Ex æq. 
But AB isto X as fig. KAB isto fig. LCD t vi m 
and EF isto Y as fig. MFE isto fig. NH oN 


.. fig. KAB 1s to fig. LCD as fig. MF is to fig. NH....V. 11. 


Part II.—Let fig. KAB be to fig. LCD as fig. MF is to fig. NH. 
Then shall AB be to CD as EF to GH. 


To AB, CD, EF find a fourth ::! PQ... cece cee es VI. 12. 
On PQ desc. a fig. RQ sim" and similarly situated to 

E AE i a E cen anene teeetinyavakerssarientatinesserseci eid VI. 18. 
Then, since AB is to CD as EF isto PQ........0.............8.. Constr. 


<. fig. KAB 1s to fig. LCD as fig. MF 1s to fig. RQ...Part 1. 
But fig. KAB is to fig. LCD as fig. MF is to fig. N H..8yp. 


<. fe. Aer PD, 0 Eoincccarsccsancayssess V. 9. 
and RQ, NH are sim’ figs. similarly situated, 
<. PQ=GH.* 
But AB isto CD as EF isto PQ.........Constr. 
<. AB isto CD as EF isto GH........ V. 7. 
Wherefore, tf four straight lines &c. Q.E.D. 
NOTE. 


*In this prop. Euclid assumes that— 

Equal, similar and similarly described rectilineal figures have therr homo- 
logous sides equal. 

This is easily proved; for, by prop. 20, the figures are to one another in 
the dup. ratio of their homologous sides; 
that is, in the ratio of the squares on their homologous sides.... .. VI. 20, note. 
and, if the squares on them are equal, the sides are themselves equal. 
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PROPOSITION XXIII. THEOREM. 


Parallelograms which are equiangular to one another have to one 
another the ratio which ts compounded of the ratios of their sides. 


Let LJ AC be equiang. to LJ CF, having 2 BCD=Z ECG. 


Then shall [JAC be to JCF in the ratio com- 
pounded of the ratios of their sides. 


A | D I 


E F 


Let the (/s be so placed that BC, CG are in a st. line 
and the (/s on opp. sides of this line. 


<. DC, CE are in a st. line................. 1. 14. 
Complete (3 DG. 


Take any st. line K. 


To BC, CG, and K find a fourth ::! Lu... eee cee ee VI. 12. 
To DC, CE, and L find a fourth ::! Mu... cece eee ee ees VI. 12. 
Then BC isto CG as K isto L | en 
and DC isto CE as L isto M = | 
But K isto M in the ratio compounded of 
the ratios of K to L, and L to M........ V. def. 11. 


ʻe K isto M in the ratio compounded of 
the ratios of BC to CG, and DC to CE. 


But CJAC isto [JDG as BC isto CG................. VI. 1. 
as K isto L.................. Constr 

and LJ DG isto [JCF as DC isto CE................ VI. 1. 
as L isto M................. Constr 

». [JAC isto L/JCF as K isto M................. Ex æq. 


<. (JAC isto (JCF in the ratio compounded of 
the ratios of BC to CG, and DC to CE...Above, 
Wherefore, parallelograms &c. Q.E.D. 
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PROPOSITION XXIV. THEOREM. 


Parallelograms about the diameter of any parallelogram are similar 
to the whole parallelogram and to one another. 


Let ABCD bea (/, AC a diam., and EG, HK, (7s about the diam. 


Then shall Js EG, HK, be sim’ to C/ABOCD, 
and to one another. 


G 


B H C 
For, since DC is || to GE........essasossssessresessrresepeeseesseeses Hyp. 
ne LADCSLACO onera I. 29. 
and, since BC is || to EE 2.0... cece cet ece eee eeeeeeeeees Hyp. 
Ree oe. 8 Oe ae. eS) eee rer er TT I. 29. 
also, 4 BCD, and 4 EFG, are each= L BAD..............ceeeeees I. 34. 


<. LBCD= L EFG. 
= Hence (7ABCD is equiang. to [J AEFG. 
Again, in A^s ABC, AEF, 


since LA BC= LAEE.........cccccceeceees Above. 
and 4 BAC is com. 
<. AAABC is equiang. to AAEE cen I. 32. 
<. AB isto BC as AE isto EF................. VI. 4. 
But BC=AD, and EF=AG................ I. 34. 
Hence, AB isto AD as AE isto AG................. V. 7. 
Also DC=AB, and GF=AE................ I. 34. 
Hence, DC isto BC as GF isto EF ( č  ć — -m 


and DC isto AD as GF isto AGÍ 


2.e. sides about = Ls of [7s ABCD, AEFG are: :}5, 
<. LJABCD is simt to (7/AEFG............. VI. def. 1. 


In the same way it may be shown that 
C] ABCD is sim’ to [7 FHCK. 


<. LJ AEFG is sim’ to (7 FHCK............. VI. 21. 
Wherefore, parallelograms &c. Q.E.D. 
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PROPOSITION XXV. PROBLEM. 


To describe a rectilineal figure which shall be similar to one, and 
equal to another given rectilineal figure. 


Let ABCD be one, and E the other, given rect! fig. 
It vs reg? to desc. a rect! fig. sim’ to ABCD and = £. 


A 
D 
N 
a RAN 
L M 
F G H - 


To BC apply a C7 BFGC=fig. ABCD. 
To GC apply a L7 CGHK=fig. E, having 4GCK= Z FBC. 


Then BC and CK are in one st. line re L. 45 
and FG and GH are in one st. line 
Between BC and CK find a mean ::! LM...................... VI. 138. 
On LM desc. a rect! fig. NM sim? and similarly 
EATING. SO Se a sa caststrennneersciasstemsmnnesiecen VI. 18. 


Then NM shall be the fig. reqd@. 
For, since BC isto LM as LM isto CK ...... Constr. 


». BC isto CK as fig. AC is to fig. NM...... VI. 20, cor. 
But BC isto CK as [JBG isto (JCH......VI. 1. 
e's Ag AC isto fig. NM as [JBG isto OCH... V. 11.. 
io fi g. AC = LT BGee cece cece cece cenees Constr. 
ee eek? ae ra ee V. 9. 
—=fig. E E EA EEE EE Constr 
And fig. NM is also sim" to fig. AC......... Constr 
Wherefore, has been described &c. Q.E.F. 
NOTE. 


This prop., inserted as it is between VI. 24 and its converse VI. 26, 
appears somewhat out of place; it might well have followed prop. 26. 

It may be thus enunciated :— 

To make a rectilineal figure having the szze of one, and the shape of 
another, given rectilineal figure. 
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PROPOSITION XXVI. THEOREM. 


If two similar parallelograms have a common angle, and be simi- 
larly situated, they are about the same diameter. 


Let the (Js ABCD, AEFG be sim" and similarly situated, and 
have the com. 4 BAD. 


Then shall 2/s ABCD, AEFG, be about the same diam. 
A __G D 


B ac 
Join AC. 

Then, if the diam. AC of CJ ABCD do not pass through F, 
let it, if possible, cut FG, or FG prod‘, at H. 


Through H draw HK || to AD, or BC, and meeting AB at K. 
Then, since (7s ABCD, AKHG are about the same diam. 


.. (J ABCD is sim! to C] AKHG............ VI. 24. 
~. BA isto AD as KA isto AG............ Vi.def.1. 
But, since CJ ABCD is sim! to CJAEFG...............0..... Hyp. 
<. BA isto AD as EA isto AG,........... Vi.def.1. 
Hence KA isto AG as EA isto AG............ V. 11. 
PIGS, a2dngxsevhenncctaussvavasacs V. 9. 
which is absurd .........ccccecceescceces Ax. 9. 


.. AC cannot pass otherwise than through F; 
1e. Cs ABCD, AEFG are about the same diam. 
Wherefore, 2f two similar &e. Q.E.D. 


NOTE. 


Propositions 27, 28, 29 are of no importance, and their proofs have there- 
fore, in accordance with almost universal custom, been omitted. Their 
enunciations are the following:— 

Prop. 27.—Of all parallelograms applied to the same straight line, and 
deficient by parallelograms, similar and similarly situated to that which is 
described upon the half of the line; that which is applied to the half, and is 
similar to its defect, 1s the greatest. 
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NOTE. 


PRoP. 28.—To a given straight line to apply a parallelogram equal tn a 
given rectilineal figure, and deficient by a parallelogram similar to a given 
parallelogram; but the given rectilineal figure to which the parallelogram 
to be applied is to be equal, must not be greater than the parallelogram 
applied to half of the given line, having its defect similar to the defect of 
that which is to be applied; that is, to the given parallelogram. 

Prop. 29.—To a given straight line to apply a parallelogram equal tò a 
given rectilineal figure, exceeding by a parallelogram similar to another 
given. 


PROPOSITION XXX. PROBLEM. 


To cut a given straight line in extreme and mean ratio. 
Let AB be the given st. line. 
It ts reg® to divide rt in extreme and mean ratio. — 


A B 
jaroen 
C 
Divide AB at pt. C so that rect. AB, BC=sq.on AC...... If. 11. 
Then shall C be the pt. reqå. 
For, since rect. AB, BO=sq. on AC,.......... eee eee. vee e e Constr. 
“.AB isto AC as AC isto BC......... VI. 17. 
Wherefore, the given straight line &c. Q.E.F. 
NOTE. 


To divide a line in extreme and mean ratio is equivalent to dividing it 
an medial section. 


EXERCISES. 


1. If a semicircle be described on AB, and CD be drawn at right angles to 
AC and meeting the circumference at D, then will AC be equal to 
BD. 

2. Any two intersecting diagonals of a regular pentagon cut one another in 
extreme and mean ratio. 

3. If the radius of a circle be cut in extreme and mean ratio, the greater 
seoment will be equal to a side of a regular decagon inscribed in the 
circle. 

4. Construct a quadrilateral similar to a given quadrilateral, but one-third 
of its area. 

5. Construct a regular pentagon equal in area to a given.regular hexagon. 
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PROPOSITION XXXI. THEOREM. 

In any right-angled triangle, any rectilineal figure described on the 
side subtending the right angle is equal to the similar and similarly 
described figures on the sides containing the right angle. 

Let ABC bea rt. L% A, having the rt. 2 at A, and having sim" 
rect! figs. similarly desc? on its sides. 


Then shall fig. on BC =sum of sim" and similarly 
descå figs. on BA and AQ, 


From A draw AD 1 to BC. 
Then, since an is the L from the rt. 4 on the hypo, 
<. <AABC is sim’ to AABD ............. cc ceeee VI. 8. 
” BC isto BA as BA isto BD..,.............. VI. def. 1. 
ʻe BC isto BD as fig. on BC is to sim" fig. on BA...VI.20. cor. 
Hence BD isto BC as fig. on BA is to sim" fig. on BC....invert. 


Similarly, it may be shown that 
CD isto BC as fig. on AC is to fig. on BC. 


Hence, sum of BD, CD isto BC 
as sum of figs. on BA, AC is to fig. on BC.. V. 24. 
But, sum of BD, CD = BC. 
.. sum of figs. on BA, AC = fig. on BC. 
Wherefore, in any right-angled triangle &c. Q.E.D. 


NOTES. 

This important prop. is an extension of prop. 47 of Book I. It might 
be stated thus :— 

In any right-angled. triangle, the polygon described on the hypotenuse is 
equal to the sum of the similar and similarly described polygons on the 
other two sides. 

Prop. 32 is omitted for reasons similar to those stated in the note on 
props. 27, 28, 29. The enunciation is as follows :— 

If two triangles which have two sides of the one proportional to two sides 
of the other, be joined at one angle so as to have their homologous sides 
parallel to one another, the remaining sides shall be in a straight line. 
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PROPOSITION XXXIII. THEOREM. 

In equal circles, angles, whether at the centres or at the circumfer- 
ences, have the same ratio which the arcs on which they stand have to 
one another; so also have the sectors. 

Let ABC, DEF be = Ọs; let BOC, EQF be 4sat their cents. O, Q; 
and BAC, EDF Zs at their Oces. 

Then shall (i) LBOC be to L EQF as arc BC to arc EF: 


(ii) LBAC be to L EDF as arc BC to arc EF; 
(iii) sect. OBC be to sect. QEF as arc BC to arc EF. 


From the Oce ABC cut off any no. of arcs CG, GH, each=BC. 
From the Oce DEF cut off any no. of ares FK, KL, LM, each=EF. 
Join OG, OH, QK, QL, QM. 
Then, (i) since arcs BO, CG, GH are all equal, 
“. £8 BOC, COG, GOH are all equal............ III. 27. 
.. L BOH is the same mult. of 2 BOC that arc BH is of BC. 
Similarly, it may be shown that 
 LEQM is the same mult. of 2 EQF that arc EM is of EF. 
Hence, 4 BOH, arc BH, are equimults. of 2 BOC, arc BC, 
the first and third, 
and L EQM, arc EM, are equiniults. of 2 EQF, arc EF, 
the second and fourth, 
of the four mags. 4 BOC, LEQP, arc BC, arc EF; 
also, if arc BH=are EM, 2 BOH = 4 EQM ...... III. 27. 
if arc BH >arc EM, 2BOH>ZLEQM, 
if arc BH <arc EM, L BOH < LEQM. [TH 27, Note. 
e L BOC is to 4L EQF as are BC is to arc EF............ V. def. 5. 
And, (ii) since 4 BOC is double of 4 BAC 
and LEQF double of 4 EDF 
<. L BAC is to L EDF as arc BC is to arc EF............ V. 15. 
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Again, (iii) Join BO, CG. 
In arcs BC, CG, take any pts. R, S. 
Join BR, RC, CS, SG. 


Then, in <\s OBC, OCG, 


í OBHOG. cicceccccccccccsccesceceeevees Radii. 
e° OC is com.: 
L BOC= 4L COG......sesssesssssessesess Above. 
"e BO=CG, ENESENN 1.4 
and AOBC= AOCG, 


Now, since are BC=arce CG 


ETEEN Constr. 
and the whole Oces are equal .................000 Hyp. 
. rem® arc BAC=rem8 arc CAG............... Ax: 3. 
E Re Ae BIE aitnesscnzancsnencnenass III. 27. 
Hence, segt BRC is sim? to segt CSG......... III. def. 11. 
and they are on equal st. lines BC, CG........... Above. 
. seg’ BRC=segt CSG... cece eee eee III. 24. 
Bat ZAOBCS A OOU sisenes Above 
. sect. OBC=sect. OCG... eee e cece ees Ax. 2 


Similarly it may be shown that 
sect. OGH=sect. OBC, or OCG ; 
and that sects. QEF, QFK, QKL, QLM are all equal. 
.. sect. OBH is the same mult. of sect. OBC that arc BH is of BC, 
and sect. QEM is the same mult. of sect. QEF that are EM is of EF, 


Hence, sect. BOH, arc BH, are equimults. of sect. BOC, arc BC, 
the first and third, 


and sect. EQM, arc EM, are equimults. of sect. QEF, arc EF, 
the second and fourth, 


of the four mags. sect. OBC, sect. QEF, arc BC, arc EF; 
also, if are BH=arc EM, sect. OBH=sect. QEM, 
if are BH >arc EM, sect. OBH >sect. QEM, 
if are BH <arc EM. sect. OBH <sect. QEM. 
.. sect. OBC is to seet. QEF as arc BC is to are EF...... V. def. 5. 
Wherefore, in equal circles &c. Q.E.D. 


NOTE. 


In this proposition Euclid appears to have set aside any restriction as to 


the size of an angle being limited by two right angles; for the angle BOH 
may be any multiple of the angle BOC. 


This prop. depends on none of the preceding props. of Bk. VI., and so 
might have been placed anywhere in the book. 
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PROPOSITION B. THEOREM. 


If the vertical angle of a triangle be bisected by a straight line which 
likewise cuts the base, the rectangle contained by the sides of the tri- 
angle is equal to the rectangle contained by the segments of the base, 
together with the square on the straight line which bisects the angle. 


Let ABC be a A, with 4 BAC bisected by AD. 


Then shall rect. BA, AC=rect. BD, DC with sq. on AD. 
A 


B C 
E 
Desc. a © about AVA BC... ccc cece cece cescccccencsceevens LIV. 5. 
Prod. AD to meet the Oce 1n E. 
Join EC. 
Then, since L BAD= L EAC... . cece cece eseneeeeeeeeenes Hyp. 
and LABD=ZAEC in same seg"............... 0008. III. 21. 
<. LAABD is equiang™ to AAEC\.... cece eee ee I. 32. 
<. BA is to AD as EA. isto AC... cece cece VI. 4. 
.. rect. BA, AC=rect. EA, AD... ccc eens VI. 16. 
=rect. ED, DA, with sq. on AD...... II. 3. 
=rect. BD, DC, with sq. on AD...... III. 35. 
Wherefore, 4f the vertical angle &c. Q.E.D. 
NOTE. 
Props. B, C, D were inserted by Simson. 
EXERCISES. 


1. State and prove the converse of Prop. B. 

2. Prove that, if the exterior angle at A be bisected by AD meeting the 
base produced at D, then rect. AB, AC =rect. BD, DC - A D?. 

ə. Prove that in equal circles equal sectors stand on equal arcs. 

4, Prove, what is assumed in Prop. 33, that 
(i) in equal circles the greater angle stands upon the greater arc. 
(ii) in equal circles the greater sector stands upon the greater arc. 
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* PROPOSITION C. THEOREM. 


If from the vertical angle of a triangle a straight line be drawn 
perpendicular to the base, the rectangle contained by the sides of the 
triangle ıs equal to the rectangle contained by the perpendicular and 
the diameter of the circle described about the triangle. 


Let ABC bea A, with AD 1 to BC. 


Then shall rect. BA, AC=rect. contd by AD and 
the diamr of the © desca about the <^. 


A 


B 
N 
E 
Desc. a © about AABO ...........ccccescctecsccesccecteveesssceenes IV. 5. 
Draw diam" AE. 
Join EC. 
. Then, 2 ECA in a semicircle 18 a rt. L...... cece eee ce ee III. 31. 
And, since rt. L BDA=rt. 4 ECA, 
and L ABD=ZAEC in same seg"............. IIT. 21. 
<. <AABD is equiang™ to AAEC.......0 ees I. 32. 
e BA isto AD as EA isto AC... VI. 4. 
<. rect. BA, AC=rect. EA, AD... VI. 16. 
Wherefore, tf from the vertical &c. Q.E.D. 
EXERCISES. 


1. State and prove the converse of prop. C. 
2. If AB and AC are equal, what form does the proposition assume? 


3. Construct a triangle having given the base, the radius of the circum- 
scribed circle, and the rectangle contained by the sides. 
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PROPOSITION D. THEOREM.” 


The rectangle contained by the diagonals of a quadrilateral figure 
inscribed in a circle 1s equal to both the rectangles contained by its 
opposite sides. 


Let ABCD be a quad! insc4 in a ©, and let AC, BD be its diags. 


Then shall rect. BD, CA=sum of rects. AB, CD 
and BC, DA. 


L7 


E 


At Ain BA make 4 BAE=Z DAC, and let AE meet BD at E. 
Then, since L BAE= LDAC......e.ssessesessoreeceess Constr. 
Add L EAC to each. 
°, LBAC= L EAD. 


But L BCA= 4 EDA in same segt .-....... III. 21. 
Hence, AABC is equlang! to AAED .ooesssesesersess, I. 32. 
<. BC is to CA as ED is to DA... VI. 4. 
e rect. BC, DA=rect. ED, CA......... eee ee eee ees VI. 16. 
Again, since L BAE= £ DAC... cece eee ee rete eee Constr. 
and LABE=ZACD in same segt ......... UII. 21. 
°. AABE is equiang™ to AACD....ccceeeeceeeeeeees I. 32. 
., AB is to BE as AC is to CD......-eeeeee reese VI. 4. 
<. rect. AB, CD=rect. BE, CA.......... sees sees VI. 16. 
But rect. BC, DA=rect. ED, CA........eeeee ...Above. 


, sum of rects. AB, CD and BC, DA 
=sum of rects. BE, CA and ED, CA. 


=r BD, CUA ere II. 1. 
Wherefore, the rectangle contained &c. Q.E.D. 
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NOTES. 


The important proposition D is sometimes referred to as “Ptolemy’s 
Theorem,” as it occurs in his work on Astronomy. (Ptolemy lived at 
Alexandria about A.D. 70.) It is the special case of the following theorem— 


The rectangle contained by the diagonals of any quadrilateral ts less than 
the sum of the rectangles contained by rts opposite sides, unless the quadri- 


lateral can be enseribed in a circle. 


Let ABCD be a quad! which cannot be insc4 ina ©, A 
t.e. having L ABD not= 4 ACD. 
At B in AB make L ABE= L ACD. 
At A in AB makeLBAE=ZLCAD. Join ED. D 
Then, since <A ABE is equiang’ to <AACD...Constr. 
., AB is to BE as AC isto CD........ VIL 4. 
e rect. AB, CD=rect. BE, AC........ VI. 16. 
Again, since L BAE=>=ZCAD............... Constr. 
Add LEAC to each, C 
“, LBAC=L EAD. B 
Also, since <A ABE is equiang!t to LVCACD............. cc cceee eee: Abovo. 
.. BA isto AE as CA isto AD w............... VI. 4. 
or, BA isto CA as AE isto AD.. .............. Altern. 
Hence <AABC is equiangt to <AAED............... VI. 6 
.. BC isto CA as ED is to DA.................. VI. 4. 
.. rect. BC, DA=rect. ED, AC.................. VI. 16. 
Hence, sum of rects. AB, CD and BC, DA 
—=sum of rects. BE, AC, and ED, AC 
==rect, cont? by AC and sum of BE, ED 
>rect. cont? by AC and BDau..... cece ee eee ees I. 20. 
a Q.E.D. 


EXERCISES. 


1. From the ends B,C of the base of an isosceles triangle ABC, straight 
lines are drawn at right angles to AB, AC, and meeting at D: show 
that the rectangle BC, AD is double of the rectangle AB, DB. 


2. The rectangle contained by two parallel chords AB, DC of a circle 
ABCD is equal to the difference of the squares on AC and AD. 

3. A circle is described about an equilateral triangle and, from any point 
in the circumference, lines are drawn to the angular points of the 
triangle; show that one of these lines is equal to the sum of the 
ocher two. 

4. Prove that if the rectangle contained by the diagonals is equal to the 
sum of the rectangles contained by the opposite sides, a circle can be 


described about the quadrilateral. (Converse of VI. D.) 
(310 ) R 
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MISCELLANEOUS EXAMPLES. 


I. From a fixed point O any straight line OP is drawn cutting a fixed 
circle ABC at P, and in OP a pont Q is taken such that the ratio of OP to 
OQ is constant; prove that the locus of Q is a circle. 


Find R the cent. of ©QABC. 
Join OR, PR. 
Through Q draw QS || to PR. 


Then —\s OPR, OQS are simr, 
ee OR is to OS as OP is to OQ...VI. 4. 
t.e., OR is to OS in a const. ratio. 

But, since pts. O and R are fixed, OR is const. 
e OS is also const., and S is a fixed pt. 


Again, since <\s OPR, OQS are sim’, 
e QS is to PR as OS is to OR. 
t.e., QS is to PR in a const. ratio. 
But PR is const., being the rad. of a fixed circle, 
.. QS is const. 


Hence, the locus of Q is a circle having the fixed pt. S as cent. Q.E.D. 


II. To divide a given arc into two parts whose chords shall be in a given 
ratio. 


Let BAC be the given arc. 

Join BC. 

Divide BC at D in 

the given ratio...... EEEE VI. 10, Note. 
Complete @BACE........... ....IIL. 1, Note. 
Bisect arc BEC at E.. ........... III. 30. 
Join ED. 

Prod. ED to meet Oce at A. 

Join BA, AC. E 


Then shall BA be to AC in the given ratio. 


For, since arc BE=arc EC.................. 0.008. Constr. 
se Ken Bae EE AGS. nc cwiaseunrnnyeannaenes III. 26. 
.. BA isto AC as BD isto DC............... VI. 3. 


i.e. BA is to AC in the given ratio. 
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III. To inscribe a square in a given triangle. 


Let ABC be the given —\. A m 
G 
B H. DK © 
Draw AD L to BC. 
From A draw AE at rt. Ls to AD, and make AE=AD. 
Join BE, cutting AC at F. 
Draw FG || to BC or AE, and GH, FK || to AD. 
Then shall GHKF be the reqå sq. 
GF BG GH | 
S ee ee ee ee VI. 4. 
HOY “Ah BA AD i 
But AE = AD... _, Constr. 
Pa Co ea Cd 5s Fe „V. 9. 


And GHKF is, by constr., a rectangle. 


e since two of its adj. sides-are equal, it is a sq. 


IV. In a gwen triangle to mmscribe a triangle similar to another given 
triangle, and having one of tts sides parallel to a gwen strarght line. 


Let ABC, DEF be the given —\s, and G the given st. line. 
Draw any line ef || to G and terminated by two sides AB, BC of 
the <A ABC. 
On ef desc. a <^ def sim? to DEF, so placing it that the pt. d falls within 
LABC, and is on the side of ef remote from B. 
Join Bd and prod. to meet AC at D’. 
Through D’ draw D'E’ || to de, and D’F’ || to df. 
Join E’ F’. 
Then E’ F’ shall be || to ef, and, consequently, AD'E'F' sim" to <A DEF. 


EXERCISES. 


1. In the figure of Ex. IV. prove that E’F’ is parallel to cf. 
2. Inscribe a square in a given (1) sector; (ii) segment; (iii) regular pentagon. 


268 EUCLID, BOOK VI. 


V. To cut off froma given triangle any part required by a line perpen- 
dicular to the base. 


Let ABC be the given <A; let it be req4 to cut off one-third part. 
From A draw AD at rt. Ls to BA, meeting BC prod? at D. 
From BC cut off BE=one-third BC...VI. 9. À. 
From BA cut off BF 
a mean ::l to BE, BD.................. VI. 13. 
From F draw FG 1 to BC. 


Then since 48s FGB, DAB are rt. ZS, 
ee AS FGB, DAB are sim. B 


. <ABFG _ BF? 


3 L =< Leresan eeneeene a VI 20, Note. 
ADAB BD * 
BE. BD r 
a be ee N ee oes onstr. 
BD? : 
—_— BE eae err seca We Le 
BD 
Z\ABC BC 
But 2L ee a pg i oiiviicccoicsccwcaxennersaaes VI.1 
ut -ADAB BD 
_ <AABFG _ BE Vu 
© © -A ABC mm BC eereeunteseeeteeee ere eee eh eevee 
v1.6 <A\BFG is one-third of <A ABC. Q.E.F. 


VI. To divide a given triangle into any number of equal parts by straight 
lines parallel to the base. 


Let ABC be the given <\; let it be req4 to divide it into three = parts. 


Trisect AC at D, E............... cee ee VI. 9. A. {> F 
a G 
L 
E 


On AC as diam. desc. a semicircle. 


Draw DF, EG at rt. 28 to AC, 


meeting the Oce at FG. 
With cent. A and radii AF, AG, M 
desc. arcs cutting ‘AC at- H, K. B SS el 
Through H, K, draw HL, KM || to BC. 
AAALH AH? 
Then AAMK = AKU aE ani CEEE VI. 20, Note. 
= a ee ee a ee Radii 
Oo AC.AD VI. 8, Cor. 
—— AC. AE eee Cee ee seeeeusneeseteaneese and VI. 17. 
AD 
a eee ee VI. 
AE 


t.le, <AALH = 4 AAMK. .*, AALH = fig. LMKH. 
Similarly it may be shown that fig. LMKH=fig. MBCK. Q.E.F. 
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VII. To bisect a triangle by a line drawn through a given point without 
at. 

Let ABC be the given <A, and P the given pt. 
Suppose AC to be a side adjacent to P. 


Join PA. Bisect AB at O. Draw PG || to AC. 

At pt. A in BA, on the side remote from P, make L BAQ= £ CAP. 
Prod. QA to meet PG at G. 

Cut off AQ a fourth ::! to AP, AC, AO oo... cece cece e eee ees VI. 12 
Through the pts. P, G, Q, desc. a © cutting AB at E. 

Join EP, cutting AC at F. 


Then shall EP bisect “AABC. 
Join QE, OC. 


For LAQE = suppt of CGPF oane III. 22. 
=F Sh ge ee eT eer er Te TT Te 1. 32. 
Also, LQAE = L FAP... essnee see ees Constr. 
Hence <\s AQE, AFP are equiang™ .................065 I. 32. 
4 DE a DE EEREN EER VI. 4 
AQ” AF 
or, AE . AF = AP.AQ........... see an sundae eben) VI. 16. 
But a = e E E G4c04s44s Constr 
or, AP . AQ = AC. AO... cece cece eens VI. 16. 
Hence, AE . AF = AC. AO. 
T, AE = AO ee er eee E ETE VI. 16 
AC AF Ea 


t.e., the sides about the com. Z at A of As AEF, AOC, 
are reciprocally : :1, 
n AAEE = AAOC oe ceeeeeee VL 15. 
= $ AABO oo cece scenes I. 38. 
Q.E.F. 


EXERCISES. 


1. Bisect a triangle by a line (i) perpendicular, (11) parallel, to the base. 
2. Bisect a triangle by a line through a given point within it. 
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VIII. Pars of common tangents to two circles intersect on the line joining 
their centres. 

If not, if possible, let the tangs. at A, B, and at C, D, to the Ọs, cents. 
O, Q, cut OQ prod? at P, P’. 


D >un 
C 
Join OA, OC, QB, QD. 
Then, since Zs at A, B are rt. Zs, 
os <As OAP, QBP are sim, 

<e PO isto AO as PQ isto BQ..... EEGA VI. 4. 
or, PO is to PQ as AO isto BQ............... Altern. 

as CO isto DQ............... Radii. 

as P'O isto P’Q............. VI. 4. 

1.6, PQ+0Q is to PQ as P’Q+0Q is to P’Q. 

ee OQ is to PQ as OQ is to P’Q............. Divid. 

gee og te og rer V, 9. 
lel., I; P’ coincide. Q.E.D. 


Cor.—The point of intersection of the common tangents divides the 
line joining the centres either externally or internally, in the ratio of the 
radii. E 

Derr.—A. point which divides the line joining the centres of two circles 
in the ratio of their radii is called a Centre of Sumalitude of the circles. 


IX. If, through a centre of similitude, S, of two circles a secant SA BCD 
be drawn, the radi drawn to corresponding points are parallel. 


For, if OA, QC be radii to corresponding pts. A, C, 
Ls OAS, QCS are both obtuse. 
And OS is to QS in the ratio of the radii 
t.e., OS is to QS as OA is to QC. 
Also, the 4 at S is com. 
fe HAOAS is sim’ to AAQCS....00. 0 auna, VI. 7. 

Hence OA is || to QC. : 

Similarly it may be shown that OB is || to QD. : Q.E.D. 
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X. If through a centre of similitude a secant of both circles be drawn, the 
rectangle contained by the distances of that centre of similitude from two 


non-corresponding points ts equal to the rectangle contained by rts distances 
from the other two points of section. 


Let S be a cent. of simil., O, Q the cents. of the ©s, and SABCD the 
secant. (See fig. of Ex. LX.) 
Join OA, OB, QC, QD. 
Then, since OA, QC are ||, and OB, QD are || ................00... Ex. IX. 
» SA OA _ OB ==. 
** Sc” QC QD 
*, SA.SD=SB. ns POE VI. 16. 
—— Q.E.D. 
Cor. 1.—If STV be a com. tang., and OT, QV, AT, BT, DV be joined, 
SB_SO_ ST 
FE, by simr —\s, "SD = 0 SV’ 
.. BT is || to DV. 
Also LATS=ZLABT in alt. segt, 


=L LCDV 
SA_ SV 
e b r A8, 
y sim S ap ep’ 


or SA. SD=ST. SV, a const. rect. 


Cor. 2.—If OQ cuts the @s in M, N; SMN is one special position of the 
secant, and, as before, SM.SN=ST.SV the const. rect. 
ee OB.SC=SM.SN. 


EXERCISES. 

1. Prove Ex. VIII. for a pair of transverse common tangents. 

2. Where are the two centres of similitude when the circles touch inter- 
nally? 

3. If S, S’ be the two centres of similitude of the circles whose centres 
are O, Q, then SOSQ’ is divided harmonically. 

4. If two similar and similarly situated figures have their homologous 
sides parallel, the lines joining corresponding points will all meet at 
one point. (This point is called a centre of similarity of the — ) 

Ð. Prove Ex. 5 for figures oppositely situated. 

6. If, through a centre of similarity O, any line OMN is drawn cutting 
the sides of the figures in M, N; then OM is to ON in a constant ratio. 

7. Inthe figure of Ex. IX. prove that, if a second secant SA’B’C'D bedrawn, 

(i) the tangs. at corresponding points A, C, are parallel ; 
(ii) the chords AA’, CC’ of corresponding pairs of points are parallel; 


(iii) the chords BB’, CC’ of non-corresponding -pairs of points meet on 
the radical axis of the circles. 
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XI. To describe a circle which shall pass through a given point, and touch 
two given straight lines. 


If the lines are not ||, let AB, AC be the given lines and P the given pt. 


N B 


5S 
D ° 


O 
F aN yi 

Join AP. M 

Bisect L BAC by AD. 

Take any pt. E in AD, and draw EF L to AC. 

With cent. E, rad. EF, desc. an arc cutting AP at G. Join EG. 

Through F draw PO || to GE, meeting AD at O. 

Then shall O be cent. of reqi ©). 


Draw OM, ON, ts to AC, AB. 
Then, since OP is || to EG 


A 


re ee er ner er Constr. 
<. LAAOP is equiang. to <AAEG..... ......... I. 29. 
<. OP isto EG as AO isto AE ............... VI. 4. 
But, since <\AAOM is equiang. to <AAEF ......... Constr. 
<. OM isto EF as AO isto AE............... VI. 4. 
Hence, OP isto EG as OM isto EF............... V. 1. 
Büt LG&E P carener .. Radii. 
se OPSOM ere ai V. 9. 
Hence the © desct with cent. O and rad. OP will pass 
through the feet M, N of the = 1s OM, ON.......... 0c eee cee. Ex. 6, p. 53. 
and will touch AB, AC ....ssanesossenresusssrononoonassroesrusoree sasons III. 16, Cor. 
Q.E.F. 
EXERCISES. 
1. Solve the above problem for the case in which the given Hines are 
parallel. 


2. Inscribe in the angle BAC a circle which shall touch AB, AC and the 
circle MNP. 


3. Prove the following construction for Ex. XI, :— 
Draw PK 1 to AD and produce to meet AB at L; cut off KP'=KP, 
and in LA take LN a mean : :! to LP, LP’; describe a © through 
the pts. N, P, P’. 
4. Prove that lines joining opposite extremities of parallel diameters of 
two circles pass through a centre of similitude, 
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XII. To describe a circle which shall pass through a given point, and 
touch a given straight line and a given circle. 


Let ABC be the given ©, MN the given st. line, and P the given pt. 


Find Q the cent. of @ABC. 

Draw QN L to MN, and prod. to meet the Oce at A, C. 

Join AP. 

Desc. a © through the pts. N, C, P, cutting AP at D.................. IV. 5. 
Desc. a © through the pts. P, D, to touch MN at M............... Ex. 42, p. 188. 


Then shall PDM be the reqd (©). 
Join AM, cutting ©ABC at B. Join BC. 


Then LABC in a semicircle is a rt. L ....ec ccc cece ccecceeesceuees IIl. 31. 
Hence —<As ABC, ANM are simt, 
.. AB isto AC as AN isto AM............... VI. 4. 
.. rect. AB, AM = rect. AC, AN ............... VI. 16. 
| = rect. AD, AP........ ee III. 36, Cor. 
Hence B is a pt. on ©@PDM............... PT Conv. of III. 36, Cor. 


Find O the cent. of @PDM, and join OM, OB, BQ. 
Then, since OM, AN are Lsto MN, 


oe. OM is || to AN... cee I. 28. 
Hence LOBM = LOMB.. I. 6.“ 
SLOD rr I. 29. 

et A T cts nvavvicensasdsveeues I. 6. 

But ABM is a st. line, 
<. OBQ is also a st. line..................... I. 14. 
ee © PDM touches QABC at B............ Conv. of IIl. 12. 
Q.E.F. 


_ Since two circles can be described through P, D to touch MN, two solu- 
tions of the problem can be obtained by joining P to A, and two others by 
joining P to C, the other extremity of the diameter. 
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XIII. To describe a circle to touch two given circles and pass through a 
given point. 


Let P be the given pt. and Q, R the cents. of the given Os. 


Join QR, cutting the Ọs at M, N. 

In QR prod? find the cent. of similitude S 
Join SP. 

From SP prodå cut off SK a fourth ::! to SP, SN, SM............... VI. 12. 
Through P, K, desc. a ©, cent. O, to touch ©, cent. R, at B ...Ex. IX., p. 182. 
Join SB, and prod. to cut the given @s at A, C. 


Then, since SP is to SN as SM isto SK..................... Constr. ` 
ra eel + Se a DN deasanisareieeoesas VI. 16. 
—— s.r Ex. X., Cor. 2. 
*, Ais a pt. on the © through P, B, K ............ Conv. of III. 36, Cor. 
Join OA, OB, QA, RB, RC. 
Then OBR is a st. line... ..... ccc cee cece eee JII. 12. 
And, since QA is || to RC... 0... cece eee ee Ex IX. 
se GLQAS EE TS enre: EEEREN eI. 29. 
Hence, 48 OAB, QAS =Zs OBA, QAS...........045. I. 6. 
= Ls OBA, RCS.. ,. Above. 
= L8 RBC, ROS............... I. 15. 
= Ls RCB, RCS ............... I. 6. 
— Pe A E anaes I. 13. 
7. OAQ is a st. line... cece cece cece eee nes I. 14. 
Hence © PBK touches the © whose cent. is Q, at A...... Conv. of III. 12 
Q.E.F. 


Since two circles can be drawn through P, K to touch the circle centre 
R (2.e., a second touching internally on the opposite side to B), the point S 
gives two solutions of the problem; and by taking the other ccntre of 
similitude, which lies between Q, R, two more solutions can be obtained, 
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XIV. To describe a circle which shall touch three given circles. 


Let O,, Oz, O; be the cents. of the three given @s, and 7, Ta 73 their radii, 
rı being that which is not > either r, or rg. 


With cent. O, and rad. =r, — rı desc. a ©). 

With cent. O3, and rad.=r; - r; desc. a ©). 

Desc. a © to pass through pt. O, and touch these two Ọs at K, L...Ex. XIII. 
Find O its cent. 

Join OQ; cutting the Oce in M. 

With cent. O rad. OM desc. a ©; this will be the © req?@. 


NOTE. 


Examples XI., XII., XIII., XIV. belong to a class of problems known 
as The Tangencies; t.e., to describe a circle which shall, in the case of a 
point, pass through, and, in the case of a line or circle, touch any given 
three of the following nine—three points, three lines, three circles. These 
can be arranged in ten different sets; of which four are the examples 
mentioned above, two others are Exs. 4, 5 below, and for the remaining 
four see page 198, Prop. 4; page 200, Prop. 5; page 182, Ex. IX.; 
page 188, Ex. 42. 


EXERCISES. 

1. Draw the three other figures which fulfil the conditions of the problem 
(i) in Ex. XII. ; (ii) in Ex. XIII. 

2. Prove Ex. XIV. 

8. In the figure of Ex. XIV. the circle has been described to touch all) 
the given circles externally; how many possible solutions are there 
if the circle touch any one or more of the given circles internally? 

4. Describe a circle which shall touch two given circles and a given 
straight line. 

5. Describe a circle to touch two given straight lines and a given 
circle. 

6. The Tangency solved in Ex. XII. may be indicated shortly thus :— 


“point, line, circle ;”’ indicate the remaining nine in a similar way. 
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Dzr.—If opposite pairs of sides of a quadrilateral be produced to meet, 
and their points of intersection be joined, the line which joins these 
points is called the third diagonal of the quadrilateral; and the figure 
thus formed is called a complete quadrilateral. 

XV. The middle points of the three diagonals of a aiaa quadrilateral 
lte in one straight line. 
Let ABCD be a quad! with BA, CD, prodå to meet at E, 
and AD, BC, prod@ to meet at F, and let the three diags. AC, BD, EF be 
bisected at O, Q, R 
Then shall OQR be a st. line. 


Complete [7s EBGD, AHCE, and let DG, AH meet BC at K, L. 


Then EC = FD = FK 
CL DA KB 
» FC CL _ CH 
°° FK KB KG 
i.e., the sides about ha = L8 at C, K, of As FCH, FKG are ::18, 
ve LAFGH is equiang. to <AFKG .............. VI. 6. 
Hence, the side GF of <A FKG must pass through H, 
1.6, GHF is a st. line. 
But, since the diags. of a (7 bisect each other................... Ex. 7, p. 57. 
.. the diag. EG of (7 EBGD is bisected at O, 
and diag. EH of (7 EAHC is bisected at Q. 


*, OQ is || to GH ................. ae Ex. p. 69. 
Similarly, QR is || to HF. 
But GHFE is a st. line...... EET eer Above. 
es OQR is also a st. line. Q.E.D. 
EXERCISES. 


1. The circles described on the three diagonals of a complete quadri- 
lateral have the same radical axis. 

2. The four circles round the four triangles formed by four straight lines 
have a common point. 


The method of proof used in the above prop. is due to the Rev. C. Taylor, D.D., 
and is inserted here with his permission. 


MISCELLANEOUS EXAMPLES. 277 


XVI. Jf O be the centre, and R the radius, of the circumscribed circle of 
a triangle ABC; Q the centre, and r the radius of the inscribed circle, then 
OQ? =R -2 Rr. 


Join AQ, and prod. AQ to meet the circumscribed © at D. 
Join DO, and prod. DO to meet the same © at E. 

Join BD, BE, BQ, OQ, and prod. OQ to meet Oce at F, G. 
Draw QN L to AB. 


Then L BED =4L NAQ in same segt 20.0... eeee cece ee eee es IIL. 21. 
and rt. L ANQ =rt. L EBD in semicircle EBD.................. IIL. 31. 
Hence As EBD, ANQ are sim’. 
<. ED isto DB as AQ is to QN ..................... VI. 4. 
<. ED. QN = DB. AQ oo. ee eee VI. 16. 
t.e., 2R.r= DB. AQ. 
But L DQB=Zs QBA + BAQ ...... en. I. 32. 
=4 Ls A+B. 
And 4 DBQ =Zs DBC+CBQ. 
= 48 DAC+ CBQ....... een. III. 21. 
=4 Ls A+B. 
se PBS 6S) rn: a 
Hence, 2Rr= AQ. QD. 
= GQ. QF oo. cece cee ces IIL. 35. 


= (OG - OQ). (OF + 0Q). 
= (R-OQ).(R+0Q). 


= R? =- OQ? oo cece eee Il. 5, Cor. 
t.e, OQ*= R? -2 Rr. Q.E.D 
EXERCISE. 


Prove that if S be the centre and r, the radius of the escribed circle to 
the side BC, then OS? =R? +2 Rra. 


The above theorem is known as Huler’s Theorem. 
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MISCELLANEOUS EXERCISES. 


. Triangles on equal bases are to one another as their altitudes. 


2. If ACB, BCD be equal angles and BD be perpendicular to BC and 


10. 


11. 


12. 


13. 


BA to AC, prove that the triangle DBC is to the triangle ABC as 
DC is to CA. 


. D is a point in the side AC of a triangle ABC, E a point in AB. If 


BD, CE divide each other into parts in the ratio 4:1, then D, E 
divide CA, BA in the ratio 3:1. 


. Through a given point O two straight lines are drawn meeting two 


fixed lines which intersect in A; one of the lines BC is bisected in O, 
and the other DE makes equal angles with the fixed lines: prove that 
AB+AC=AD+ AE. 


. Enunciate the propositions which prove that in the case of triangles 


the conditions of similarity are not independent. 


. The side BC of a triangle ABC is produced to D, so that the triangles 


ABD, ACD are similar. Prove that AD touches the circle described 
about the triangle ABC. 


. If A’B’C’ are respectively the feet of the perpendiculars from A, B, C 


on the sides of the triangle ABC, show that the triangle AB’C’ is 
similar to ABC. 


. If D be the middle point of the side BC of the triangle ABC and if 


any straight line be drawn through C, meeting AD in E and AB in F, 
then the ratio of AE to ED will be double of the ratio of AF to FB. 


. If the vertical angle of atriangle be bisected, and if two lines be drawn 


through the vertex equally inclined to the bisector, one of which meets 
the base and the other the circumscribing circle of the triangle, the 
rectangle contained by them is constant. 

ABCD is a parallelogram, and APQ is drawn cutting BC and DC 
produced in P and Q. If the angle ABP’ be made equal to the angle 
ADQ’, BP’=BP, and DQ’=DQ, show that the angles PBP’, QDQ’, 
P’ AQ’ will be equal, and that the ratio of AP’ to AQ’ will be equal 
to the ratio of AP to AQ. 

ABC is a triangle; the angle A is bisected by AD meeting BC at D; 
in AC a point E is taken such that AE isa third proportional to 
AB, AD: prove that angle CDE is half of angle BAC. 

The angle B of a triangle ABC is bisected. Lines AD, CE are drawn 
from A, C at right angles to the bisector. Prove that rect. AD, BE 
=rect. BD, CE. 

Draw a straight line such that the perpendiculars let fall from any 
point in it on two given straight lines may be In a given ratio. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


20. 


27. 
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In a triangle ABC, BC is bisected in D, AD is bisected in E, and BE 
is produced to meet AC in F: show that AF=3 AC, and EF=} BF. 


From two fixed points A, B perpendiculars AC, BD are drawn on a 
fixed line CD. Find, when possible, a point P in CD such that the 
rectangle CP, PD may be equal to the rectangle AC, BD. 


ABC is a triangle having the angle ACB double of the angle ABC; 
the bisector of the angle ACB meets AB in D: prove that the square 
on AC is equal to the rectangle AD, AB. 

ACB is a diameter of a circle, CD a radius perpendicular to it. The 
chord AD is bisected in E; BE meets CD in F and the circle in G. 
Show that three times the rectangle contained by BF, EG is equal 
to the square on the radius. 

A tangent to a circle at the point A, intersects two parallel tangents 
in B, C, the points of contact of which with the circle are D, E 
respectively: show that if BE, CD intersect in F, AF is parallel to 
the tangents BD, CE. | 


Find a point in the side of a triangle from which two lines, drawn one 
to the opposite angle, and the other parallel to the base, shall cut off, 
towards the vertex and towards the base, equal triangles. 


In the triangle ABC, AC=2 BC, CD, CE bisect angle C, and the 
exterior angle formed by producing AC: prove that the triangles 
CBD, ACD, ABC, CDE have their areas as 1:2:3: 4. 


If a point O be taken within a parallelogram ABCD such that the 
angles OBA, ODA are equal, prove that the angles OAD, OCD are 
equal. 

The opposite sides BA, CD of a quadrilateral ABCD, which can be 
inscribed in a circle, meet, when produced, at E; F is the point of 
intersection of the diagonals, and EF meets AD at G: prove that the 
rectangle EA, AB is to the rectangle ED, DC as AG is to GD. 

From the angular points of a parallelogram ABCD perpendiculars are 
drawn on the diagonals meeting them in E, F, G, and H respectively; 
prove that EFGH is a parallelogram similar to ABCD. 

In a given square inscribe a square of which the area shall be equal to 
three-fourths of that of the given square. 


Given the base and the ratio of the sides of a triangle, find the locus 
of the vertex. 

From a given point without a circle draw a straight line cutting the 
circle, and dividing the diameter perpendicular to it in a given ratio. 

AB is a diameter, and P any point in the circumference of a circle; 
AP and BP are joined and produced, if necessary; if from any point 
C of AB a perpendicular be drawn to AB, meeting AP and BP in 
points D and E respectively, and the circumference of the circle in a 
point F, show that CD is a third proportional to CE and CF. 
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29. 


vl. 


ol, 


O2. 


bə. 


34. 


35. 


36. 
Of. 


oo. 


oo. 
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In a given circle place a straight line parallel to a given straight line 
and having a given ratio to it; the ratio being not greater than that 
of the diameter to the given line. 

ABC being a given triangle, show how to construct a similar triangle 
which has double the area of ABC. 

EA, EA’ are diameters of two circles touching each other externally at 
E; achord AB of the former circle when produced touches the latter 
at C’, while a chord A’B’ of the latter touches the former at C: 
prove that the rectangle contained by AB, A’B’ is four times as great 
as that contained by BC’, B’C. 

Three lines AA’, BB’, CC’ drawn from the angles of a triangle to meet 
the opposite sides in A’, B’, C’ meet in a point P such that the ratios 
AP: PA’, BP: PB’, and CP : PC’ are all equal: find the position of P. 


Draw through a given point a straight line, so that the part of it inter- 
cepted between a given straight line and a given circle may be divided 
at the given point in a given ratio. Between what limits must the 
ratio lie in order that a solution may be possible? 

AB is a fixed chord of a circle; PQ is any chord bisected by AB: 
prove that the locus of the point of intersection of the tangents at P 
and Q is a circle. 

Two circles touch one another at C. Any double chord PCQ is drawn 
through C. If P’ be the other extremity of the diameter through P, 
show that P’Q passes through a fixed point. 

A, B, C, D are pts. in a st. line; AC is the harmonic mean between 
AB, AD. Prove that if AC is bisected in O, OC is the geometric 
mean between OB, OD. | 

Construct an equilateral triangle equal in area to a given triangle. 

From a given point outside two given circles, which do not meet, to 
draw a straight line such that the portions of it intercepted by each 
circle shall be respectively proportional to their radii. 

The diagonals AC, BD of a quadrilateral figure inscribed in a circle 
cut at E: show that rect. AB, BC: rect. AD, DC: : BE : ED. 

A and B are fixed points on the circumference of a circle, and C is the 
middle point of the arc AB; show that, if D be any other point on 
the circumference, then DA + DB is to DC in a constant ratio. 

The straight lines EAB, EDC and FDA, FCB form four triangles in 
one plane; O is the common point of intersection of the circles 
circumscribing these triangles: prove that the rectangle contained by 


OA and OC is equal to the rectangle contained by OE and OF. 
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DEFINITIONS. 
1. A solid is that which has length, breadth, and thickness. 


9. That which bounds a solid is a sur- 
face. 


3. A straight line is perpendicular 
to a plane when it is perpen- 
dicular to every straight line which 
can be drawn in that plane to meet 
it. 


4. A plane is perpendicular to an- 
other plane when straight lines, 
drawn in the one plane perpen- 
dicular to the common section of the oe E ener 
two planes, are also perpendicular ) 
to the other plane. 


NOTES. 


The first six Books of Euclid treat of Plane Geometry; in other words, 
all the lines composing the figures, the properties of which are to be con- 
sidered, are supposed to lie in one plane; consequently, the figures can be 
easily represented on paper. But Book XI. treats of Solid Geometry, or 
Geometry in Space, and, the lines of the figures lying in different planes, 
these can only be represented on paper by perspective sketches. This con- 
stitutes the chief difficulty of the beginner in Solid Geometry, (especially 
if he has had no preliminary training in Drawing), as equal lines or angles 
are no longer necessarily represented by equal lengths or angles on the 
paper, as was the case in Plane Geometry. To represent a figure in Solid 
Geometry with the same degreee of correctness as those of Plane Geometry, 
it would be necessary to construct models with sheets of card-board for the 
different planes and wires for the lines. 

In the diagrams which follow, the lines used to indicate the position of 
the different planes are varied, a darker line being used to denote the edge 
of any plane, or figure, nearest to the observer. 


Def. 1 amounts to the statement that space has three dimensions. 
(310) ` S 
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5. The inclination of a straight line to a plane is the acute 
angle between that line and 
the line joining the point at 
which it meets the plane to 
the point at which the per- 
pendicular, drawn from any 
point in it to the plane, meets 


the plane. | 
6. The inclination of a plane to a plane is the acute angle 

between two straight lines 

drawn at right angles to the ra 

common section of the planes, Pa 


from any point in it, one in 
one plane and one in the — 
other. 

7. Two planes are said to have the same inclination to one another 
which two other planes have, when their angles of inclination 
are equal. 


8. Parallel planes are such as do not meet when produced. 


ADDITIONAL DEFINITIONS. 


The line in which two planes cut one another is called their common 
section. 

The point at which a perpendicular, drawn to a plane, meets the 
plane, is called its foot. 

The projection of a point on a plane is the foot of the perpendicular 
drawn from the point to the plane. 


The projection of a line on a plane is | 

the locus of the feet of the 

perpendiculars drawn from all 

points in the line to the plane. ---- 
Hence, the inclination -of a line to a 


plane may be defined as the 
angle between the line and its 
projection on the plane. 


The inclination of a plane to a plane is called a dihedral angle. 


A line drawn at right angles to a plane is said to be normal to the 
plane. 
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9. A solid angle is contained by 
three, or more, plane angles, V 
which have a common vertex 
(V), but are not in the same 
plane. 


10. Equal and similar solid figures are such as are contained by 
similar planes equal in number and magnitude. 


11. Similar solid figures are such as have all their solid angles equal, 
and are contained by the same number of similar planes. 


12. A pyramid is a solid figure contained \ 
by planes, of which all but one (the 
base) pass through the same point 
(the vertex). 


13. A prism is a solid figure contained 
by plane figures, two of which (the LLO 
bases) are equal, similar, and simi- 
larly situated; and the others, con- 
sequently, are parallelograms. 


ADDITIONAL DEFINITIONS. 


A trihedral angle is a solid angle contained by three plane angles. 
A polyhedral angle is a solid angle contained by more than three 
plane angles. 


The plane surfaces of a solid figure are called its faces; the straight 
lines in which these surfaces intersect, its edges; the solid 
angles its corners. 


A pyramid on a triangular base is called a tetrahedron. 
A prism, the sides of which are rectangles, 1s called a right prism. 


The altitude of a pyramid is the perpendicular drawn from its vertex 
to its base; and the altitude of a prism is the perpendicular 
distance between its bases. 


NOTE. 


The solid figures dealt with by Euclid are all convex figures; t.e. they 
have no re-entrant angles (see p. 60, note). Without this restriction, 
Def. 10 would not hold good. 
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14. A sphere isa solid figure described by the revolution of a semi- 
circle about its diameter, which remains fixed. 


15. The axis of a sphere is the fixed straight line about which the 
senil-circle revolves. 


16. The centre of a sphere is that of the semi-circle. 


17. A diameter of a sphere is a straight line drawn through the 
centre, terminated both ways by the surface of the sphere. 


18. A cone is a solid figure described by the 
revolution of a right-angled triangle 
about one of the sides containing the 
right angle, which side remains fixed. 


The cone is called right-angled, obtuse-angled, or acute-angled, according 
as the triangle has its fixed side equal to, less than, or greater than the 
other of the two sides which contain the right angle. 


19. The axis of acone is the fixed side about which the triangle 
revolves, 


20. The base of a cone is the circle described by that side, (of the 
two containing the right angle), which revolves. 


ADDITIONAL DEFINITIONS. 


A radius of a sphere is a straight line drawn from the centre to any 
point in the surface of the sphere. 


The solid figure of Def. 18 is often called a right cone; and a portion 
of it, ADE, cut off by a plane not 
parallel to the base, an oblique 
cone. 

The point A is called the vertex. 


The portion FBCG included between 
two parallel planes is called a 
frustum. 

The altitude of a cone is the perpendicular 
distance of the vertex from the 
plane of the base. 


The hypotenuse AB of the right-angled triangle 1s called a gener- 
atıng line of the cone, or its slant side. 


Al. 


22 


23 


DEFINITIONS. 


DEFINITIONS. 


A cylinder is a solid figure described by 
the revolution of a rectangle about one 
of its sides, which remains fixed. 

. The axis of a cylinder is the fixed side about 

which the rectangle revolves. 

. The bases of a cylinder are the circles de- 

scribed by those opposite sides of the rec- 
tangle which revolve. 


m ete eg ee oe ee 


285 


24. Similar cones, and cylinders, are those which have their axes, 


20. 


26. 


2. 


28. 


29 


and the diameters of their bases, proportionals. 


A cube is a solid figure, contained by six 
equal squares. 


A regular tetrahedron is a solid figure 
contained by four equal, equilateral tri- 
angles. 


A regular octahedron is a solid figure 
contained by eight equal, equilateral tri- 
angles. 


A regular dodecahedron is a solid 
figure contained by twelve equal, regular 
pentagons. 


. A regular icosahedron is a solid figure 
contained by twenty equal, equilateral trit- 
angles. 


286 EUCLID, BOOK XI. 


ADDITIONAL DEFINITIONS. 


A parallelepiped is a solid figure contained by six quadrilaterals 
of which each opposite pair are 
parallel. 

A rectangular parallelepiped has all its 
faces rectangles. 

A line, AC, joining opposite corners of 
a parallelepiped is called a dra- 
gonal. 


A polyhedron is any solid figure bounded by planes. 


A regular polyhedron has all its faces equal and similar regular 
polygons. 


Hexahedron, octahedron, &c., are names for polyphedra of 6, 8, &c., 
faces. 


The solid figure of Def. 21 is often called a right 
cylinder; and a portion of it, ABCD, cut GA, 
off by parallel planes, not parallel to its 
bases, is called an oblique cylinder. 


The altitude of a cylinder is the perpendicular C 
distance between its bases. 


The side of the rectangle parallel to the fixed 
side is called a generating line of the cy- 
linder. 


B 


A straight line is said to be parallel to a plane when they do not 
meet if produced. 


The angle between two lines which do . ee 
not meet is the angle between D 
two other lines parallel to them 


respectively, which meet at any 
point. 


The volume of a solid figure is the space enclosed by its surfaces. 
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NOTES. 


The regular tetrahedron, cube, regular octahedron, regular dodecahedron, 
and regular icosahedron are called the five regular solids. It is shown here- 
after (see page 316) that there can be but five. 


The sphere, cone, and cylinder are called solids of revolution. 


The parallelepiped is a prism whose bases are parallelograms, and the 
cube a parallelepiped whose faces are squares. 


A plane can be supposed to revolve round the straight line joining any 
two points in it while this line remains unmoved, and can thus occupy any 
position in space—hence we see that an infinite number of planes can be 
drawn through two fixed points, but only one plane through three points 
which are not all in a straight line. 


EXERCISES. 


1. How many faces, edges, corners, has 
(i) a tetrahedron, 
(ii) a cube, 
(iii) a hexahedron, 
(iv) an octahedron, 
(v) a dodecahedron, 
(vi) an icosahedron? 
2. How many diagonals can be drawn in 
(i) a tetrahedron; (ii) a parallelepiped? 
3. What is the least number of faces that 
(i) a pyramid; (ii) a prism, can have? 
4, Find the length of a generating line of a cone whose altitude is 5 inches, 
and the diameter of its base 2 feet. 


5. A line, one extremity of which is fixed, moves freely in space; what is 
the locus of the other extremity? 


6. A line 3 inches long is inclined to a plane at an angle of (i) 30°, (ii) 45°, 
(iii) 60°; find its projection on the plane. 


7. Find the height of a frustum of a right cone, the radii of the ends of 
which are 11 and 17 inches, and the slant side of which is 10 inches. 


8. The height of a frustum of a right cone is 8 inches, and the radii of its 
ends are 9 and 12 inches; find the height of the cone. 


9. How many plane angles form each solid angle of an icosahedron? 


10. Find the height of a pyramid on a square base, whose sides are equi- 
lateral triangles the sides of which are each 3 inches long. 
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PROPOSITION I. THEOREM. 


One part of a straight line cannot be in a plane and another part 
without tt. 

If it be possible, let the part AB, of the st. line ABC, lie in the 
plane EF, and the part BC without it. 


E 


Then, since the st. line AB is in the plane EF, it can be prodê in 
that plane. * 

Prod. AB to any pt. D in the plane EF. 

Let a plane GH, which passes through ABD, be turned about 
ABD until it passes through the pt. C. 

Then, since B and C are pts. in this plane, 


.. the st. line BC lies in it, .....sssesesesesoscscsseses I. def. 7. 
At B in this plane draw any st. line BK. 
Then, since ABC is a st. line,.......... cece eee cence eee eees Hyp. 
<. LS ABK, KBC=two rt. LS,...... cece ee I. 13. 
And, since ABD is a st. line............. cece ec ceccceeeeeenes Constr. 
<. L8 ABK, KBD=two rt. ZLS........ cece ees I. 13. 


<. LS ABK, KBC=Zs ABK, KBD. 
Take away the com. L ABK. 
“.rem® L KBC=rem8 2 KBD. 
or, the part=the whole, 
which is absurd. 


Wherefore, one part of a straight line &c. Q.E.D. 


NOTE. 

The proof of this proposition is made to depend upon that of the follow- 
ing: Two straight lines cannot have a common part, or segment, a proof of 
which was inserted by Simson as a corollary to Prop. 11 of Book I., but of 
which he made no use before Prop. 1 of Book XI. It hardly seems to need 
formal proof, and any necessity might be removed by some such extension 
of Axiom 10 as follows:—“ Two straight lines cannot enclose a space; and 
if two st. lines meet in more than one point, they must coincide throughout 
their length; also, if produced, they will continue to be coincident.” 

* This follows from Post. 2 and the definition of a plane, and is tacitly 
assumed all through the first Six Books. 
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PROPOSITION II. THEOREM. 
Two straight lines which cut one another are in one plane; and 
three straight lines which meet one another are in one plane. 


Let the st. lines AB, CD cut at E, 
and in AB, CD let any pts. B, C be joined. 


Then shall 
(i) AB, CD be in one plane; 
(ii) AB, BC, CD be in one plane. 
Let any plane through AB be turned 
about AB until it passes through C. 
Then (i), since the pts. C and E are in 
this plane, .. the whole st. ine CED is in it................... XI. 1. 
1.€., AB and CD are in one plane. 
Again, (ii), since the pts. B and C are in this plane, 


©. st. line BC is in Itb.....c cc eee cece eee I., def. 7. 
z.€., AB, BC, CD are in one plane. 
Wherefore, two straight lines &c. Q.E.D. 


PROPOSITION III. THEOREM. 
If two planes cut one another their common section 1s a straight line. 
Let the planes AB, CD cut one another 
in the line EF. 
Then shall EF be a st. line. 


For, if not, if possible, draw the st. line 
EGF in plane AB, and the st. line EHF 
in plane CD. 

Then the st. lines EGF, EHF, meeting 
at E and F, enclose a space, which is 1m- 


-----—---7T) 


possible. C B 
Hence EF cannot be other than a st. line. 
Wherefore, tf two planes cut &c. Q.E.D. 
EXERCISES. 


Show that but one plane can be made to pass through 
(i) two straight lines which cut; 
(ii) the sides of a triangle; 
(iii) three points not collinear (i.e. not in the same straight line); 
(iv) two parallel straight lines. 
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PROPOSITION IV. THEOREM. 


If a straight line be perpendicular to each of two straight lines at 
their point of intersection, it ts perpendicular to the plane which passes 
through them, that is, in which they are. 


Let the st. line PN be i to AB and CD at their pt. of intersec- 
tion N. | 
Then shall PN be 1 to plane EF in which AB, CD lie. 


Cut off NA, NB, NC, ND all equal to one another. 

Join AC, BD. 

Through N draw any st. line GNH, cutting AC, BD, at G, H. 
Take any pt. P in PN. 

Join PA, PB, PC, PD, PG, PH. 


Then in <\s ACN, BDN, 


AN=BN 2... cece ccc cece cece cece ceces Constr. 
ag 'CN=DN rr Constr. 
LANC=ZLBND ....c cece ccc cece ce ee I. 15. 
<. AC=BD, and LCAN=ZDBN......... I. 4. 
Hence, in A^s AGN, BHN, 
LGAN=LZLHBN ................. 0000 Above, 
oP LGNA=LHNB........ccccesceeceees L 15. 
Fa E— ohh eer Constr. 
. AG=BH, and GN=HN.................. I. 26. 
Again, in <\s PAN, PBN, 
ANBWN 2... cece cece ec cn cee cenee Constr. 
Pi PN is com. 
rt. LPNA =rt.L PNB.................... Hyp. 
a a C l a I. 4 


Similarly, PC=PD. 
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Hence, in <s PAC, PBD, 


AC=BD 
a PRT I seneraran noraini Above. 
PC=PD 
ne Ls PAC= Ls PBD TNTET EEFT see Se eres I. 8. 
And, in A^s PAG, PBH, 
PA=PB 
a AG=BH | A E Above. 
L PAG= 4 PBH 
+ PGPH pee I. 4. 
Now in <\s PGN, PHN, 
GN=HN pc cccocctcucesssasexasessoes Above. 
°° + PN is com. 
PG=PH o.nec ccc ccc ccccaccceccscs Above. 
YY LPNG=LPENH wn... .c ccc cece I. 8. 
<. PN is L to GH wn... eee es I. def, 10. 


Similarly it may be shown that PN is + to every st. line 
through N in the plane EF. 


.'. PN is L to the plane EF..............08 XI. def. 3. 
Wherefore, tf a straight line &c. Q.E.D. 
NOTE. 


The above is Euclid’s proof of this important proposition; a shorter proof 
will be found on page 328. 


EXERCISES. 


1. If a line be drawn through the centre of a circle perpendicular to the 
plane of the circle, any point in this line is equidistant from all points 
in the circumference. 


2. At a given point in a given plane but one straight line can be drawn at 
right angles to the plane. 


3. The edges of a rectangular parallelepiped are 3, 4, and 12 inches long 
respectively; find the length of a diagonal. 


4, Prove XI. 4 from the following construction:—Let PN be perpendicular 
to AN, BN; in any line NC in the plane of AN, BN take a point C, 
and through C draw ACB such that AB is bisected at C; join PA, 
PB, PC. (Apply the theorem given on page 120.) 
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PROPOSITION V. THEOREM. 

If three straight lines meet at one point, and a straight line stand 
at right angles to each of them at that point, the three straight lines 
shall be in one and the same plane. 

Let PN be at rt. Ls to AN, BN, and CN, at their pt. of inter- 
section N. 


Then shall AN, BN, and ON be in the same plane. 


E 


For if not, if possible, suppose CN to lie without the plane EF in 
which AB and CD are. 
Let a plane through PN be turned about PN until it passes 
through the pt. C. 
This plane will intersect the plane EF in a st. line ND......... XI. 3. 
And, since PN is L to AN and BN, 
<. PN is 1 to the st. line DN in the same plane...... XI. 4. 
t.e. LPND isa rt. 2 
But L PNC is art. L ccc ccc cece cece ec cen cess Hyp. 
<. L PND= 4 PNC, 
or, the whole=its part, 
which is absurd. 
Hence, CN cannot lie without the plane EF. 
1.e. AN, BN, CN are in the same plane. 


Wherefore, tf three straight lines &c. Q.E.D. 


PROPOSITION VI. THEOREM. 


If two straight lines be at right lines to the same plane, they shall be 
parallel to one another. 
Let AB and CD be each + to the plane EF. 
Then shall AB be || to CD. 
Let AB, CD meet the plane EF at the pts. B, D. 
Join BD. 
In plane EF draw DG at rt. Ls to DB. 
Cut off DG=AB. 
Join BG, AG, AD. 
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C 


a ek ft AASE a a EE F 
D 
E 
Then, since AB is 1 to plane i DA A E Hyp. 
. each of the 28 ABD, ABG isa rt. Leessssoesesssessese XI. def. 3. 
Similarly, each of the 4s CDB, CDG is art. 4. 
Hence, in As ABD, GDB, 
AB=GD o.. ccc ccc cc ccccccccccccccves Constr. 
a BD is com. 
rt. L ABD=rt. L GDB. 
= ADB ee re ree I. 4. 
And, in A^s ABG, GDA, 
“A BM=GD .... ccc ccc eee ceceecccecees Constr 
P (Bo= DA aeaa eE Above 
AG is com. 
<. LABG= LGDA,..... ccc ccc cc ccc ce eee I. 8. 
But LABG is art. Luc.cccccccccccesceccnces Above. 


<’. LGDA isart. L. 


Hence GD 1s at rt. £8 to each of the st. lines BD, AD, CD, 
at their pt. of intersection D. 


.. BD, AD, CD are in the same plane.............. XI. 5. 
But AB hes in the same plane with BD and AD............ XI. 2. 
<. AB and CD are in the same plane. 
Also, 4s ABD, CDB are two rt. 28........... 0... cc eee ee es Hyp. 
oc AB is || to ina esrexssereoetexrcentecns I. 28. 
Wherefore, tf two straight lines &c. Q.E.D. 
NOTE. 


It is important to notice that AB and CD must be shown to lie in the 
same plane before I. 28 can be applied to prove them parallel. 
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PROPOSITION VII. THEOREM. 

If two straight lines be parallel, the straight line drawn from any 
point in one to any point in the other, 1s in the same plane with the 
parallels. 

Let AB be || to CD, and let E, F be any pts. in them. 


Then shall st. line EF lie in the plane of AB, CD. 


Join EF. A E B 

Then, since AB 1s || to CD.................. Hyp. 
<. AB and CD are in the same plane...I. def. 35. 

But, E and F are pts. in this plane, C- F D 
.”. the st. line EF lies wholly in this plame.......... 0 .......... I. def. 7. 
Wherefore, 2f two straight lines &Xc. Q.E.D. 


PROPOSITION VIII. THEOREM. 
If two straight lines be parallel, and one of them be at right angles 
to a plane, the other shall also be at right angles to the same plane. 
Let AB be || to CD, and let AB be to the plane EF. 
Then shall CD be also 1 to the plane BF. 


Let B, D, be the pts. in which AB, CD, meet plane EF. 
Join BD. 

In plane EF, draw DG at rt. £8 to BD. 

Cut off DO=AB. 

Join BG, AG, AD. 


Then, since AB is L to plane EF ............ eee eee Hyp. 
.. each of the Ls ABD, ABG is art. Z............... XI. def. 3. 
And, since AB is || to CD.....essessesssseessseoseossosesssesssse. Hyp. 
<. L8 ABD, CDB=two rt. LS... ec cece eee I. 29. 
But LABD is art. ZL ccc cece cece cence ees Above. 


.. LCDB is also art. 4. 
Again, in <\s ABD, GDB, 
F.a i E E ne re Constr. 


rt. L ABD=rt. L GDB, 
a ADSG B oE I. 4, 
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And, in As ABG, GDA, 


Pe AEE eere reenen Constr. 
a GB=AD ee ne eee Above 
| AG is com. 
s. LABG= LGDA Perea e rere I. 8. 
But LABG is a rt. Lecesccccsceccececeees Above. 


, LGDA is also a rt. 4. 
Hence, since each of the 4s GDB, GDA is art. ZL, 


e GD is L to the plane in which BD, AD lhie.......... XI. 4. 

But, BD, AD are both in the plane of the || 8.................0.. XI. 7. 
ce GODO I aTi ae ee ee XI. def. 1. 

But LCDB Is art. L sscsesssrerescesrss Above. 


%.€. CD is L to both BD and GD, 
<. CD is t to the plane EF, in which they are....XI. 4. 


Wherefore, tf two straight lines &c. Q.E.D. 


EXAMPLE. 


The locus of points equidistant from two fixed points ıs the plane which 
bisects at right angles the line joining the two pornts. 


Let A, B be the fixed pts., C the mid. pt. of AB, 
DE the plane bisecting AB at rt. Zs. 

Take any pt. P in plane DE. 

Join PA, PB, PC. 


Then, in —\s PAC, PBC, 


ACEBO eee Hyp. 
ey PC is com. , 
rt. 2 PCA=rt. £4 PCB.....XI. def. 3. 
ne o E od > rere ff D 
i.e. any pt. in plane DE is equidist. from A and B. 
» plane DE is the locus of such pts. Q.E.D. 
EXERCISES. 


l. Find the locus of straight lines which are at right angles to a fixed 
straight line at a fixed point. 


2. The perpendicular is the shortest line that can be drawn to a plane from 
a given external point; and of any others, those which make equal 
angles with the perpendicular are equal; and conversely. 
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PROPOSITION IX. THEOREM. 
T'wo straight lines, which are each of them parallel to a third straight 
line not in the same plane with them, are parallel to one another. 
Let AB and CD be each |] to EF. 
Then shall AB be || to CD. A 


In EF take any pt. G. 
In the plane containing AB and 


EF, draw GH at rt. Zs to EP, E T 
meeting AB at H. 
In the plane containing CD and 
EF, draw GK at rt. 2s to EF, C 
meeting CD at K. 
Then, since EF is at rt. 2s to GH and GK...............4.. Constr. 
`. EF is L to the plane HKG.................. XI. 4. 
Rede ae OE Th US FE E E Hyp. 
.. AB is also L to the plane HKG............ XI. 8. 
Similarly, CD is + to the plane HKG. ~ 
1.€. AB and CD are both 1 to the plane HKG, 
<. AB Is || to CD......... cece cece wees XI. 6. 
Wherefore, two straight lines &c. Q.E.D. 


PROPOSITION X. THEOREM. 
If two straight lines meeting one another be parallel to two others 
that meet but are not ın the same plane with the first two, the first two 
and the other two shall contain egual angles. 


Let AB, AC be || to DE, DF respectively. A 
Then shall L BAC=z EDF. p — 
Cut off AB, AC, DE, DF all equal. m 


Join AD, BE, CF, BC, EF. 
Then, since AB 1s = and |] to DE.....Constr. 
<. BE is =and || to AD....1. 33. 
Similarly, CF is = and || to AD. 


Hence BE is = and || to CF... } Ax.l Ẹ D 


é& XI. 9. = 
e BO EF............ I. 33. ~ 
Hence, in As ABC, DEF, 
AB=DE sarees Constr 
. Athans Typ | PO eee 
1:10 D A Above 
os LBAC= ZL EDF cececicavkxcnecaccexvess I. 8. 


Wherefore, if two straight lines &c. Q.E.D. 
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PROPOSITION XI. PROBLEM. 


To draw a straight line perpendicular to a given plane from a given 
point without it. 


Let EF be the given plane, and P the given external pt. 
It is regt to draw from P a st. line L to the plane EF. 


Draw any st. line AB in the plane EF. 
Prom © draw FM 1. O AD eicsscctsiansisntanniecimeersrsestiassents I. 12. 


Then if PM is L tọ plane EF, what was req@ is done. 
But, if not, from M, in plane EF, draw MC at rt. Ls to AB...L 11 


EIO E GINN EN I O AN rion T I. 12. 
_ Then shall PN be 1 to plane HF. 
Through N, in plane EF, draw ND || to AB................0088. I. 31. 
Then, since each of the 4s BMP, BMN DAT Arrr Constr. 
. BM is L to the plane PMN............... XI. 4. 
But DN 18 fe WAS o E E Constr. 
e DN is also 1 to the plane PMN............ XI. 8. 
K N E E E a E T XI. def. 1. 
But PNM 18 art. Luivceccccccccccccsccccccesceceuceccccetsvees Constr. 
2e., PN is at rt. 2s to DN and MN in the plane EF, 
<. PN is L to the plane EF................ XI. 4. 
Wherefore, from the given point &c. Q.E.F. 
EXERCISES. 


1. The projection of a straight line on a plane is a straight line. 


2. If two equal straight lines are equally inclined to a plane their projections 


on the plane are equal. 
(310) T 
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PROPOSITION XII. PROBLEM. 


To draw a straight line at right angles toa given plane from a given 
point in the plane. 


Let EF be the given plane, and A the given pt. in it. 
It is required to draw, from A, a st. line at rt. Ls to the plane EF. 


From any external pt. P, draw 
PN 1 to the plane ...............cceee. XI. 11. 
From A draw AB || to PN............ I. 31. 


Then shall AB be at rt. Zs 
to plane BF. 


For, since PN 1s L to plane EF, 


and AB is || to PN ........... ccc cee eoee Constr. 
`. AB is also 1 to plane EF...... XI. 8. 
Wherefore a strarght line &c. Q.E.F. 


PROPOSITION XIII. THEOREM. 


From the same point, in a given plane, there cannot be two straight 
lines at right angles to the plane, on the same side of it; and there can 
be but one perpendicular to a given plane from a given point without it. 


Part I.—If it be possible, at pt. A, let AB, AC be both at rt. Zs 
to the plane EF, on the same side of it, and let DG be the com. sec- 
tion of the plane EF with the plane containing AB and AC. 

tho DAG Dasi DDG errinitis aE aen XI. 3. 
And, since AB is at rt. Ls to the plane EF, 
“. LBAD 18 art. Z...... XI. def. 3. 


Similarly CCAD isa rt. ZL. 


<. L BAD= 4 CAD, in the same 
plane, 


= e eo a p oe F a 


or, the part=the whole, 
which 1s absurd. E 


Eee me eee 


Part II.—Also, from the same pt., outside the plane, there 
can be drawn but one st. line 1 to the plane, 
For if there could be two, they would be |] ............... XI. 6. 
which is absurd..........ccceseeeeeeees I. def. 35. 


Wherefore, from the same point &c. Q.E.D. 


PROPS. XII., XIII., XIV. 299 


PROPOSITION XIV. THEOREM. 


Planes to which the same straight line 1s perpendicular are parallel 
to one another. 
Let AB be .t to each of the planes CD and EF. 
Then shall plane CD be || to plane EF. 


For, if not, they will meet, when prod® ...........seceeeeseeees XI. def. 8. 
If possible, let them meet, and let GH be their com. section. 
Then GH is a st. line.......... XI. 3. H 
In GH take any pt. K. KAN 
Join KA, KB. HIS 
Then, since BA is L to plane CD......Hyp. ji / \\ 
6 eA DATE Lorren XI. def. 3. i \ \ ” 


Similarly, 2 ABK is art. 4. 
Hence, 2s BAK, ABK of AKAB=two rt. Zs, i 
| which is impossible ......... I. 17. Aj B 
., the planes CD, EF cannot meet when prod¢. : 
1.€ plane CD is || to EF. 


Wherefore, planes &c. Q.E.D. C 


EXAMPLE. 


Find the locus of a point equidistant from three given points which are 
not in the same straight line. 

Let A, B, C be the given pts. Join AB, BC, CA. 

Find O, the cent. of © circumscribing <A ABO .....000 0... IV. 5. 

From O draw OP at rt. £8 to plane ABC.........0000 0c, XI. 12. 

Take any pt. P in OP, and join PA, PB, OA, OB. 


Then, in <\s PAO, PBO, 


AO=BO............ Constr. 
s OP is com. 
rt. L AOP=rt. L BOP....XI. def. 3. 
bp REE Doren I. 4. 


Similarly, PA=PC. 
t.¢c., any pt. in OP is equidist. from A, B and Cc, 4 
<e OP is the req@ locus. 


EXERCISES. 


1. State and prove the converse of Prop. XIV. 

2. The parts of parallel lines intercepted between parallel planes are equal. 

3. If two parallel planes be cut by two other parallel planes, the dihedral 
angles are equal. 
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PROPOSITION XV. THEOREM. 


If two straight lines which meet one another be parallel to two others 
which meet one another, but are not in the same plane with the first 
two, the plane passing through the first two shall be parallel to the 
plane passing through the other two. 


Let OA, OB, in plane EF, be respectively || to QC, QD, in plan 
GH. 


Then shall plane EF be || to plane GH. 


OOUE OS, 


B 
o 


E 
ih ; i] H 
—<— N j 
G C K 
From O draw ON 1 to plane GH .........c ccc cee eeeeceeeeeeeneees XI. 11. 
Draw NK || to QC, and NL |] to QD... cece eee eee es I. 31. 
Then, since ON is L to plane GH... cece cee econ ees Constr. 
.. each of the Ls ONK, ONL is a rt. Z.........X1. def. 3, 
Also, since OA is |] to QC, and NK is || to QC............ Hyp. and Constr. 
<. OA is |] to NK 2... cece cece eee e ees XI. 9. 
<. £8 AON, ONK together=two rt. Z8......... icine a 
aout LON NK. 16 Be Phe. Lorena Above. 


.. LAON is also a rt. ZL. 


Similarly it may be shown that 2 BON is art. 4. 
z.€. ON is at rt. 28 to the two st. lines OA, OB in plane EF. 


e ON is L to plane EF...................4. XI. 4. 
' But ON is L to plane GH.................... Constr. 
e plane EF is || to plane GH.................... XI. 14. 


Wherefore, tf two straight lines &c. Q.E.D. 


PROP. XV., XVI. 301 


PROPOSITION XVI. THEOREM. 


If two parallel planes be cut by another plane, their common sections 
with it shall be parallel. 


Let the || planes AB, CD be cut by the plane EH in the st. lines 
GH. 


? 


Then shall the st. line EF be || to GH. 


— = 
aaa) 
a 


a 
- 
-A 
J aÈ 


For, if not, the st. lines EF, GH in the same plane will 
meet if prod? either towards E, G, or F, H....... ccc eee eee ee I. def. 35. 
Let them, if possible, meet when prod® towards F, H, 
at the pt. K. 
Then, since EF, a part of st. line EFK, is in plane AB......Hyp. 
oy A isin patë ABD iavssisescccensevesscnnes XI. 1. 
Similarly it may be shown that K is in plane CD. 
.”, the planes AB and CD, if prod*, will meet, 
which is impossible, for they are || ............... Hyp. 
Hence, EF, GH cannot meet, when prod? towards F, H. 


Similarly it may be shown that they cannot meet, when 
prod? towards E, G. 


Pee OP ee lito GH ee er rere I. def. 35. 
Wherefore, ¿f two parallel planes &c. Q.E.D. 
NOTE. 


The following are other forms of the enunciation of Proposition X V.:— 


If one pair of intersecting straight lines be parallel to another pair 
in a different plane, the plane of the first pair’shall be parallel to 


the plane of the second pair; 
or, 
If two angles, in different planes, have their arms respectively 


parallel, the planes are also parallel. 
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PROPOSITION XVII. THEOREM. 


If two straight lines be çut by parallel planes, they shall be cut in 
the same ratio. 


Let the st. lines AB, CD be cut by the || planes GH, KL, MN, at 
the pts. A, E, B and C, F, D. 


Then shall AE be to HB as CF to FD. 


Join AC, AD, BD. 
Let AD cut the plane KL at O. 
Join EO, OF. 


Then, since the plane ABD cuts the || planes KL, MN, 


.. the com. sections EO, BD are || ........... eee. XI. 16. 
And, since the plane DAC cuts the || planes GH, KL, 

.”. the com. sections OF, AC are || ..............00008 XI. 16. 
Hence, since EO is || to BD, a side of <AABD, | 

“. AE isto EB as AO isto OD.............. VI. 2. 
And, since OF 1s || to AC, a side of <ADAC, 

<. AO isto OD as CF isto FD.............. VI. 2. 

Hence AE isto EB as CF isto FD.............. V. 11. 
Wherefore, 1f two straight lines &ce. Q.E.D. 
NOTE. 


A more perfect form of the enunciation is the following:— 


If two straight lines be cut by three parallel planes they shall be cut 
proportionally, and those segments shall be homologous which are 
intercepted between the same planes, 
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PROPOSITION XVIII. THEOREM. 


Tf a straight line be at right angles toa plane, every plane which 
passes through it shall be at right angles to that plane. 


Let PN be 1 to the plane AB. 
Then shall every plane through PN be 1 to plane AB. 


ae 


A 


Let CD be a plane passing through PN and having a com. 
section ED with the plane AB. 
Take any pt. F in ED, and draw BG, in plane CD, at 


ee aS OO o D O E A AEE E I. 11. 
Then, since PN is 1 to plane AB.................. Hyp. 
se LENF DATE Se n XI. def. 3. 
But LGEN is art. L nessosessesseseesessese. Constr. 
<. LS PNF, GFN=two rt. Ls. 
<. GF is || to PN ..o.saasennnessesnesneseen. I. 28. 
But PN is 1 to plane AB.................... Hyp. 
<. GF is also L to plane AB.................. XI. 8, 


Hence, since any st. line GF, in plane CD, drawn at rt. 28 
to their com. section ED, is L to plane AB, 


.. plane CD is 1 to plane AB.................... XI. def, 4. 
Wherefore, 1f a straight line &c. Q.E.D. 
EXERCISES. 
1. If one plane is perpendicular to a second, the second is perpendicular to 


the first. 


2. Prove the converse of Prop. X VIII.. —that if one plane be perpendicular 
to another, the perpendicular to the second, drawn from any point in 
their common section, lies in the first plane. 
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PROPOSITION XIX. THEOREM. 


If two planes which cut one another be each of them perpendicular 
to a third plane, their common section shall be perpendicular to the 
same plane. 


Let the planes AB and BD be each 1 to plane EF. 
Then shall their com. section BC be 1 to plane HF. 


Let AC, CD be the com. sections of planes AB, BD with plane EF. 


Then, if BC be not 1 to plane EF, if possible, draw, in plane AB, 
from pt. C, the st. line CG at rt. 2s to AC; and, in the plane 


BD, from pt. C, the st. line CH at rt. 2s to CD................ I. 11. 
Then, since plane AB is 1 to plane EF ........ MPE N Hyp. 
and CG is drawn in plane AB 1 to their com. section......... Constr. 
e CG is L to plane EF ................... XI. def. 4. 


Similarly, CH is L to plane EF. 


t.e., from the same pt. C two straight lines have been 
drawn, each L to plane EF, 


which is impossible...............eseceeee: XI. 13. 
Hence BC cannot be otherwise than + to plane EF. 


Wherefore, tf two planes &c. Q.E.D. 


PROPOSITION XX. THEOREM. 


If a solid angle be contained by three plane angles, any two of them 
are together greater than the third. 


Let the solid 4 at O be cont? by the three plane 4s AOB, BOC, 
COA. 


Then shall any two of these Zs be together > the 
third. 


PROPS. XIX., XX. 3095 


Case 1. If ¿s AOB, BOC, COA are all equal, it is evident that any 
two are > the third. 


Case 2. But, if 2s AOB, BOC, COA are not all equal, let 2 AOB 
be that which is not < either of the others. 


A. 


ZN 


At pt. O, in the plane AOB, make 2 AOD=ZCOA.............. I. 23. 
Cut off OD=OC. 

Through D draw st. line ADB, in the plane AOB, 

meeting OA, OB at A, B. 

Join CA CB. 


Then, in <\s AOC, AOD, 


l 000) DA Constr. 
OA is com 
| LCOA =L beer errr ane Constr. 
= ACAD eaa IEA I. 4. 
But AC, CBD>AB.......... cc ccc cece cece cee eees I. 20. 
CB> DB... cece cc cc ccc cece eeece Ax. 3 
Hence, in <\s BOC, BOD, 
| 0100] DIA Constr 
°° < OB is com 
CB> DBaua...c ccc ccc cece ccc ccceuceece Above 
<. LBOC> LBOD ..... eee ee cee: I. 25. 
But LCOA= ZLAOD...... occ ccc ccc ce ccc eeee Constr. 


“. £8 BOC, COA > Zs BOD, AOD. 
t.e. L8 BOC, COA > 4 AOB. 
Also, since 2 AOB is not < either of the others, 
. L AOB, together with either of the others, > the third. 


Wherefore, tf a solid angle &c. Q.E.D. 
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PROPOSITION XXI. THEOREM. 
The plane angles, which contain a solid angle, are together less than 
four right angles. 
Let the solid angle at O be contèt by the plane 4s AOB, BOC, 
COD, DOE, EQOA. 


Then shall these Zs be together < four rt. Zs. 


F 


Let a plane FG make the com. sections AB, BC, CD, DE, EA, with 
the planes in which the Zs are. 
Take any pt. Q within the polygon ABCDE. 
Join QA, QB, QC, QD, QE, dividing the polygon into as many —\s 
as it has sides, that is, as there are plane 4s forming the solid Z at O. 

Then, since the solid 4 at B is contt by three plane Zs, 

<. LS OBA, OBC > LABC.... 2. cece eee es XI. 20. 
t.e. L8 OBA, OBC > Zs QBA, QBC, 
and so on, for the other corners C, D &c. 


Hence, all the base Ls of all the As with vertex O 
> all the base Zs of all the As with vertex Q. 


But all the Zs of all the <\s with vertex O 
= all the Zs of all the —\s with vertex Q.......... I. 32. 


., all the vertical Ls of all the AAs with vertex O 
< all the vert! Zs of all the —\s with vertex Q. 


But the 28 at Q=four rt. L8....sesssssssecsssseossssoesosesesosess I. 15 cor. 
<. the Ls at O < four rt. Ls. 
Wherefore, the plane angles &c. Q.E.D. 
NOTE. 


This proposition was only proved for a trihedral angle by Euclid. Simson 
added to EKuclid’s proof a second case dealing with a polynedral angle. As, 
however, the above proof is quite independent of the number of angles 
which form the solid angle, the first case has not been inserted in the text. 
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NOTES. 
The following was Euclid’s proof ; 
Let the solid angle at O be cont4 by the three plane £8 AOB, BOC, COA. 
Then shall these three L8 be together < four rt. L8. 
Take any pts. A, B, C in OA, OB, OC. 


C 
Join AB, BC, CA. 
Then since solid 4 A is cont? by three 
plane 48, 
.. 48 BAO, OAC >ZLBAC.....XI. 20. 
Similarly 2s ABO, OBC > ZL ABC, A B 
and £8 BCO, OCA >ZBCA. * 
.*, the six Ls BAO, OAC, ABO, OBC, BCO, OCA> Ls BAC, ABC, BCA. 
But 4s BAC, ABC, BCA=two rt. LS... cece eee: I. 32. 


». the six £8 BAO, OAC, ABO, OBC, BCO, OCA >two rt. Zs. 
But the three 48 of each of the <\s OAB, OBC, OCA=two rt. Zs...1. 32. 


.. the nine 28 BAO, ABO, AOB, OBC, BCO, BOC, OCA, OAC, COA 
=s1x rt. LS. 

But, of these, the six BAO, OAC, ABO, OBC, BCO, OCA 
UO ri., L Ssesssssooseosocesocesooseos Above. 


». the rem& three 4s AOB, BOC, COA < four rt. Zs. 


It should be noticed that Prop. XXI. only holds good for a convex solid 
angle, t.e. the polygon ABCDE in the figure must have no re-entrant angle. 


[It is not customary to read the remaining nineteen propositions of the 
Eleventh Book, or those of Book XII. These contain some very important 
results concerning the volumes of solids, but the proofs are often long and 
difficult, and the modern methods by which these results are obtained are 
beyond the scope of the present work. ] 


EXERCISES. 


1, If in the fig. of Prop. XX., OQ be drawn within the solid angle at O and 
not in the same plane with any two of the lines OA, OB, OC, then 
(i) the sum of the 28 AOQ, BOQ, COQ > half the sum of the 
48s AOB, BOC, COA. 
(11) the sum of the Ls AOQ, BOQ, COQ < sum of the £8 AOB, 
BOC, COA. 
2. If, in the figure of Prop. XXI., OQ be joined, prove that the sum of 
the angles AOQ, BOQ &c. is greater than half the sum of the angles 
AOB, BOC &c. 
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MISCELLANEOUS EXAMPLES. 


I. To draw a straight line perpendicular to each of two given straight lines 
which are not in the same plane. 


Let AB and CD be the two given st. lines. 


P 


G: 


In CD take any pt. E. 
Through E draw EF || to AB. 

Let GH be the plane containing CD and EF. 
Take any pt. K in AB. 


From K draw KN . to plane GH............. ccc ccc cce cen eee cee ees XI. 11. 
Through N draw NQ || to EF, meeting CD at Q..................... I. 31. 
Then, since QN is || to EF, and EF is || to AB...... e ain Constr. 
o QN is || to AB... XL 9. 
and, AB, QN, KN are in the same plane............ XL. 7. 
Through Q draw, in this plane, QP || to KN, meeting AB at P...... I. 31. 
Then shall PQ be L to both AB and CD. 
For, since KN is 1 to plane GH, and PQ is || to KN............... Constr. 
<e PQ is L to plane GH... a, XI. 8. 
e PQ is L to CD in that plane........... XI. def. 1. 
Also, since PONK is a (Ju... cece cece cece eee ee ree e teen ee eeen ene ees Constr. 
r a .% ve 8 7 ae.) | 0 en ener ee I. 34. 
But LKNQ is art. L .cc cece cece ccc cee seco recsceecceucucesees XI. def. 1. 
e LKPQ is also art. L 
t.e. PQ is L to AB. Q.E.F. 


II. Find a point in a given straight line such that the sum of its distances 
from two given points, not in the plane of the line, may be a minimum. 


Let P, Q be the pts., AB the line, Q 

Draw PM, QN 1s to AB.......... X1. 11. 

In plane PMN draw NR 

at rt. 28 to AB, and = QN. 

Join PR cutting AB at O, and join OQ. 
Then PO+QOQ shall be a min. 


(The proof is similar that of Ex, ITI. page 82.) 


A R 
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ITI. The faces of a parallelepiped are parallelograms, and opposite faces 


are equal, 


Let ABCD, EFGH be opp. faces of a || Ped- 


p 
A N 
% D 
N 
S _ 
BI N G 
C 
Then, (i) since plane AH is || to BG......... Buoessssescosesessosesoss Def. p. 236, 
and plane AC meets them, 
.. the com. sections AD, BC are || .................... 000. XI. 16. 
Similarly, AB, DC are ||. 
Hence, ABCD is a [77 .......cccceceesceeeeens Def. p. 14. 


In the same way it may be shown that the other faces are [ /s. 
Again, (ii) Join AC, EG. 


Tien SE ABFE TF renren a E TEE EE Above. 
se ADS ee ee TEEPE I. 34. 
Similarly, DC=HG. 
Also, since AD is || to EH, and DC is || to HG... oise cee Above. 
<. LADC= ae): | Ce ee XI. 10. 


Hence, in <\s ADC, EHG, 


AD=EH 
y DC=HG oda nec e cece e eee sceeee: Above 
LADC=LEHG 
we HQRRADC=ANAEHG..... ...............0.. I. 4. 
Hence, (/ABCD=/JEFGH...................... I. 34. 
In the same way it may shown that the other pairs of opp. faces 
are equal. Q.E.D. 


EXERCISES. 
1. In the figure of Ex. 1 prove that— 
(i) PQ is the shortest distance between the lines; 
(ii) no other line but PQ can be perpendicular to both lines. 
2. In the figure of Ex. III., prove that— 
(1) the sum of the squares on the diagonals AG, EC is double the 
sum of the squares on AC, CG; 
(ii) if BD, AC, cut at Q, and EG, FH at R, then QR is equal and 
parallel to CG. 
3. Points are taken one on each of two adjacent walls of a room; find the 
shortest line that can be drawn on the walls between the points, 
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IV. The diagonals of a parallelepiped meet at a point, and bisect one another. 


Let ACGE be a || ped, 
Join AC, EG. 


Then, since AE is=and || to DH | ee = 
and DH is=and || to CG 
». AE is=and || to CG.................. Ax. 1 and XI. 9. 
e ACGE isa [] .ossssssesserceseess I. 33. 


Hence its diags. AG, CE bisect one another at O ...Ex. 7, p. 67. 


Similarly, DCFE is a (7, and its diags. DF, CE bisect one another. 
2.€. the diag. DF also passes through O. 


Similarly, ABGH is a (7, and its diags. AG, BH bisect one another 


at O. 
r.€ the four diags. of the || red AG, BH, CE, DF, are concurrent 
and bisect each other. Q.E.D. 


V. Straight lines joining the middle pornts of opposite edges of a parallele- 
piped are bisected by the point of intersection of rts diagonals. 


For if K be mid. pt. of AE, in fig. of Ex. IV., and KO be joined and 
prod¢ it will meet CG, which lies in the same plane AG, at some pt. L. 


Then, in <As AKO, GLO, 


AOS |S ee eer Ex. IV 
uke LRAOS LUGO een ere Ex, IV. and I. 29. 
LAOK= LGOL,.............008 I. 16. 
<. AK=LG, and KO=OL............ I. 26. 
But AK=—half AE 
half CG... .cccc ccc ceee Ex. IV. 


.. UG=half CG. 
t.e. KOL joins the mid. pts. of opp. sides, and is bisected at O. 


Similarly for any other pair of sides. 
Q.E.D. 


MISCELLANEOUS EXAMPLES. èll 
VI. The section of a parallelepided by any plane which cuts two pairs of 
opposite edges, but does not cut the remaining pair, is a parallelogram. 


Let PQRS be such a section of the || red ACGE. 


~~ 


Then since plane PR cuts the || planes AC, EG, 


». the com. sections PQ and SR are || .......... cc. eee XI. 16. 
Similarly, PS is || to QR. 
e fig. PQRS is a (7. Q.E.D. 


VII. The square on a diagonal of a rectangular parallelepiped 18 equal to 
the sum of the squares on three adjacent edges. 


Let ACGE be a rect? || Ped, 
Join BG, AG. 


Then, since each of the 4s 


ABC, ABF is art. Z ......... Def. p. 286. 
<e AB is L to plane BG...... XI. 4. 
e LABG is art. L. 
Hence, AG?=A B? + BG?Aa.. oo. ccc ccceeeees I. 47. 
=A B? + BC? + CG? cece. l. 47. 
=A B? + BC? 4+ BF... 0.0... cece I. 34. 
Q.E.D. 
EXERCISES. 


1. The diagonals of a rectangular parallelepiped are equal to one another. 
2. Cut a cube by a plane so that the section may be 
(i) an equilateral triangle; 
(ii) a trapezium; 
(iii) a regular hexagon. 
3. The section of a parallelepiped by a plane parallel to an edge is a paral- 
lelogram. 
4. The sum of the squares on the four diagonals of any parallelepiped is 
equal to four times the sum of the squares on three adjacent edges. 
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VIII. The straight lines joining the vertices of a tetrahedron to the points 
of intersection of the medians of the opposite faces meet at a point, and 
divide each other in the ratio of 3 to 1. 


Let VABC be any teta., 


Bisect BC at D. Join AD, VD. From DA cut off DE=3 of AD. 


From DV cut off DF=3 of VD. Join VE, AF, EF............... VI. 9. 
Then, since VE, AF lie in one plane VAD............... cee eeeee seen ees XI. 2. 
e these lines cut at some pt. G. 
AE _ f _VE 
nn es ocean ees N PETE C : 
And, since ED =FD onsti 
ee FE is CO FF ness snes EEE „eVI 2 (ii) 
VG AG 
Hence, isn sncvinesas TET ens oe oN: 
ence, Gn GF 2 (1) 
VG VA 
But, GE EF” 


...(by sim? As VAG, GFE) 
Me 
——_.,,,,.....(by simr As VAD, FED) 


SE D see e e e e e e O ese Beep ev apnea na 8G Bae ete > SE EE et ee .» Constr. 


t.c. VE, AF cut at G, and divide one another in the ratio of 3 to 1. 
Similarly, it may be shown that VE, BK, and VE, CL (where K, L, 
are the points of intersection of the medians of <\s VAC, VAB), 
cut at the same point G. Q.E.D. 


EXERCISES. 
l. In any tetrahedron the straight lines joining the middle points of oppo- 
site edges meet at a point. 


2. If abc be a section of the tetrahedron by a plane parallel to ABC, then 
VE passes through the intersection of the medians of abc. 


MISCELLANEOUS EXAMPLES. 813 
IX. The section of a tetrahedron by a plane parallel to each of two opposite 
edges 1s a parallelogram. 


Let VABC be any tet", and let DEFG be the section made by a plane 
DF || to the opp. edges VA and BC. 


Then shall DEFG be a [ _/. x 
For, since plane DF 
Tr GP o O E Hyp 
., they cannot meet if prod@....Def. p. 286. 
e No st. line in plane 7 G 
DF can meet BC. "ai 
.. EF cannot meet BC. x f 
But EF and BC are in 
the same plane ABC. 
og EEE o E T I. def. 35 
Similarly, DG is || to BC. 
sa PORR WO E r E XI. 9. 
In the same way it may be shown that DE is || to GF. 
oe DEFG isa (Junce ccc ccccc ccc cee sceeeces Def. p. 14. 
Q.E.D 
EXERCISES. 


1. In a regular tetrahedron 


(i) The foot of perpendicular from the vertex on the base is the 
centre of the circle circumscribing the base. 


(1i) The square of this perpendicular is $ of the square on an edge. 


(iii) The sum of the perpendiculars on the faces from any point in 
the base is equal to the altitude. 


(iv) The lines joining the middle points of opposite sides meet at a 
point, are at right angles to one another, and bisect each other. 


(v) Find the height when the edges are each 3 inches long. 
(vi) Find the height, and area of surface, when the edge is a. 
2. Cut a regular tetrahedron so that the section may be a square. 


8. Find the locus of a point equidistant from the angles of an equilateral 
triangle. 
(310) U 
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X. Sections of a pyramid made by planes parallel to the base are similar. 
Let VABCDE be a pyr., and abcde a section || to the base. 


Then shall abcde be simr to ABCDE. 
For since plane ad is || to plane AD, and plane VBC meets them, : 


». the com. sections dc, BC are]|........ XI. 16. 
Similarly, cd is || to CD. 

Hence Lbcd=LBCD................ XI. 10. 

be Ve 

Al ——— 
> BG VC 
ed ia 
ape 


i.e. the L8 atc, C are =, and 
the sides about these 28 are ::}8, 
Similarly, for the other 48 of the polygons, 


<. the polygons abede, ABCDE are sim’,,..................005. XI. def. 1. 


XI. The areas of the sections of a pyramid, made by planes parallel to the 
base, are to one another in the duplicate ratio of their altitudes. 


Join BN, bn. Draw VN L to plane AD, meeting plane ad at n...XI. 11. 
Then, since VN is 1 to plane AD, 


ee it is L to the |] plane ad................. XI. 14 (conv.). 
And, since the plain VBN meets the || planes ad, AD, 
e. the com. sections bn, BN are |] ..............088. XI. 16. 
Hence, —<\As Vobn, VBN are sim’. 
And, since fig. abede is sim" to fig. ABCDE.................. cece ee Ex. IX. 


. fig-abede be? Vb? Vn 


ee fig. AB DE BO VB VN? Serer VI. 20, note, and VI. 4. 


Q.E.D. 


XII. Every plane section of a sphere t8 a circle. 


Let the plane EF cut the sphere of rad. r, and whose cent. is O. 
Then shall their com. section BCD be a ©). 


From O draw ON L to plane EF. 
Take any pt. C in BCD and join OC, CN. 
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Then, since ON is 1 to plane EF, 
e LONC is art. Z......... XI. def. 3. 
arg CN*=OC? - ON?...... I. 47. O 


=r? — ON? -F 
t.e. any pt. C in the curve BCD i mef jem 
is at a constant distance from the B C N È 


fixed pt. N. E p- 
-e locus of C is a ©. Q.E.D. 


XIII. To find the centre of a sphere which shall pass through four given 
points not in the same plane. 


Let A, B, C, D, be the four pts. 
Find M, N, the cents. of the ©s circumscribing <As ABC, ABD...IV. 5. 
Draw MP at rt. 48 to plane ABC, 

and NQ at rt. 28 to plane ABD ...XI. 12. 
Then, since MP is a + to plane 

ABC drawn from cent. of circum- 


PO orrn EEE Constr. 
». any point in MP is equidist, 
from A and B.......... cc cece cece eee ees Ex. p. 299. 


Similarly, any pt. in NQ is equidist. 
from A, B. : 
.. MP, NQ, both lie in the plane which bisects AB at rt. /.s...Ex. p. 296. 
But MP, NQ, being . to different planes, are not ||. 
.. they will meet at some pt. O. 
Then, since O is equidist. from A, B, C, and also from A, B, D, 
«e O is equidist. from the four pts. A, B, C, D, and is the req cent. 
Q.E.F. 


NOTE. 
If the plane EF passes through the centre of the sphere, the section is 
called a great circle of the sphere; if not, a small circle. 


EXERCISES. 


1. The common section of two spheres is a circle, and its plane is perpen- 
dicular to the line joining their centres, which it divides into parts 
the diff. of whose squares is equal to the difference of the squares of 
the radii. (Note. This is called the radical plane of the spheres.) 

2. All tangents to a sphere from a given external point are equal. 

3. The planes of small circles of equal radii are equidistant from the centre 
of the sphere. 

4. Find the radii of the inscribed and circumscribed spheres of a regular 
tetrahedron whose edge is a. 
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XIV. There can be but five regular solids. 


For, since the sum of the plane Zs 
forming any solid 4 must be < 360”....... aeee XL 2L 
and an Z of an equilat. <^ is 60°, 


». three, four, or five, but not more, 
equilat. —<\s can form a solid 4. 


Also, an Z of a sq. is 90°, 


». three, but not more, sqs. can form a solid Z. 


And an Z of a reg. pentagon is 108”......... I. 32 cor. 


.. three, but not more, reg. pentagons 
can form a solid L. 


Again, an 4 of a reg. hexagon is 120", 
and three such ZS are not < 360°, 


.. three, or more, reg. hexagons cannot 
form a solid ZL. 


Neither, for like reasons, can reg. heptagons, — 
octagons, &c. 


Hence there can be but five reg. solids, namely— 


(i) the reg. tetrahedron, having each solid 4 formed by 3 equilat. —\s; 


(ii) ,, hexahedron (or cube), ,, m ‘a Ə squares; 

(iii) ,, octahedron, ji n 4 equilat. —\s; 
(iv) ,, dodecahedron, M M m 3 reg. pentagons; 
(v) ,, tcosahedron m m 7 5 equilat. —\s. 


XV. If E be the number of edges, F the number of faces, and N the number 
of solid angles of any polyhedron, then S+F=E +2. 


Suppose the polyhedron to be gradually built up by fitting together n 
polygons, taken one at a time; and let E, E, Es, &c., stand for the number 
of edges when the first, second, third, &c. polygon is added on; and so on. 
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Then, for the first polygon, there are as many edges as corners. 


i. E, =Ñ; or E,=8,+ (1-1). 
And, when the second polygon is added, one edge, and Cy 
two corners will coincide with those of the first polygon, 
oe E= +], or E,=S,+ (2-1). 
Also, when the third polygon is added, two edges, and 
three corners will coincide with those of the first and 
second polygons, 
e Hs=Sst141, or  Ez=8;+(3-1). 
And so on. 
Hence, when the last but one of the polygons is added, 


En-1=Sn-1+(n—-1-1). 
But the last polygon adds no fresh edges, nor corners, 
t.e. E is Eni, S is Sn- and F is n. 
”, E=84+(F-1-1), 
or H+2=S+F. 


MISCELLANEOUS EXERCISES. 


1. The area of the surface of a cube is double of the square on one of its 
diagonals. 


2. Prove that if every straight line which can be drawn meeting two given 
straight lines meet a third given straight line, the three given lines 
all lie in one plane. 


3. If two straight lines are parallel, their projections on any plane are also 
parallel. 


4. From a point P, outside a given plane, two perpendiculars are drawn, 
one to the plane, and the other to a given straight line in the plane; 
prove that the line joining their feet is at right angles to the given 
line. 


5. Two perpendiculars are let fall from any point on two given planes: 
show that the angle between the perpendiculars is equal to the angle 
of inclination of the planes to one another. 


6. Three lines, OP, OQ, OR, intersect at right angles in the point O, and 
OS is drawn perpendicular to QR. Show that, if PS is joined, PS 
will be perpendicular to QR. 


¢. Find the locus of the foot of the perpendicular from a given point upon 
a plane which passes through a given straight line. 


918 


8. 


10. 


11. 


12. 


13. 
14. 


‘15. 


16. 


17. 


18. 


19, 


20. 
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AB, CD are two straight lines, of which AB lies in a plane to which 
CD is perpendicular. Show that the perpendiculars drawn to AB 
from the different points of CD all pass through a fixed point. 


. The projections of parallel straight lines on any plane are proportional 


to the lines. 


ABCD is a regular tetrahedron, and, from the vertex A, a perpendicular 
is drawn to the base BCD, meeting it in O: show that three times 
the square on AO is equal to twice the square on AB. | 


The angle which a line makes with its projection on a plane, is less 
than that which it makes with any other line in that plane. 


Draw a straight line, which shall be equally inclined to three straight 
lines, which meet at a point, but are not in the same plane. 


If a prism be cut by parallel planes the sections will be equal. 


Show that the shortest distance between two opposite edges of a regular 
tetrahedron is equal to half the diagonal of the square described on 
an edge. 


Straight lines are drawn from two points, not in that plane, to meet 
each other in a given plane. Find when their sum is a minimum. 


OA, OB, OC are three straight lines, not in the same plane, planes 
through OB, OC perpendicular to OBC intersect in Oa, planes 
through OC, OA perpendicular to OCA intersect in Ob, and planes 
through OA, OB perpendicular to OAB intersect in Oc; prove that 
OA, OB, OC are perpendicular to the planes Obc, Oca, Oab respec- 
tively. 

If two straight lines in one plane, be equally inclined to another plane, 
they will be equally inclined to the common section of the two planes. 


If in the three edges, which meet at one angle of a cube, three points 
A, B, C be taken at equal distances from the angle, the area of the 
triangle ABC formed by joining these points with each other is 


+ a*, where a is the distance OA. 


OA and OB are two intersecting straight lines. OC is any straight 
line through their point of intersection, but not in their plane, which 
is such that the angle COA is equal to the angle COB. Show that 
the projection of the straight line OC on the plane AOB bisects the 
angle AOB. 


A pyramid is constructed on a square base, having all its edges equal 
to one another; find the inclination of two of the triangular faces to 
one another. 


21. 


22. 


23. 


24. 


25. 
20. 


27. 


28, 


29. 


20. 


ol, 


32, 


SBA 


84. 
85. 
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Of all the planes which can be drawn through a given line, find that 
which has least inclination to a given plane. 


On a given equilateral triangle as base, describe a regular tetrahedron. 


If any point be taken within a cube, the square of its distance from a 
corner of the cube is equal to the sum of the squares of the perpen- 
diculars from the point on the three faces containing that corner. 


The lines joining the middle points of adjacent sides of a quadrilateral, 
the sides of which are not all in the same plane, form a parallelogram. 
(Note. —Such a quadrilateral is called gauche.) 


Find the locus of a point in space equidistant from three fixed points. 


From the centre of the circle circumscribing a triangle ABC, a perpen- 
dicular to its plane is drawn of length equal to the side of the square 
inscribed in that circle; show that the radius of the sphere which 
passes through A, B, C and the extremity of the perpendicular is 
three-fourths of the perpendicular. 


If P be a point equidistant from the angles A, B, C of a right-angled 
triangle of which A is the right angle and D the middle point of 
BC, prove that PD is at right angles to the plane of ABC. 


A pyramid on a square base is cut by planes parallel to the base; show 
that the points of intersection of the diagonals of the sections all lie 
in a straight line. 


The sum of the squares on the four diagonals of an oblique parallele- 
piped is equal to the sum of the squares on its twelve edges. 


Given three straight lines, draw through a given point a straight line 
equally inclined to the three. 


If a regular tetrahedron be cut by a plane parallel to two edges which 
do not meet, the perimeter of the parallelogram in which it is cut 
shall be double of an edge of the tetrahedron, 


The angles of inclination ef two faces of a regular tetrahedron and 
regular octahedron are supplementary. 


If the middle points of the edges of a regular tetrahedron be joined, 
the figure formed is a regular octahedron. 


Make a trihedral angle equal to a given trihedral angle. 


Find the locus of points in space the difference of the squares of the 
distances of which from two given points is constant. 


320 APPENDIX. 


APPENDIX I. 


TRANSVERSALS; HARMONIC SECTION; 
POLE AND POLAR. 


Note.—In modern geometry many important results are obtained by 
combining Euclid’s methods with those of arithmetic and algebra. 


Drr.—A line which cuts a system of lines is called a transversal. 


I. If three concurrent straight lines, drawn through the angles of a 
triangle, meet the sides, or sides produced, the products of alternate segments 
of the sides, taken in order, are equal. 


Let ABC be a A, and AOD, BOE, COF be concurrent lines meeting 
the sides or sides prod4 at D, E, F. 
Then shall BD . CE . AF=DC. BA. FB. 


ABOA OA ACOA 


Peoi; ÆABOD OD ACOD 


©. <ABOA —ABOD pre 
"e GOAT CA OOD N E , 


_ BD 


ABOC _ CE 

ABOA EA’ 
ACOA AF 
’ ABOC FB 


Similarly, 


and 
Hence, multiplying, 


ABOA ABOC <\COA BD CE AF 
ACOA ABOA ABOC DC’ EA’ FB 
or, j= BD. un ; ae 

DC’ EA’ FB 

te. DC. EA . FB=BD . CE. AF 
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II. If ina triangle ABC, BD . CE . AF=DC . EA . FB, then AD, BE, 


and CF are concurrent. (Converse of Theor. I.) 


For, if not, suppose, if possible, that 
CF does not pass through O, the pt. 
of intersection of AD and BE. 


Join CO. Prod. CO to meet AB at G. 
Then, since AD, BE, CG are concurrent, 


~. BD. CE. AG=DC. EA.GB ansen Theor. I, 
But BD. CE. AF=DC. Ti ig A o ice vaenisenvaniskssesan Hyp. 
AG __ GB 


-e dividing, —— AP FB’ 


or, a ratio of greater inequality=one of less inequality, which is absurd. 
Hence CF cannot pass otherwise than through O. 


III. Zf a transversal cut the sides, or sides produced, of a triangle, the 
products of the alternate segments, taken wn order, are equal. 
Let a transversal meet the sides BC, CA, AB of A ABC at D, E, F. 
Then shall BD.CH.AF=DC.EA. FB. 
Through A, draw AG || to BC, meeting the transversal at G. 


Then, by sim" As FBD, FAG, 


BD. AG. 
FB AF’ 
And, by sim? <\As EDC, EGA, 
CE_EA, 
DC AG’ 
BD CE AG EA 
S, 
“eo multe, FB DO- AF AG 
_EA 
AF’ 


or, BD. CE. AF=DC. EA. FB. 


EXERCISES. 


l. State, and prove by a reductio ad absurdum, the converse of Theor. IIT. 

2. Use Theor. II. to prove Examples VIII., IX., X., XI. on pages 86, 87, 
88, 89. 

3. Prove that the lines joining the vertices of a triangle to the points of 
contact of the inscribed circle are concurrent. 

4. Prove that lines drawn at right angles to the sides of a triangle through 
their middle points are concurrent. 


gan APPENDIX. 


Ders.—A system of straight lines drawn through a point is called a 
pencil. 

The point is called the vertex of the pencil. 

Any one of the lines 1s called a ray. 

If the four points, in which a pencil of four rays meets a transversal, 
divide that transversal in harmonic proportion, the four points are called a 
harmonic range. 

The four rays are called a harmonic pencil. 

If a line AB is divided internally at C, and externally at D, in the same 
ratio, we know (see page 228) that ACBD is divided harmonically. The 
points C and D are called harmonic conjugates of A and B. 

The ray OB is said to be the conjugate of OA, and OD of OC. 


IV. If a pencil divide one transversal harmonically, it divides all trans= 
versals harmonically. 


Let the pencil, vertex O, divide the transversal ABCD harmonically, and 
let abcd be any other transversal. 
Then shall abcd be a harm. range. 
Draw ECF, ecf || to OA. 

Then, by sim’ <\s OBA, FBC, 


AB OA 
BC CF 
And, by sim? As ODA, EDC, 
AD_OA 
DC EC 
But, a EE EEA Hyp. 
, OA_OA 
°° CF EC 
<. ECSCF. 
Again, a= Oa am rT sim? —\s,° y | f 
re i 
„ Oa_Oa 
ec cf 
But, i aa d Oa_ab aneueess by sim! —\s 
dc cf be 
ab _ad 
"* bc de 


1.€. abed is divided harmonically. 


Cor.—A transversal drawn parallel to any ray is en by the conju- 
gate ray. 
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V. If the extremities of the third diagonal of a complete quadrilateral be 
joined to the point of intersection of the other two diagonals, all the pencils 
are harmonic. 


Let ABCD be a quadl, EF the third diag., let AC, BD cut at O, and EO, 
FO meet BC, AB, at L, M, and AD, DC, at l, m., 


E 


m 
B C E 
Then, since EL, BD, CA, in <\ EBC, are concurrent at O, 
¢. BL.CD.EA=LC. DE. AB............... Theor. I. 
And, since the transversal FDA meets the sides of <A EBC, 
<. BE.CD. EA = FC. DE. AB............... Theor. III. 
Hence, dividing, LARN 
or PLL_BF 
' LC FC 
1€. E(BLCF) is a harmonic pencil. 
Hence E(MOmF), and E(AIDF) are also harm. pencils............... Theor. IV. 


Similarly it may be shown that all other pencils in the figure are harmonic. 


EXERCISES. 

1. If BD meet EF at K, BODK is a harmonic range. 

2. Find the arithmetic, geometric, and harmonic means between two 
given straight lines. 

3. If a straight line AB be divided internally at C, and externally at D, in 
the same ratio, then ł _1 1 1 

AB AC AD AB 

4, The internal and external bisectors of the vertical angle of a triangle 
form with the sides a harmonic pencil. 

5. The line joining the centres of similitude of two circles is divided har- 
monically by their circumferences. 


6. The centres of similitude of three circles lie, three by three, on four 
straight lines. 
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Ders.—lIf from the cent. O of a circle, of radius 7, a line be drawn, and on 
it two points P, Q, be taken such that OP .OQ=7’, then P is called the 
inverse of Q, and Q the inverse of P. 


The polar of a point with respect K 
to a circle is the straight line drawn M 
through the inverse of the point at right 
angles to the radius which contains the O al \ p 
point. i 

(For example: If OP. O0Q=1°, and J 
KL, MN be Ls to OP through P, Q, ` 
then MN is the polar of P, and KL N L, 


the polar of Q.) 


A triangle is called self-conjugate when each of its sides is the polar of 
the opposite angular point with respect to some circle. 


A. triangle is said to be of given species when its angles, and the ratios 
of its sides are given. 


VI. The polar of an external point with respect to a circle rs the chord of 
contact of the tangents drawn to the circle from that povnt. 


Let PS, PT be the tangs. from P to a circle with cent. O, and let ST cut 
PAOB at Q. 


Then, since PSS PA, PB........ ccc cece ee Er Ornis iN isre III. 37. 
—PT-, 
4 kee A 


And, in As OSP, OTP, 


PS=PT, 
vig OP is com. 
OS=OT, 
+. LNSPO=LTPO. 


Hence in As SPQ, TPQ, 


SP=—TP, 
py L PSQ= L. PTQ, 
LSPQ=LTPQ. 


a LSQP=CLTOP, 
t.e. ST is at rt. £8 to OP. 
Also, since OSP is art. 4, 


ml OQ ° OP=OS8? Cocos reececs TETTETETT risos 4 8. 
Hence SQT is the polar of P. - 
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VII. The pole of a lune drawn through a fixed pont lies on the polar of 
that fixed point; and conversely. 
Let P be the fixed pt., PA any line through P, Q the inverse of P with 
respect to the ©, cent. O, rad. =r, and SQT the polar of P. 
Then shall the pole of AP lie on SQT. 
Draw OBA L to PA and meeting Q aT 
SQT at B. 6 BY 
Then, since BQP and PAB are rt. ZS, 
a © will go round P, Q, B, A, 
oe OB. OAHOQ. OR... ccc ccc ccc ces cce ees III. 36, cor. 
=r? 
Hence B is the pole of AP. 
The converse is evident, for, if B be a fixed pt. on SQT, AP is the polar 
of B, and AP passes through P the pole of SQT. 


VIII. Any secant of a circle drawn through a fixed point ts divided har- 
monically by the fixed point, its polar with respect to the circle, and the cir- 
cumference of the errele. 

Let the secant PAB be cut by SQT, the polar of P, at C. 

Then shall PACB be a harm. range. 
Join PS. Then PS is the tang. at Sun... cece sete eee e eee e ences Theor. VI. 
Draw OM L to PAB. 


Then since OMC, OQC are rt. 4s, a © will go round CG, Q, O, M. 


=OP. PQ 


°. 2PA.PB=2 PM. PC 
=(PA + PB) »PC 
—-PA.PC+PB. PC. 
<. PA. PB- PA. PC=PB.PC- PA. PB. 
or, PA. (PB-—PC)=PB. (PC - PA). 
PA PC-PA. 
PB” PB-PC’ 
i.e., PA, PC, PB are in harm. ::»P, 


or, 
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MISCELLANEOUS EXERCISES. 


. Prove Theorem VIII. for an internal point. 
. If a triangle is self-conjugate with respect to a circle, the orthocentre 


of the triangle is at the centre of the circle. 


. If G be the point of intersection of the diagonals of a quadrilateral 


inscribed in a circle, and EF be the third diagonal of the complete 
quadrilateral, the triangle EFG is self-conjugate with respect to the 
circle. | 


. If A, B, C, D be any four points on a straight line, then, having regard 


to sign as well as magnitude, AB. CD+4+AC.DB+AD.BC=0 


. Given three rays of a harmonic pencil; find the fourth ray. 
. ABCD and Abcd are harmonic ranges; prove that Bb, Cc, Dd are con- 


current. 


. If a circle cut the sides BC, CA, AB of a triangle ABC at D, d; E, e; 


F, f; then will AF. Af. BD. Bd. CE.Ce=FB.fB.DC.dC.EA.eA. 


. If a triangle of given species have one angle fixed and another lies on 


a fixed circle, the locus of the third angle is a circle. 


. If a, b, c, be the lengths of the sides of any triangle, then 


(i) (area of <\A)?=s8(s—a)(s—b)(s—c), where s is half the sum of a, b, c. 
(ii) (area of A Y=r. Ta. Th. 1%, Where r, Ta Th Te are the radii of the 
inscribed and escribed circles of the triangle. 


APPENDIX II. 
ALTERNATIVE PROOFS OF PROPOSITIONS. 


Book I. Prop. 5. 
Let ABC be an isos. <A, with AB=AC, and AB, AC prodi to D, E. 


Suppose the figure to be taken up, turned over, 
and then superposed upon its former position. 
Let a, b, c denote the Zs A, B, C after reversal. 
Then, since a lies on A, and ae along AD, 


And, since c falls on B, and b on C, 


Hence, Lacb coincides with L ABC 


the pt. c must fall on B, for ac=AB...Hyp. 
the line ad must lie along AE, for 48 

ead, DAE are identical, 
the pt. b must fall on C, for ab=AC...Hyp. 


.. cb coincides with BC............Ax. 10. 
e LUU SLGADOU nennu Ax. 8. 


r.€, LACB=LABC., 
Similarly, 2 DBC=Z ECB. 
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Book I. Prop. 47. 
Let ABC be art. Lt A, A being the rt. 4. 
On AB desc. sq. ADEB. 
From DA cut off DF=AC. 
On DF desc. a sq. FGHD external to sq. AK. 
From ED cut off EK=AC. 
Join CG, BK, and GK, cutting AD at L. 
Then, since each of the 4s FDH, FDK 


is art. L. 
.. HDK is a st. line. 


And, since AC=DF 
Add AF to each. 
<°, CF=AD=—AB. 
Also GF=FD=AC., 
And LGFC=>=LHDF=LCAB. 
oe is GEC, CAB are equal in all respects. 


Similarly it may be shown that each of the <\s GHK and KEB 
is equal to CAB or GFC, and, consequently, the four —\s are equal. 


Hence, fig. CGKB is equilat!. 


And, since 4L CBA= 4 KBE, 
Add LABK to each. 
~. LCBK=ZLABE. 
.€, LCBK is art. 4. 
Hence fig. CGKB is a square. 


Now, sq. on BCO=fig. CGKB. 
=figs. CAB, GFC, GFL, ALKB. 
=figs. KEB, GHK, GFL, ALKB. 
=figs. GHDF and ADEB. 
=sqs. on HD, AB. 
—=sqs. on CA, AB. 


NOTE. 


The above provides the following easy method of cutting up the smaller 
squares into bits which form the larger: Set the small squares GD, AE side 
by side, cut off EK = DH, and join GK, KB. 


Book II. PRop. 4. 

Euclid’s proof depends upon the theorem Parallelograms about the dia- 
meter of a square are squares, which, not having been previously proved, he 
demonstrates in the proof of this proposition. In other words, he makes 
use of a Lemma. This may be avoided by deducing Prop. 4 from previous 
propositions of Book IT. thus:— 
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(i) Let AB be divided into any two parts at C. A C B 

Then, sq. on AB=rect. AB, AC, with rect. AB, CB................ II. 2. 
=sq. on AC and rect. AC, CB, 

with rect. AC, CB and sq. on CB............. II. 3. 


=sqs. on AC, CB with twice rect. AC, CB; 
or, by the following construction :— 
(ii) On AB desc. a sq. ADEB. 
Through C draw CF =to AD or BE. 
From AD cut off AG=BC. 
Draw GHK || to AB or DE, meeting 
CF at H. 
Then all the figs. are, by constr., rectangles, 
<. CH=BK=~AG=CB=HK=FE. 
Hence CHKB is the sq. on CB. 
Also, since AD=AB, and AG=FE 
<a GD= DF. 
Hence GDFH is the sq. on GH (or AC), 
Now sq. on AB=figs. AH, GF, CK, HE. 
=rect. AC, CH, sq. on GH, sq. on CB, rect. HK, KE, 
=rect. AC, CB, sqs. on AC and CB, rect. AC, CB, 
=sqs. on AC, CB with twice rect. AC, CB. 
Similarly Props. 5, 6, 7 of Bk. II. may be proved. 


BooK XI. PROP. 4. 


Let PN be L to each of the lines AN, BN at their pt. of intersection N, 
In plane ABN draw any line NC cutting AB at C. 
Prod. PN to Q, making NQ=PN. P 
Join PA, PB, PC, QA, QB, QC. 
Then in <\s APN, AQN, 


PN=QN | 
aie AN is com. | 
rt. L ANP= LANQ A= ri 
+ AP=AQ ie 
Similarly BP= BQ. Q 


Hence <\s PAB, QAB are equal in all respects. 
And, if <\ PAB be supposed to revolve about the side AB, the 
point P will eventually coincide with Q, and PC with QC. 
+. PC=QC. 
Hence, in As CNP, CNQ, 
| PN=QN 


CN is com. 
PC=QC. 
°, LPNC=ZLQNGC, and each is a rt. ZL. 
., PN is 1 to plane ABN.............-c0000006+X]- def. 3. 
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EXAMINATION PAPERS. 


[The following specimens of Examination Papers lately set by some of the 
chief public examining bodies are arranged in order of difficulty, as far 
as is possible without separating the sets. They will, it is thought, 
be found useful as tests of the student’s progress as well as interesting 
to those preparing for any of these examinations. | 


COLLEGE OF PRECEPTORS. 
CERTIFICATE EXAMINATION—Curistmas, 1889. 
THIRD CLASS. 


Book I. Prop. 1-26. 


1. Define an angle, adjacent angles, a right angle. 

2. If two triangles have two sides of the one equal to two sides of the 
other, and the angle contained by the two sides of the one equal to that 
contained by the two sides of the other: prove that the third sides also are 
equal. 

i Hence show that the lines joining the opposite angles of a square 
are equal. 

3. If two angles of a triangle are equal, the sides also opposite to them 
will be equal. 

4, Bisect a given finite straight line., 

5. If two straight lines cut one another, the vertically opposite angles 
are equal. 

And, if at a point in a straight line two straight lines on opposite 
sides of it make the vertically opposite angles equal, these two straight 
lines shall be in one and the same straight line. 

6, Any two sides of a triangle are together greater than the third side. 

7. Ata given point in a given straight line make an angle equal to a 
given rectilineal angle. 

Having given two finite straight lines and an angle, show how you 
could construct a triangle having an angle equal to the given angle, 
and the sides containing it equal to the two given straight lines. 


SECOND CLANS. 
Book I. 


1. Define point, perpendicular, circumference, axtom, theorem. Name 
and define the various rectilinear quadrilateral figures. 
2. After the manner of Euclid’s sixth proposition, prove that an equi- 
angular triangle is also equilateral. 
3. If two triangles have two sides of the.one equal to two sides of the 
other, each to each, and have likewise their bases equal, the angle which is 
(310) X 
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contained by the two sides of the one shall be equal to the angle which is 
contained by the two sides, equal to them, of the other. 
Show also that the two triangles are equal in every respect. 

4. If, at a point in a straight line, two other straight lines, on the 
opposite sides of it, make the adjacent angles together equal to two right 
angles, these two straight lines shall be in one and the same straight line. 

State also the converse of this proposition. 


5. The greater angle of every triangle has the greater side opposite to it. 
In addition, show from this that the perpendicular is the shortest 
—— line that can be drawn from a given point to a given straight 
ine 
6. If a straight line falling on two other straight lines make the exterior 
angle equal to the interior and opposite angle on the same side of the line, 
the two straight lines shall be parallel to each other. 
Prove that the opposite sides of a square are parallel to one another. 
7. Distinguish between equal triangles and triangles which are equal in 
all respects. 
Construct an isosceles triangle which shall be equal in area to a 
given scalene triangle. 
Either, 
8. If the diagonals of a quadrilateral bisect each other, it is a parallelo- 
gram. 


Or, 
9. The middle points of the adjacent sides of a square are joined. Find 
the sum of the squares on the four straight lines thus formed. 


FIRST CLASS. 
Books I.-IV. 


1. Define a triangle, an equilateral triangle, and an isosceles triangle. 

Bisect a given rectilineal angle. Can this be done without drawing 
an equilateral triangle? | 

2. Prove that, if one side of a triangle be produced, the exterior angle 
will be greater than either of the interior opposite angles. 

The perpendiculars from two of the angular points of a triangle on 
the opposite sides intersect within the triangle. Prove that the triangle 
is acute-angled. 

3. At a point in a given straight line make an angle equal to a given 
rectilineal angle. 

Construct a triangle, having its sides respectively equal to two given 
straight lines, and one of the angles at the base equal to a given rec- 
tilineal angle. 

4, Define parallel straight lines. 

Prove that straight lines which are parallel to the same straight line 
are parallel to one another. 

5. Prove that the straight lines bisecting the four angles of a parallelo- 
gram will either form a rectangle or pass through a single point. 

6. If a straight line be divided into two equal, and also into two unequal 
parts, the squares on the two unequal parts will be together double of the 
square on half the line, and of the square on the line between the points of 
section. 


EXAMINATION PAPERS. ool 


Exther, demonstrate this proposition by means of the First Book of 
Euclid; 
Or, deduce it from previous propositions of the Second Book. 


7. Draw a tangent to a given circle from a given point without it. 
What is the length of a tangent to a circle, whose diameter is 
6 inches, drawn from a point 5 inches from the centre? 


8. Prove that similar segments of circles on equal straight lines are equal 
to one another. 


9. Describe a circle about a given equilateral and equiangular pentagon. 
Show that the radius of the circle is less than a side of the pentagon. 


PUPILS’ EXAMINATION.—Cnuristmas, 1888. 


THIRD CLASS. 
Book I. Prop. 1-26. 


1. Define a point, a line, a surface, a straight line, a plane surface, a rec- 
telineal angle. 
When are (i) two straight lines, and when are (ii) two angles, said 
to be equal? 


2. From a given point draw a straight line equal to a given straight line. 


8, If two triangles have the three sides of one equal to the three sides of 
the other, each to each, the triangles shall be equal in all their parts. 
By means of this proposition, show that the line drawn from the 
vertex of an isosceles triangle to the middle point of the base cuts the 
base at right angles. 


4, Draw a straight line perpendicular to a given straight line from a 
given point without it. 


5. The side AC of a triangle is greater than the side AB; show that the 
angle ABC is greater than the angle ACB. 


6. If from the ends of one side of a triangle two straight lines are drawn 
to a point within the triangle, they shall be less than the other two sides of 
the triangle. 

Within the triangle ABC are two points D and E, and the lines 
AD, DE, EB are drawn: show that these three together are less than 
AC, CB together. 


7. If two triangles have two sides of the one equal to two sides of the 
other, but the angle contained by the two sides of the one greater than the 
angle contained by the two sides equal to them of the other, the base of 
that which has the greater angle is greater than the base of the other. 

State the converse of this proposition. 


SECOND CLASS. 
Book I. 


1. Define the terms surface, plane surface, angle, figure, parallelogram, 
acute-angled triangle. 

2. To bisect a given rectilineal angle; that is, to divide it into two equal 
parts. 
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3. The angles which one straight line makes with another on one side of 
it are together equal to two right angles. Having proved this proposition, 
prove also its corollaries. 


4. If one side of a triangle be produced, then the-exterior angle shall be 
greater than either of the two interior and opposite angles. 


5. If a straight line falling on two other straight lines make the alternate 
angles equal, then these straight lines shall be parallel. 


6. (i) Write the enunciation (without the proof) of the converse of a 
proposition set for Question 5 in this paper. 
(ii) If from points A and C the parallel straight lines AB and CD 
are drawn towards the same parts; and if also in the plane of AB and 
CD the straight lines AP and CQ are drawn inclined to AB and CD 
and towards the same parts, so that the acute angles BAP and DCQ 
are equal, prove that AP and CQ are parallel. 


7. The opposite sides and angles of a parallelogram are equal to one 
another, and the diagonal of a parallelogram bisects it. 


8. Equal triangles on equal bases in the same straight line and on the 
same side of it are between the same parallels. 


9. For any right-angled triangle, the squares on the sides containing the 
right angle are together equal to the square on the side opposite to the 
right angle. 


10. To what angular magnitude are the three interior angles of every 
triangle together equal? 
If BDEC be the square on side BC opposite to the right angle BAC 
of the right-angled triangle ABC, and AD be joined, prove that the 
angles BAD and BDA are together equal to the angle BCA. 


FIRST CLASS. 
Booxs I.-lV. 


1, If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have also the angles contained by those sides equal, 
prove that the triangles are equal in all respects. 

Prove also that, if ABC, DEF are two triangles such that AB, AC 
are equal to DE, DF, each to each, and the angles ABC, DEF are 
right angles, then the triangles will be equal in all respects. 


2. Draw a straight line perpendicular to a given straight line of un- 
limited length, from a given point without it. 
Prove that the perpendicular is the shortest straight line which can 
be drawn from the given point to the given line. 


8. Prove that equal triangles on the same base, and on the same side of 
it, are between the same parallels. 
AEKG, KHCF are parallelograms about the diameter AC of a 
parallelogram ABCD; show that EG is parallel to HF. 


4, Describe a square on a given straight line. 
Show that, if two squares are equal, the straight lines on which they 
stand are equal. 
5. If a straight line is divided into any two parts, the rectangle contained 
by the whole line and one of the parts is equal to the square on that part, 
together with the rectangle contained by the two parts. 
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6. Divide a straight line into two parts so that the rectangle contained 
by the whole line and one of the parts may be equal to the square on the 
other part. 

Does the figure used in the construction contain any other straight 
lines which are divided in this manner? 

T. Prove one, but not both of the following propositions:— 

(a) If ABCD is a trapezium such that AB is parallel to DC, and 
AD equal but not parallel to BC, then the square on AC will be equal 
rs Ai square on BC together with the rectangle contained by AB and 


(b) If from the extremities of the diameter of a circle tangents are 
drawn to meet in A and B the tangent at any point P of the circle, 
and if O is the centre of the circle, then the angle AOB will be a right 
angle. 

8. Either, 

Show that, if from a point within a circle more than two equal 
straight lines can be drawn to the circumference, that point is the 
centre of the circle. 

Or, Show that the opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 


9. Describe a circle about a given triangle. 


CIVIL SERVICE. 
APPRENTICES IN H.M. DOCKYARDS.—Apriz, 1889. 


Books J. II. III. 


(Ordinary abbreviations may be used, but the method of proof must be 
geometrical. | 


1. The angles at the base of an isosceles triangle are equal, and, if the 
equal sides be produced, the angles on the other side of the base will be 
equal. 

2. Make a square equal to a given rectilineal figure. 

3. O is a point in the diameter ACOB of a circle whose centre is C. 
Show that OA is greater, and OB less, than any other straight line which 
can be drawn to the circumference from O. Also, if R and S be two points 
on the circumference such that the angle ACR is greater than the angle 
ACS, prove that OS is greater than OR. 

4. PQRS is a quadrilateral. Find a point O within it such that the sum 
of the distances OP, OQ, OR, and OS may be the least possible. 

5. O is a point in a straight line PQ. Prove that the greatest value of 
the rectangle PO, OQ is one-fourth of the square on PQ. 

6. One circle touches another internally. XY and ZV are equal chords 
of the outer circle, which touch the inner circle at P and Q. Show that, 
if XY be not parallel to ZV, their point of intersection must lie on the 
straight line (produced if necessary) which joins the centre of the two 
circles, 
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ENGINEER STUDENTS.—AprIiIz, 1889. 
Books I.-IY. anp VI., witH DEFINITIONS or Book V. 


1. The side BC of the triangle BCD is greater than the side BD. Prove 
that the angle BCD is less than the angle BDC. 

2. Define a parallelogram, and show that the opposite sides and angles 
of a parallelogram are equal to one another. 

If two sides of a quadrilateral are parallel, and the other two i 
the angles will be equal, two and two. 

3. If a straight line be divided into any two parts, the squares on the 
whole line and on one of the parts are equal to twice the rectangle con- 
tained by the whole and that part, together with the square on the other 
part. 

4. Find the points on the circumference of a circle which are at the 
greatest and least distances from a given point, either within or without 
the circle; and verify your constructions. 

Also through a point within a circle draw the longest and shortest 
chords. 

ö. If a straight line touch a circle, and from the point of contact a 
straight line be drawn cutting the circle, the angles which this line makes 
with the line touching the circle shall be equal to the angles which are in 
the alternate segments of the circle. 

6. Inscribe a square in a given circle. 

ABCD is a square inscribed in a circle whose centre is O, and BD 
is produced to P so that PD=AB. Prove that PB is equal to the 
diagonal of the square described on PO. 

7. Give Euclid’s test of proportion; and show that, if four straight lines 
be proportionals, the rectangle contained by the extremes is equal to the 
rectangle contained by the means. 

The straight line drawn perpendicular to the side CA of an isosceles 
triangle through its middle point meets the base AB produced in D. 
Prove that CA touches the circle circumscribing the triangle BCD. 


ASSISTANT CLERKSHIPS IN THE ROYAL NAVY.—June, 1889. 
Eucuip, Books I. II. III. 


[Ordinary abbreviations may be employed, but the method of proof must be 
geometrical. Proofs other than Euclid’s must observe Huclid’s sequence 


of propositions. | 
1. If from the ends of the side of a triangle there be drawn two straight 
lines to a point within the triangle, these shall be less than the other two 
sides of the triangle, but shall contain a greater angle. 
2. If any side of a triangle be produced, the exterior angle 1s equal to the 
two interior opposite angles, and the three interior angles of every triangle 


are equal to two right angles. 
D is a point on the side BC of a triangle ABC. If the angles ADC, 


ADB are respectively double of the angles ABC, ACB, show that the 
triangle ABC is right-angled. 
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3. If a straight line be bisected and produced to any point, the rectangle 
contained by the whole line thus produced and the part of it produced, to- 
gether with the square on half the line bisected, is equal to the square on 
the line made up of the half and the part produced. 

ABC is a triangle, right-angled at C. Points D and E are taken in 
AB and in AB produced, such that BD=BE=BC. Show that the 
rectangle contained by AD and AE is equal to the square on AC. 

4. The diameter is the greatest straight line in a circle; and, of all others, 
that which is nearer to the centre is always greater than one more remote; 
and the greater is nearer to the centre than the less. 

9. On a given straight line describe a segment of a circle containing an 
angle equal to a given rectilineal angle. 

Find a point P within a triangle ABC such that if AP, BP, CP be 
joined, the angles PAB, PBC, PCA shall be all equal to one another. 


ASSISTANT CLERKSHIPS IN THE ROYAL NAVY.—Nov. 1889. 
Books I. Il. ILI. 


1, Draw a perpendicular to a given straight line from a given point in 
the line. 

2. If aside of a triangle be produced, the exterior angle is equal to the 
two interior opposite angles; and the three interior angles of any triangle 
are together equal to two right angles. 

ABC is a triangle. Through the point B, BD is drawn perpendicular 
to BC, and through the point A, AD perpendicular to BA; these 
straight lines meet at D. Prove that the angle ADB is equal to the 
angle ABC. 

8, Divide a straight line into two parts so that the rectangle contained 
by the whole and one part may be equal to the square on the other part. 

4, If a straight line drawn through the centre of a circle bisect a straight 
line in it which does not pass through the centre, it shall also cut it at right 
angles. ` 
Prove that the straight line joining the middle points of two parallel 

chords of a circle is at right angles to the chords. 

5. If two straight lines cut one another within a circle, the rectangle con- 
tained by the segments of one of them shall be equal to the rectangle con- 
tained by the segments of the other. 

6. C is the centre of a circle, and CA, CB are two fixed radii; if, from 
any point P on the arc AB perpendiculars PX, PY are drawn to CA and 
CB, show that the distance XY is constant. 


gr a E E a. «a 
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DEPARTMENT OF SCIENCE AND ART. 
May, 1889. 


FIRST STAGE. 


1. If you had a ruler and a pair of compasses, how would you bisect a 
given finite straight line? 
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Prove that the method you employ is correct. 

In the triangle ABC the side AB is greater than AC; find a point 
D in AC produced, such that AD may be as much greater than AC as 
AB is greater than AD. 

2. Show that any two sides of a triangle are together greater than the 
third side. | 

In the triangle ABC the side AB is greater than AC, produce BA 
to D, making AD equal to AC, and join DC; show that the angle 
DCB 1s greater than a right angle. 

8. Show that the straight lines, which join the extremities of two equal 
and parallel straight lines, towards the same parts, are themselves equal 
and parallel. 

In the triangles ABC, DEF, the side AB is equal and parallel to 
DE, and BC is equal and parallel to EF; show that AC is equal and 
parallel to DF. 

4. Show how to describe a parallelogram, which shall be equal to a given 
triangle, and have an angle equal to a given angle. 

A triangle ABC is equal to a rectangle DEFG: the side DE equals 
half the base BC; show that the perimeter of the rectangle is less than 
that of the triangle. 

5. Define a square, a rhombus, and a quadrilateral. 

If a quadrilateral has its diagonals at right angles to each other, 
show that the sum of the squares on two opposite sides equals the sum 
of the squares on the other two opposite sides. 

6. In the triangles ABC the angles at A and C are each half a right 
angle; AD is drawn bisecting the angle at A and meeting BC in D; show 
that the square on DC is double the square on BD. 


SHCOND STAGE. 


1. If a straight line is bisected and produced to any point, show that the 
rectangle contained by the whole line thus produced, and the part produced, 
together with the square on half the line, is equal to the square on the line 
made up of the half and the part produced. 

In a right-angled triangle show that the square on the perpendicular 
equals the rectangle under the lines which are severally equal to the 
sum and difference of the hypotenuse and base. 

2. If equal straight lines (AP, AQ) be drawn from a point A to a given 
straight line of indefinite length, and if a third straight line AR be drawn 
from A to a point R in the given straight line, show that AR is shorter or 
longer than AP, according as R is between P and Q or not. 

What property of the circle follows from this theorem? 

8. Show that the opposite angles of any quadrilateral inscribed in a 
circle are together equal to two right angles. 

Two given circles intersect in A and B; on the circumference of one 
of them take any two points C and D, and let CA, BD, produced if 
necessary, cut the other circle again in E and F. Show that the lines 
CD and EF are parallel. 

4, Show that the lines, drawn from a point outside of a cirole to touch 
the circle, are equal. 
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Show that the hypotenuse of a right-angled triangle, together with 
the diameter of the inscribed circle, equals the sum of the sides con- 
taining the right angle. 

§. P is any point in the diameter AB of a given circle; bisect AP in D, 
PB in E, and DE in C; with centre C and, radius CD describe a circle; 
through P draw any line PQR cutting this circle in Q and the given circle 
in R. Show that PQ is equal to QR, and that the tangent at Q to the 
inner circle is parallel to the tangent at R to the outer circle. 


6. Show how to construct a rectangle which shall be equal to a given 
square, and have the difference between two adjacent sides equal to a given 
straight line. 


ae ee ee 


THIRD STAGE. 


1. C is the point of contact of two circles, which touch each other inter- 
nally, and CPQ 1s astraight line, cutting the inner circle at P and the outer 
circle at Q; the tangent to the inner circle at P cuts the outer circle at A 
and B; show that the arc AQB is bisected at Q. 

2. Two unequal circles intersect at A; show how to draw a straight line 
PAQ, cutting the one circumference in P and the other in Q, so that PA 
may equal AQ. 


HONOURS. 


1, Take any point E and F in the sides AC, AB of a triangle ABC; join 
EF, and draw from A a straight line, passing through the middle point of 
EF and cutting BC in D: show that 


CA.AF.BD=BA.AE.CD. 


2. C is the centre and AB the diameter of a semicircle ADEB;; the tan- 
gent at D intersects the tangents at A and E in F and G, respectively; AE 
and CG intersect in H; show that FH is perpendicnlar to CG. 

3. ABC is an equilateral triangle; a circle intersects AB in D, AC in E, 
and BC produced in F; it also intersects AC, AB, CB, all produced in G, 
H, and K, respectively; show that 

AE+BK+CG=AD+BH+CF. 
Find the corresponding result, when all the vertices of an equilateral 
triangle are inside a circle, which intersects the sides of the triangle 
produced both ways. 


FOURTH STAGE. 


1. Inscribe a regular pentagon in a given circle, and in the pentagon in- 
scribe a regular figure of ten sides, having its alternate sides coincident with 
the sides of the pentagon. 


2. In the triangles ABC, DEF, the angle ABC is equal to the angle 
DEF and the sides about these angles are proportional: show that the angle 
BAC is equal to one of the two angles EDF, DFE, and give the ratio of 
the third sides of the two triangles. 

MPQ, NPR, are two intersecting circles such that the sum of the 
squares on their radii is equal to the square on the distance between 
their centres. Show how to draw a straight line MPN such that the 
rectangle MP, PN shall be equal to a given square. 
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3. When are quantities said to be in continued proportion? Divide a 
given finite straight line into two parts such that the whole line and the 
two parts shall be in continued proportion. 

The perpendicular let fall from the right angle to the hypotenuse of 
a right-angled triangle divides the hypotenuse in mean and extreme 
ratio: show that the three sides of the triangle are in continued propor- 
tion. 

4. When is a line said to be perpendicular to a plane, and when parallel 
to the plane? 

From a given point, how many lines can be drawn perpendicular to 
a given plane, and how many parallel to that plane? 

The angle B of the triangle ABC is a right angle: P 1s a point, not 
in the plane of the triangle, and equidistant from A, B, and C: if a 
straight line PD bisect AC, prove that PD is perpendicular to the 
plane ABC. 


May, 1888. 
FIRST STAGE. 


1. Two angles of a triangle are equal; show that the sides opposite to 
these angles are equal. | 

In the equal sides AB, AC of an isosceles triangle ABC points D 
and E are taken, so that AD is equal to AE, and CD and BE are 
drawn intersecting in F; show that the triangle BFC is isosceles. 

2. Show how to divide a given angle into two equal parts. 

If a diagonal AC of a quadrilateral ABCD bisects the angles at A 
and C, show that it is at right angles to the other diagonal BD. 

3. If one angle of a triangle is greater than another, show that the side 
‘which is opposite the greater angle is longer than the side which is opposite 
the less angle. 3 

ABC is a triangle having an acute angle at B, which is greater than 
the angle at A; the side AB is produced to D, and BE is drawn to 
meet AC produced in E in such a way that the angle DBE is equal to 
the angle ABC; show that BE is longer than BC. 

4, Show that the complements of the parallelograms which are about the 
diagonals of any parallelogram are equal to one another. 

If one of the parallelograms about the diagonal of any parallelogram 
is equal to half one of the complements, show that the complement is 
equal to half the other parallelogram. 

5. ABC is a given triangle and P a given point; show how to draw 
through P a straight line to cut AB and AC (or those sides either or both 
produced) in Q and R, so that AQR may be an isosceles triangle. 

Within what space must P be situated if Q and R are on the sides 
(not the sides produced) respectively ? 

6. In the triangle ABC the angles at A and C are each one-fourth of a 
right angle; CD is drawn cutting AB produced at right angles in D; show 
that the square on AB is double the square on BD. 


SHCOND STAGE. 


1. Show that if a straight line be divided into any two parts, the squares 
on the whole line and on one of the parts are equal to twice the rectangle 
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contained by the whole line and that part together with the square on the 
other part. 

Let ABC be a triangle having a right angle at C; from D, any point 
in AC, draw DE at right angles to AB; without using any property 
of the circle, show that the rectangle CA.AD is equal to the rectangle 
BA. AE. 


2. AB is a chord of a circle; C the middle point of AB; show that the 
straight line drawn through C perpendicular to AB passes through the 
centre of the circle. 

Show that all circles whose centres lie on a given straight line and 
whose circumferences pass through a given point have a common chord 
of intersection. 


8. Define similar segments of a circle, and show that on the same straight 
line and on the same side of it there cannot be two similar segments of 
circles not coinciding with each other. 

A straight line is drawn through the point of contact of two circles 
touching each other internally; show that the segments cut off on the 
same side of the line are similar. 


4, Show that in equal circles the arcs which subtend equal angles, whether 
at the centre or circumference, are equal. 
ABCD is a quadrilateral inscribed in a circle whose centre is O; if 
the angles BAD and BOD are together equal to two right angles, show 
that the arc BAD is double the are BCD. 


5. Show that a tangent to a circle makes with a chord through the point 
of contact angles equal to those in the alternate segments of the circle. 
In the hypotenuse AB of a right-angled triangle ABC a point E is 
taken, so that AE equals AC; CD is drawn to meet AB at right angles 
in D; show that the line joining C and E bisects the angle BCD. 


6. Given a circle and two parallel chords, show how to draw a circle to 
touch both chords, and the circle internally. 


THIRD STAGE. 


1. A line of given length moves between two lines at right angles to each 
other, having one of its ends on each of them; find when its centre 1s at a 
minimum distance from a given line. 


2. A, B, C are three points on the circumference of a circle; D is the 
middle point of the arc AB, and E is the middle point of the arc BC; draw 
the chord CE; join AE and CD intersecting in F; show that CE is equal 
to EF. 


HONOURS. 


1. A line AB is divided in C so that CB is double AC, and circles are 
described on AC and CB as diameters; show how to draw through A a line 
such that the chords intercepted by the two circles may be equal. 

2. Show how to describe the greatest equilateral triangle, each side of 
which passes through a vertex of a given triangle. 

3. Through C, the middle point of the are ACB of a given circle, any 
chord CD is drawn cutting the straight line AB in E; find the locus of the 
centre of the circle passing through B, D and E. 
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FOURTH STAGE. 


1. Give the necessary and sufficient conditions that two triangles may be 
similar: also that two polygons may be similar. 

Show that the areas of similar triangles are as the squares on cor- 
responding sides. 

A triangle and a parallelogram have a common angle, and the area 
of the triangle is three times that of the parallelogram; give the rela- 
tion connecting those sides of the two figures which contain the com- 
mon angle. | 


2. Show how to trisect the arc of a circle whose chord is the side of a 
regular pentagon inscribed in the circle. 

If regular figures of five, six, and ten:sides respectively be inscribed 
in the same circle, show that the square on a side of the hexagon and 
the square on a side of the decagon are together equal to the square on 
a side of the pentagon. 


3. If four parallel lines are given in position, show that they cut off on 
any transverse line segments which are in a constant ratio. 
Similar and similarly situated polygons are described on AB and 
CD, which are given unequal parallel lines. Show that all the lines 
Joining corresponding corners meet at a point. 


4. If two lines which intersect are respectively parallel to two other in- 
tersecting lines, show that the plane of the former pair is parallel to the 
plane of the latter pair, or coincident with it. 

A pyramid on a four-sided base is cut by any number of parallel 
planes; show that the sections are similar figures, and that the points 
of intersection of the diagonals of all the sections are in a straight line. 


LONDON UNIVERSITY MATRICULATION 
EXAMINATION. 


. JANUARY, 1889. 
Eucuip, Books I.-IV. 


1. Prove that, if two triangles have the sides of the one respectively 
equal to the sides of the other, they are equal in all respects. 
2. Two triangles on the same base are such that one lies wholly inside 
the other; prove that the inner one has the smaller perimeter. 
Extend this proposition to two polygons on the same base, of which 
the inner one has no re-entrant angle. 
8. Prove that the sum of the angles of any triangle is equal to two 
right angles. 
4. Show that the middle points of the sides of any quadrilateral are the 
vertices of a parallelogram. 
Prove that the area of this parallelogram is half the area of the 
quadrilateral. 
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5. Prove by a geometrical construction that, if a straight line is divided 
into two segments, the square described on the whole line is equal to the 
squares described on the segments together with twice the rectangle con- 
tained by the segments. 

6. Show that, if two circles touch each other, the line joining their 
centres passes through the point of contact. 


7. A segment of a circle is described on a straight line AB, at any point 
P on it the tangent PT is drawn meeting AB produced in T; prove that 
the angle which PT makes with AB is equal to the difference of the angles 
PAB and PBA. 


8. Chords of a circle are drawn through a given point inside it; prove 
that the rectangles contained by their segments are all equal. 
Investigate also for what other points these rectangles have the 
same area as for the given point. 


9. A number of triangles with equal vertical angles are inscribed in the 
same circle; show that their bases are all tangents to a circle. 


10. Show how to inscribe a regular polygon of fifteen sides in a given 
circle. 


Fa 


JUNE, 1889. 


1. In the triangles ABC, DEF, it is given that AB=DE, the angle 
ABC =the angle DEF, and the angle BCA =the angle EFD. Prove 
that the triangles are equal in all respects. 


2. Prove that the complements of the parallelograms about the diagonal 
of a parallelogram are equal. 


3. Show how to divide a given straight line into five equal parts. 


4, In an obtuse-angled triangle, if a perpendicular be drawn from either 
of the acute angles to the opposite side produced, the square on the side 
subtending the obtuse angle exceeds the sum of the squares on the sides 
containing the obtuse angle by twice the rectangle contained by the side on 
which, when produced, the perpendicular falls, and the straight line inter- 
cepted without the triangle, between the perpendicular and the obtuse angle. 


5. Let A and B be two fixed points, and CD a straight line in the same 
plane as A, B. Find the position of the point P on the straight line CD, 
which is such that the sum of the squares on PA, PB is least. 


6. Prove that two similar segments of circles which do not coincide can- 
not be constructed on the same chord, and on the same side of that chord. 


7. Let A and B be two points on a circle, ADB, whose centre is C. 
Let an arc of a circle be described through ACB: let any straight line APQ 
be drawn cutting the arc ACB at P, and ADB at Q. Then prove that 
PB= PQ. 

8. If AB be the diameter of a circle, CD a fixed straight line perpen- 
dicular to AB, then, if AQP be any straight line through A, cutting the 
circle at Q and CD at P, prove that the rectangle contained by AQ and 
AP is constant. 


9. Show how to inscribe, in a given circle, a triangle equiangular to a 
given one. 

10. A polygon having all its sides equal is inscribed in a circle, prove 
that all its angles are equal. 
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EDUCATION DEPARTMENT. 


EXAMINATION FOR ADMISSION INTO TRAINING COLLEGES. 


Books I. IJ.—MIDSUMMER, 1889. 


[AW generally understood abbreviations for words may be used, but no symbols 
of operations (such as —, +, x) are admissible. 
Capital letters, not numbers, must be used in the diagrams. ] 


1. If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, these sides being opposite 
to equal angles in each, then shall the other sides be equal, each to each, 
and also the ope angle of the one equal to the third angle of the other. 

A, B, C are three given points. Through A draw a line such that 
the perpendiculars upon it from B, C may be a 

2. Define parallel straight lines. 

To draw a straight line through a given pini parallel to a given 
straight line. 

À is a point without the angle CBD. Draw from A a straight line, 
AEF, cutting BC in E, BD in F, so that AE may be equal to EF. 

3. If the square described on one of the sides of a triangle be equal to 
the squares described on the other two sides of it, the angle contained by 
these two sides is a right angle. 

PQRS is a rectangle, T any point, show by Bk. I. Prop. 47, that the 
squares on TP, TR are together equal to the squares on TQ, TS. 

4. What is the objection to the use of algebraical processes in demon- 
strating the propositions of the Second Book? 

In every triangle, the square on the side subtending an acute angle, 
is less than the squares on the sides containing that angle, by twice the 
rectangle contained by either of these sides, and the straight line inter- 
cepted between the perpendicular let fall on it from the opposite angle, 
and the acute angle. 


EXAMINATION OF STUDENTS IN TRAINING COLLEGES. 
Ist YEAR. 


Books I., IIL., IJ]. —CuHristmas, 1889. 


[Capital letters (excluding A,B,C,D,E,F), not numbers, must be used in the 
diagrams. 

All generally understood abbreviations and symbols for words may be used, 
but not symbols of operations, such as —, +, x, PQ’, PQ, RS.] 


1. Define plane superficies, plane angle, semicircle, gnomon, angle of a seg- 
ment, sector of a circle. 
If a triangle PQR be turned over about its side PQ, show by Prop. 
4, Bk. I., that the line joining the two positions of R is perpendicular 
to PQ. 
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2. To draw a straight line perpendicular to a given straight line of an 
unlimited length, from a given point without it. 
From a given point draw a straight line, making equal angles with 
two given straight lines. (I. 26 may be employed.) 


3. All the exterior angles of any rectilineal figure, made by producing the 
sides successively in the same direction, are together equal to four right 
angles. 

PQR is an equilateral triangle; H, K are points in QR, PR, such 
that QH=RK; QK, PH intersect at S. Show that the angle PSQ is 
equal to the sum of two angles of the equilateral triangle. 


4, Equal triangles upon the same base and upon the same side of it are 
between the same parallels. 
Bisect a given triangle by a straight line drawn from a given point 
in one of its sides. (I. 37, 38.) 


5. Show that Propositions 2 and 3 of the Second Book are special cases 
of Proposition 1. What are the corresponding algebraical formule for these 
three propositions? 

6. If a straight line be divided into two equal and also into two unequal 
parts; the squares on the two unequal parts are together double of the 
square on half the line and of the square on the line between the points of 
section. 

In PR, a diagonal of the square PQRS, a point T is taken. Show 
that the triangle whose sides are equal to PT, TR and the diagonal of 
a square described on QT will be right-angled. 


7. If astraight line drawn through the centre of a circle, bisect a straight 
line in it which does not pass through the centre, it shall cut it at right 
angles. 

If a straight line be drawn intersecting two concentric circles, prove 
that the portions of the straight line, intercepted between the two 
circles, are equal. 


8, If two circles touch one another internally, the straight line which 
Joins their centres, being produced, shall pass through the point of contact. 


Prove also that if a straight line be drawn through their point of 
contact, cutting the circumferences, two radii drawn to the points of 
intersection are parallel. 


9. The angle at the centre of a circle is double of the angle at the cir- 
cumference on the same base, that is, on the same arc. 

GH and KL are two chords in a circle which intersect when pro- 
duced in the point O without the circle; prove that the difference of 
the angles subtended at the centre by the arcs GK and HL is double 
of the angle GOK. (Apply I. 32.) 


10. If from any point without a circle there be drawn two straight lines, 
one of which cuts the circle and the other meets it, and if the rectangle 
contained by the whole line which cuts the circle, and the part of 1t without 
the circle, be equal to the square on the line which meets the circle, the line 
which meets the circle shall touch it. 

From a point T two tangents are drawn to a circle whose centre is 
U, and TU meets the chord of contact at S; show that the rectangle 
contained by US, UT is equal to the square on the radius. 
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2ND YEAR. 
Books I., II., III., IV. and VI. (Props. 1-17). CHRIsTMAs, 1889. 


1. Construct a triangle whose sides are equal to three given straight 
lines, any two of which are together greater than the third. 

Show by diagrams what will happen if you attempt to construct 
triangles whose sides contain units in the following relations:—(1.) 2 
3, 4; (2.) 2, 3, 5; (8.) 2, 3, 6. 

2. If astraight line falling on two other straight lines make the alternate 
angles equal to one another, or make the interior angles on one side together 
equal to two right angles, these two straight lines shall be parallel. 

-~ Show that a four-sided figure, which has all its sides equal and one 
angle a right angle is a square. 


8. To divide a given straight line into two parts, so that the rectangle 
contained by the whole and one of the parts may be equal to the square of 
the other part. 


Show how to produce a straight line, so that the rectangle contained. 
by the given line and the line made up of the given line and the part 
produced may be equal to the square of the part produced. 


4. In any acute-angled triangle the squares of the sides containing the 
acute angle are together greater than the square of the side subtending the 
acute angle by twice the rectangle contained by one of the sides and the 
straight line intercepted between the acute angle and the perpendicular let 
fall on it from the opposite angle. 

The straight line PQ.is divided in R, so that the rectangle PQ, QR 
is equal to the square of PR. Circles with centres Q,R, and radii equal 
to PR intersect in S. Show that PQS is an isosceles triangle, having 
each of the angles PQS, PSQ double of QPS. 


5. The angle at the centre of a circle 1s double of the angle at the cir- 
cumference upon the same base, that is, upon the same part of the circum- 
ference. 

Two equal circles intersect in P, Q. Any straight line is drawn 
through P meeting the circles again in R,S. Show that if QR and QS 
be joined, QR is equal to QS. 

6. If from any point without a circle two straight lines be drawn, one of 
which cuts the circle, and the other touches it; the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, 
shall be equal to the square on the line which touches it. 


Two circles intersect in P,Q. If tangents be drawn to the circles 
from any point R in PQ produced they shall be equal. 


7. In a circle, the angle in a semicircle is a right angle; but the angle in 
a segment greater than a semicircle is less than aright angle; and the angle 
in a segment less than a semicircle is greater than a right angle. 


PQR is a triangle, PS, RT, meeting in V, are drawn perpendicular 
to the opposite sides. QV is produced to meet PR in W. Show that 
QW is perpendicular to PR. 


8. To inscribe a circle in a given triangle. 


M is the centre of the circle inscribed in the triangle PQR; and N 
is the centre of the circle which touches PQ and PR produced and 
QR. Show that MN is the diameter of a circle which passes through 
Q and R. 


3 
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9. To inscribe an equilateral and equiangular hexagon in a given circle. 
Compare the areas of regular hexagons inscribed in and described 
about a given circle. 


10. If a straight line be drawn parallel to one of the sides of a triangle 
it shall cut the other sides, or these produced, proportionally; and con- 
versely, if the sides, or the sides produced, be cut proportionally, the straight 
line which joins the points of section shall be parallel to the remaining side 
of the triangle. 

MNP, MNQ are equal triangles. MQ and NP intersect in R. 
Through R a straight line is drawn parallel to MN meeting MP in T 
and NQ in V. Show that TR is equal to RV. 


11, Equal triangles which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally proportional; 
and conversely, triangles which have one angle of the one equal to one 
angle in the other, and their sides about the equal angles reciprocally pro- 
portional, are equal to one another. 


Prove that the equilateral triangle described on the hypotenuse of a 
right-angled triangle is equal to the sum of the equilateral triangles 
described on the other two sides. (VI. 16 may be used.) 


ee ee 


SCOTCH EDUCATION DEPARTMENT. 
LEAVING CERTIFICATE, 1889. 


GEOMETRY—SEcoNpD (oR LOWER) GRADE. 


[Candidates are not expected to attempt more than about three-fourths of this 
paper. But any omissions, whether of reasoning, explanation, or calcu- 
lation, will be treated as errors, All ordinary contractions may be used. 
Additional marks will be given for neatness and good style. } 


1. Define a straight line, a right angle, a square, and a parallelogram. 
The angles which one straight line makes with another straight line 
on one side of it are either two right angles or are together equal to 
two right angles. 


2. If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles, and the three interior angles of every 
triangle are equal to two right angles. 

ABCD is a square. On CD an equilateral triangle CDE is de- 
scribed, so that E lies within the square. AE is joined. Find what 
part of a right angle the angle EAB is. 


8. Parallelograms on the same base and between the same parallels are 
equal. 
ABC is a triangle, and AB is bisected in D. From D, DE is drawn 
parallel to BC, meeting AC in E. Prove that AE= EC. 


4, If a straight line be bisected and produced to any point, the rectangle 
contained by the whole line thus produced and the part produced, together 
with the square on half the line bisected, is equal to the square on the line 
made up of the half and the part produced. 

Show that the preceding proposition is equivalent to the following: 
(310) Y 


346 APPENDIX. 


The rectangle contained by the sum and difference of two straight 
lines 1s equal to the difference of their squares. 


5. Draw å straight line from an external point to touch a given circle. 
Show that your construction enables two tangents to be drawn, and 
that these tangents are equal in length. 


6. The angle at the centre of a circle is double of the angle at the circum- 
ference subtended by the same arc. 

From a point P outside a circle, two straight lines PQR, PST are 
drawn, cutting the circle. Show that the difference between the angles 
which RT and QS subtend at the centre of the circle is equal to twice 
the angle QPS. 


7. If two chords of a circle intersect, the rectangle contained by the 
segments of the one shall be equal to the rectangle contained by the seg- 
ments of the other. 

AB is a diameter of a circle, and C is a point in AB produced. 
Through C, CD is drawn perpendicular to AB. If through any point 
P in CD a straight line PBQ be drawn meeting the circle in Q, the 
rectangle PB, BQ is constant. 


8. What is meant by a locus? 
A and B are two fixed points, and the area of the triangle ABC is 
constant; find the locus of C. 


HIGHER GRADE AND HONOURS. 


1. If a straight line AB is bisected in C and produced to D, prove that 
the rectangle contained by AD and DB together with the square on AC is 
equal to the square on CD 

ABC are three given points on a straight line. Find a point D in 
the line produced such that rect. AD, AB+sq. CD=s8q. AC. 


2. Prove that in every circle angles at the circumference which stand on 
the same arc are equal. 

Prove that if the angles ABC and ADC are equal and B and D are 
on the same side of AC a circle will pass through the four points 
ABCD. 

AB is bisected in O and P is any point in OB; OR is drawn per- 
pendicular to AB and equal to OP; AR is joined. From R is drawn 
RS perpendicular to AR towards AB and equal to AR. Prove that 
SP is perpendicular to AB. 


3. Describe a circle which shall touch one side of a triangle and the 
other two sides produced. 

What is meant by the locus of a point? If BC is fixed and A moves 

on the circumference of a fixed circle passing through B and C, find 

the locus of the centre of the circle escribed to ABC and opposite to A. 


4, When is A to B in the duplicate ratio of C to D? 

Two similar parallelograms OABC and Oabce are similarly placed 
so that the angles AOC and aOc coincide. cb and AB, produced if 
necessary, meet in D. Prove Oabc: OADc:: OADc: OABC; and 
thence show that similar parallelograms are to one another in the 
duplicate ratio of their homologous. sides. 


5. Prove that in equal circles angles at the centres are proportional to 
the arcs on which they stand. 
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6. When is a straight line harmonically divided? 
Show that a straight line which is bisected may be looked on as 
harmonically divided. 
Prove that any diagonal of a quadrilateral is harmonically divided 
by the corners of the quadrilateral through which it passes, and the 
points where it meets the other two diagonals. 


T. From a given point outside a plane draw a perpendicular to the plane. 


O is a point outside a plane. OA is perpendicular to it. BC isa 
straight line in the plane and AD is perpendicular to it. Prove that 
OD is also perpendicular to BC. 


8. If transversals through the angular points A, B, C of a triangle are 
concurrent, and intersect the opposite sides in D, E, F respectively, then 


BD.CE.AF=DC. EA. FB. 


ABC is a triangle and any straight line CF is drawn meeting AB 
in F. The angles BFC, AFC are bisected by FD, FE meeting the 
opposite sides in D, E. Show that AD, BE, CF are concurrent. 


=e 


OXFORD LOCAL EXAMINATIONS. 
JUNE, 1889. 


J UNIORS.—Booxks I.-VI. 


(Euclid’s axioms will be required, and no proof of any proposition will be 
admitted which assumes the proof of anything not proved in preceding 
propositions of Euclid. | 


1. Define a right angle, a rhombus, a parallelogram. 


2. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have also the angles contained by those sides equal 
to one another, they shall also have their bases or third sides equal; and 
the two triangles shall be equal, and their other angles shall be equal, each 
to each, namely those to which the equal sides are opposite. 

If the diagonals of a quadrilateral bisect one another at right angles 
the quadrilateral is a rhombus or a square. 


3. The straight lines which join the extremities of two equal and parallel 
straight lines towards the same parts are also themselves equal and parallel. 


4, Show that every rhomboid is a parallelogram. 


3. In any right-angled triangle, the square which is described on the side 
subtending the right angle is equal to the squares described on the sides 
which contain the right angle. 


6. If a straight line be divided into any two parts, the square on the 
whole line is equal to the squares on the two parts, together with twice the 
rectangle contained by the two parts. 

7. If ABC be a triangle obtuse-angled at C, and AD be drawn perpen- 
dicular to BC produced, prove that the square on AC is less than the 
squares on AB, BC by twice the rectangle DB, BC. 

8. If two circles touch one another internally, the straight line joining 
their centres being produced passes through the point of contact. 
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9. If a straight line touch a circle, and from the point of contact a straight 
line be drawn cutting the circle, the angles which this line makes with the 
line touching the circle shall be equal to the angles in the alternate seg- 
ments of the circle. 

AB, AC are tangents toa circle, B, C being the points of contact; 
BD is a chord through B parallel to AC: show that the arcs CB, CD 
are equal. 


10. Describe a circle about a given triangle. 


11. Equal parallelograms which have an angle of the one equal to-an 
angle of the other have their sides about the equal angles reciprocally pro- 
portional; and, conversely, parallelograms which have one angle of the one 
equal to one angle of the other and their sides about the equal angles re- 
ciprocally proportional are equal to one another. 

Construct a rhombus equal to a given parallelogram and equiangular 
with it. 

12. In equal circles, angles, whether at the centre or at the circumfer- 
ences, have the same ratio which the arcs on which they stand have to one 
another. 


SENIORS.—Books I.-—VI. and XI. (1-21). 


1. The angles which one straight line makes with another upon one side 
of it are either two right angles or are together equal to two right angles. 


2. If ABC is a triangle such that the square on BC is equal to the squares 
on AB and AC together, the angle BAC will be a right angle. 

If the square on BC (on the side remote from A) is BDEC, show 
that the perpendicular from D on AC (produced if necessary) is equal 
to AB and AC together. 

8. Describe a square which shall be equal to a given rectilineal figure. 

Of all rectangles having a given area the square is that the sum of 
the lengths of whose sides 1s least. 

4. If two circles touch one another externally, the straight line which 
Joins their centres will pass through the point of contact. 


5. Define a segment of a circle, and the angle in a segment. 
On the same chord and on the same side of it there cannot be two 
similar segments of circles, not coinciding with one another. 
6. Inscribe a square in a given circle. 
If a parallelogram can have a circle inscribed in it, it must be equi- 
lateral. 
7. If the vertical angle of a triangle be bisected by a straight line which 
also cuts the base, the segments of the base will have the same ratio which 
the other sides of the triangle have to one another. 


8. If four straight lines are proportionals, the rectangle contained by the 
extremes 1s equal to the rectangle contained by the means. 
On a given base describe an isosceles triangle equal in area to a given 
rectangle. 
9. If two straight lines meeting one another are parallel to two others 
that meet one another, and are not in the same plane with the first two, 
the first two and the other two will contain equal angles. 
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OXFORD UNIVERSITY RESPONSIONS. 
Books 1., II. 


1. Define—superficies, centre of a circle, parallel straight lines, plane 
angle, rhomboid. 


2. On the same base, and on the same side of it, there cannot be two tri- 
angles having their sides which are terminated at one extremity of the base 
equal to one another, and likewise those which are terminated at the other 
extremity. 


3. Make a triangle of which the sides shall be equal to three given 
straight lines, but any two whatever of these must be greater than the 


third. 


4. If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, namely, either the sides 
adjacent to the equal angles, or sides which are opposite to equal angles in 
each, then shall the other sides be equal, each to each, and also the third 
angle of the one equal to the third angle of the other. 


5. To a given straight line apply a parallelogram, which shall be equal 
to a given triangle, and have one of its angles equal to a given rectilineal 
angle. 


6. In any right-angled triangle, the square which is described on the side 
subtending the right angle is equal to the squares described on the sides 
which contain the right angle. 


7. If a straight line be divided into any two parts, the squares on the 
whole line, and on one of the parts, are equal to twice the rectangle con- 
tained by the whole and that part, together with the square on the other 
part. 


8. If a straight line be bisected, and produced to any point, the square 
on the whole line thus produced, and the square on the part of it produced, 
are together double of the square on half the line bisected and of the square 
on the line made up of the half and the part produced. 

9. Divide a given straight line into two parts, so that the rectangle con- 
tained by the whole and one of the parts may be equal to the square on the 
other part. 


CAMBRIDGE LOCAL EXAMINATIONS. 
1889. 


JUNIORS. —Boorgs I., II. IIL, IV., VI. 


[The only abbreviation admitted for “the square on AB” ts “sq. on AB,” 
and for “the rectangle contained by AB and CD,” “rect. AB, CD.” 
All generally understood abbreviations or symbols for words may be 
uscd, but not symbols of operations such as —, +, x.] 


A 1. Define a superficies, a circle, and parallel straight lines. 
Give one of Euclid’s postulates. 


350 APPENDIX. 


A2. If two angles of a triangle be equal to one another, the sides also 
which are opposite to the equal angles shall be equal to one another. 


ABC is a triangle in which the sides AB, AC are equal to each 
other: equilateral triangles ADB, AEC are described on AB, AQ, 
outside the triangle ABC: BE and CD intersect in O; prove that 
OD and OE are equal. 

A 3. If two triangles have two angles of the one equal to two angles of 
the other, each to each; and one side equal to one side, namely sides which 
are opposite to equal angles in each; then shall the other sides be equal, 
each to each; and also the third angle of the one equal to the third angle 
of the other. 

AB, AC are two given straight lines. Show how to draw through 
B a line BPQ cutting AC in P and such that, if produced to Q so that 
PQ is equal to PA, the angle QCA may be equal to the angle QBA. 


A 4. If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles. 
A point O is taken within a triangle ABC such that the angles 
AOB, AOC are equal to the exterior angles of the triangle at C and 
B, prove that the angle BOC is equal to the exterior angle at A. 


Ad. From a point in one of the lines containing a given angle draw a 
line which, with the lines containing the angle, shall include a given area. 


A6. In any right-angled triangle, the square which is described on the 
side subtending the right angle is equal to the squares described on the 
sides containing the right angle. 

If squares be described on the sides of any triangle ABC as in this 
proposition, prove that the perpendicular from A on BC divides the 
square on BC into two parts which differ from the squares on AB and 
AC by equal areas. 


A 7. If there be two straight lines, one of which is divided into any 
number of parts, the rectangle contained by the two straight lines is equal 
to the rectangles contained by the undivided line and the several parts of 
the divided line. 


A 8. In every triangle, the square on the side subtending an acute angle 
is less than the squares on the sides containing that angle, by twice the 
rectangle contained by either of these sides, and the straight line inter- 
cepted between the perpendicular let fall on it from the opposite angle and 
the acute angle. 

The perpendicular from A meets the base of the triangle ABC in 
D, and E is the middle point of BC, prove that the difference of the 
squares on AB and AC is equal to twice the rectangle contained by 
BC and DE. 

B 1. Draw a straight line from a given point, without the circumference 
of a given circle, which shall touch the circle. 

From a point without a circle draw a line such that the part of it 
included within the circle may be of a given length less than the 
diameter of the circle. 


B 2. If a straight line touch a circle, and from the point of contact a 
straight line be drawn cutting the circle, the angles which this line makes 
with the line touching the circle shall be equal to the angles which are in 
the alternate segments of the circle. 
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A straight line touches a circle at the point P, and QR is a chord of 
a second circle parallel to this tangent. PQ, PR cut the first circle 
in S, T, and the second circle in U, V; prove that ST and UV are 
parallel. 


B 3. Inscribe a circle in a given triangle. 


B 4, If two triangles have one angle of the one equal to one angle of the 
other, and the sides about the equal angles proportionals, the triangles 
shall be equiangular to one another, and shall have those angles equal 
which are opposite to the homologous sides. If a point be taken within a 
parallelogram such that the line joining it to one of the angular points 
subtends equal angles at the two adjacent angular points, prove that the 
lines joining it to any angular point will subtend equal angles at the two 
angular points adjacent to that angular point. 

B 5. If any segment of a circle dersribed on the side BC of a triangle 
ABC cut BA, CA, produced if necessary, in P and Q, prove that PQ is 
always parallel to a fixed straight line. 


SENIORS.—Books 1., II., III., IV., VI. anp XI. (1-21). 


1. If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles. 

Squares ABDE and ACFĠG are described on the sides AB, AC of a 
triangle ABC external to the triangle: prove that the lines CE and 
BG are at right angles. 

2. If a parallelogram and a triangle be on the same base and between 
the same parallels, the parallelogram is double of the triangle. 

HF and EG are the parallelograms about the diagonal AC of a 
parallelogram ABCD. Show that the sum of the areas of the tri- 
angles AEG and AHF is equal to the sum of the areas of CHF and 
CEG. 

3. If a straight line be divided into two equal, and also into two un- 
equal parts, the squares on the two unequal parts are together double of 
the square on half the line and of the square on the line between the points 
of section. 

The triangle ABC is equilateral and AD is drawn meeting the base 
BC at right angles in D. In CB a part CE is taken equal to AD. 
Prove that the square on ED is equal to the rectangle contained by 
BE and BC. 


4, If a straight line touch a circle, and from the point of contact a 
straight line be drawn cutting the circle, the angles which this line makes 
with the line touching the circle shall be equal to the angles which are in 
the alternate segments of the circle. 

A line AD is drawn bisecting the angle A of a triangle ABC and 
meeting the side BC in D. Find a point E in BC produced either way 
such that the square on ED may be equal to the rectangle contained 
by EB and EC. 

5. Describe a circle about a given triangle. 

A triangle ABC is inscribed in a circle and B’, C’ are the middle 
points of the sides AC and AB. The perpendiculars from B and C 
on the opposite sides meet at P and PB’, PC’ meet the circle again in 
E and F respectively; prove that EF is equal and parallel to BC. 
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6. The sides about the equal angles of triangles which are equiangular 
to one another are proportionals; and those which are opposite to the equal 
angles are homologous sides, that is, are the antecedents or consequents of 
the ratios. 

Construct a triangle which shall have one angular point at a given 
point, the other angular points on two fixed straight lines respectively, 
and its sides proportional to those of a given triangle. | 


7. If a solid angle be contained by three plane angles, any two of them 
are together greater than the third. 


CAMBRIDGE HIGHER LOCAL EXAMINATIONS. 
JUNE, 1889.—Booxks I.-IV., VI. and XI. (1-21). 


1. If a straight line fall on two parallel straight lines, it makes the alter- 
nate angles equal to one another, and the exterior angle equal to the interior 
and opposite angle on the same side. 

Prove that the straight lines which bisect two opposite angles of a 
parallelogram either coincide or are parallel to one another. 


2. In any right-angled triangle, the square which is described on the 
side subtending the right angle is equal to the sum of the squares described 
on the sides which contain the right angle. 

If ABC be a right-angled triangle having A for the right angle, and 
squares be described on the lines BC, CA, AB on the sides opposite to 
the angles A, B, C, then will the diagonal of the square on AB passing 
through B be parallel to the diagonal of the square on AC passing 
through C. 


3. If a straight line be divided into any two parts, the squares on the 
whole line and on one of the parts are together equal to twice the rectangle 
contained by the whole and that part together with the square on the other 
part. 

A straight line AB is divided in C and D so that AC is equal to 
DB: prove that the squares on AB, CD are together double of the sum 
of the squares on AC and CB. 


4. Draw a tangent to a circle from a given point without it. 


If three circles touch, two and two, the tangents at the points of con- 
tact meet at a point and are equal, or are parallel. 


ð., Inscribe a circle in a given triangle. 


6. The sides about the equal angles of triangles which are equiangular to 
one another are proportionals; and those sides which are opposite to the 
equal angles are homologous. 

Two circles ABC, ABD intersect in A and B. Through A a line 
CAD is drawn cutting the circles in C and D respectively, and the 
tangent at A to the circle ABD cuts the circle ABC in E. Prove that 
the chord DA is to the chord CE in the ratio of the radii of the circles. 


7. If two straight lines be cut by parallel planes, they are cut in the 
same ratio. 
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CAMBRIDGE UNIVERSITY PREVIOUS 
EXAMINATION. 


JUNE, 1889.—Books I., II., III. and VI. (Props. 1-19). 


1. Define a triangle, a circle, and a square. 
What is the difference between a postulate and an axiom? 


2. Any two sides of a triangle are together greater than the third side. 


3. Construct a triangle, the sides of which shall be respectively equal to 
three given straight lines, any two of these lines being greater than the 
third. 


4, Describe a parallelogram equal to a given rectilineal figure, and having 
an angle equal to a given rectilineal angle. 


5, If a straight line be divided into any two parts, the squares of the 
whole line and of one of the parts are equal to twice the rectangle contained 
by the whole line and that part together with the square of the other part. 


6. If a straight line be divided into two equal, and also into two unequal 
parts, the squares of the two unequal parts are together double of the 
squares of half the line, and of the line between the points of section. 


T. If one circle touch another internally, the straight line which joins 
their centres, being produced, shall pass through the point of contact. 


8. If a straight line touch a circle, and from the point of contact a straight 
line be drawn cutting the circle, the angles made by this line with the line 
touching the circle shall be equal to the angles which are in the alternate 
segments of the circle. 


9. If the sides of two triangles about each of their angles be proportionals, 
the triangles shall be equiangular. 


10. The bisector of the exterior angle A of a triangle ABC meets the 
side BC produced in D. Prove that the perpendiculars drawn from D to 
the sides AB, AC produced are equal to each other. 


11. In aright-angled triangle prove that the line drawn from the right 
angle to the middle point of the base is equal to half the base. 


12. Construct an isosceles triangle in which the vertical angle shall be 
equal to four times each angle at the base. 


CAMBRIDGE MATHEMATICAL TRIPOS. 
1888. 


1. Parallelograms on the same base, and between the same parallels, are 
equal to one another. 

A straight line DE is drawn to cut the base BC of a triangle ABC 
and is terminated by the sides AB, AC produced if necessary; prove 
that, if the quadrilateral BDCE be of constant area, the middle point 
of DE hes on one of two fixed straight lines. 


2. Prove that, if from any point without a circle two straight lines be 
drawn, one of which cuts the circle and the other touches it, the rectangle 
contained by the whole line which cuts the circle and the part of it without 
the circle shall be equal to the square on the line which touches it. 
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Squares are described on the sides of a triangle ABC, namely BCDE, 
CAFG, ABHK, and A, B, Cy are the intersections of BF and CK, 
CH and AE, BG and AD, respectively; prove that AA,, BB,, CC, 
meet in a point. 

Prove that a similar theorem is true if the intersections of BG and 
CH, CK and AD, AE and BF, be taken. 


3. If the vertical angle of a triangle be bisected by a straight line which 
also cuts the base, the segments of the base have the same ratio which the 
other sides of the triangle have to one another: and if the segments of the 
base have the same ratio which the other sides of the triangle have to one 
another, the straight line drawn from the vertex to the point of section 
bisects the vertical angle. 

Prove that, if a point on the internal bisector of the angle of a triangle 
be joined to the two other vertices and the joining lines be produced to 
intersect the external bisector of the angle, the straight lines joining 
the points of intersection to the two vertices meet in a second point on 
the internal bisector. 


4, Prove that the sides about the equal angles of triangles which are 
equiangular to one another are proportionals; and those sides which are 
opposite to the equal angles are homologous, that is, are the antecedents or 
the consequents of the ratios. 

Construct a rhombus of which two sides lie along two given parallel 
straight lines while the other two pass each through a fixed point. Of 
how many solutions does the problem admit? 


5. Prove that the locus of a point which is such that its distances from 
two fixed points are in a constant ratio is a circle. 

Prove that there are two points, each of which has the property that 
its distances from the angular points of a triangle are proportional to 
the opposite sides, and that the straight line ] Joining them passes through: 
the centre of the circumscribed circle. 


6. Prove that, if two straight lines be cut by parallel planes, they are cut 
in the same ratio. 
Prove that the straight lines which intersect three given non-inter- 
secting lines that are parallel to the same plane are also all -parallel to 
a plane. 


1889. 


1. Parallelograms on the same base and between the same parallels are 
equal to one another. 

Show how in the three cases of the proposition to cut up one paral- 
lelogram so that the parts when properly fitted together will form the 
other parallelogram; and show also how to do the same for any two 
equal triangles. 


2. In every triangle the square on the side subtending an acute angle is 
less than the squares on the sides containing it by twice the rectangle con- 
tained by either of these sides and the straight line intercepted between the 
perpendicular let fall on it from the opposite angle and the acute angle. 

_ A point P is taken within a triangle ABC such that when perpen- 
diculars PM, PN are let fall on AB, AC respectively the rectangles 
CN.AC and BM.AB are equal. Prove that P lies on a fixed straight 
line. 
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3, Prove that the feet of the perpendiculars drawn to the sides of a tri- 
angle from any point on the circumscribing circle are collinear. 
A. crossed quadrilateral whose opposite sides are equal is inscribed in 
a circle. Prove that the feet of the perpendiculars drawn to the sides 
from any point on the circumference he on a circle the locus of whose 
centre 1s a straight line. 


4, Inscribe a circle in a given triangle. 

A triangle is formed by the centres of the three circles which pass 
each through two angular points of a given triangle and cut its in- 
scribed circle orthogonally. Show that (1) its sides are parallel to the 
lines joining the points of contact with the sides of the inscribed circle 
of the given triangle, (2) the centres of the circumscribing circles of 
the two triangles coincide, (3) the radii of these circles differ by one 
half of the radius of the inscribed circle of the given triangle. 


ð, If two triangles are equiangular the sides about their equal angles are 
proportional. 
A straight line moves so that it 1s divided in a constant ratio by the 
sides of a triangle. Prove that the locus of a point which divides one 
of the segments in a constant ratio 1s a straight line. 


6. If a straight line stand at right angles to each of two straight lines at 
their point of intersection, it is at right angles to the plane which passes 
through them. 

Two tetrahedra ABCD, aßyô are such that the five edges BC, CA, 
AB, DA, DB of the first are at right angles to the five edges 6a, ôß, 
dy, By, ya of the second. Prove that the remaining edges are also at 
right angles and show that the perpendiculars from the angular points 
of the one on the corresponding faces of the other are concurrent. 
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Abbreviations, 329. 

Acute angle, 6. 

Acute-angled triangle, ro. 
Adjacent angles, 6. 

Algebraic definition of duplicate ratlo, 2109. 
— proof of II. 11, p. 114. 
Aliquot part, 217. 

Alternando, 221. 

Alternative proofs of propositions, 326. 
Altitude of cone, 284. 

— — cylinder, 286. 

— — figure, 222. 

— — parallelogram, 64. 

— — prism, 283. 

— — pyramid, 283. 

-— — triangle, 64. 

Ambiguous case of triangles, 52. 
Analysis of a problem, 207. 
Angle, 7. 

— acute, 6. 

— at centre of a circle, 131. 

— at circumference, 131. 

— between two lines, 286. 

— in a segment, 130. 


— obtuse, 6. 
— of a segment, 130. 
—plane,6. - 


. — plane rectilineal, 6. 

-— re-entrant, 60. 

— right, 6. 

— solid, 283. 

— unrestricted in size, 261. 
Antecedent, 219. 

Arc, 8 

— concave, 130. 

— convex, 130. 

— major, 130. 

— minor, 130. 

Area of a figure, 8. 

— — triangle, to find (i), 63. 

— — —- to find (1i), 190. 

Axiom, definition of, 17. 

Axiom 12, Playfair’s substitute for, 57. 
Axioms general and geometrical, 17. 


— unstated but assumed by Euclid, 29, 36, 


44, 05, 70, 79, 90. 
is of a cone, 284. 


— — cylinder, 285. 
= — sphere, 284. 
— radical of two circles, 183. 


Base of a cone, 284. 

— — prism, 283. 

'— — pyramid, 283. 

— — triangle, rr. 
Bisect, to, 12. 

Bisector of an angle, 6. 


Centre of a circle, 8. 

— — sphere, 284. 

— — similarity, 271. 

— — similitude, 270. 

Chord, 8 

Circle, $ 

— concentric, 8. 

— which cut at right angles, 131. 

Circumference, 8. 

Circumscribe, to, 131. 

Coincide, 17. 

Collinear, 289. 

Commensurable, Q7. 

Common section, 282. 

— tangents, to draw, 18r. 

Compasses, use of, in Euclid, 17. 

1 practical geometry, 45. 

Complement of an angle, 6. 

Complements of parallelograms, 14. 

Complete quadrilateral, 276. 

Componendo, 221. 

Compound ratio, 218. 

Concave arc, 130. 

Concentric circles, 8. 

Conclusion, 23. 

Concurrent, 86. 

Cone, 284. 

Consequent, 219. 

Contact, external and internal, 129. 

Continued proportion, 2109. 

Converse of a theorem, 26. 

— — axiom XII. 40. 

Convex arc, 130. 

— solid angle, 283. 

Corner, 283. 

Corollaries to propositlons on pages 24, 26, 
38, 59, 75, 82, 102, 103, 132, 153, 167, 174, 
200, 212, 236, 248, 251, 270, 271, 322. 

Corollary, definition of, 25. 

Si a polnts, 270. 

Cube, 285. 

Cylinder, 285. 


Decagon, 15. 

Degree, 7. 

Described figure, 13t. 

Diagonal of parallelepiped, 286. 
— — quadrilateral, 12. 

— — — third, 276. 

Diameter of circle, 8. 

— — parallelogram, 14. 

— — sphere, 284. 

Dihedral angle, 282. 

Dimensions, three, 281. 

Direct common tangent, 181. . 
Distance of a point from a line, 42. 
Dividendo, 221. 


Dodecagon, 15. 
Dodecahedron, 285. 
Duplicate ratio, 218. 


— — equal to ratio of squares, 251. 


Edge of a solid, 283. 
Equal circles, 129. 
— in all respects, 22. 


Equality of triangles, absolute, 52. 


— — — in area, 64. 
Equiangular triangle, 24. 

— triangles to one another, 233. 
Equidistant, 52. 

— chords of a circle, 130. 
Equilateral triangle, ro. 
Equimultiples, 219. 

Euler's theorem, 277. 

Ex zquali, 221. 


Experimental proofs of I. 47, 77, 3. 


Exterior angle of a trlangle, ro. 
— — — parallels, 14. 

External contact of circles, 129. 
— division of a line, 98. 
Extreme and mean ratio, 222. 
Extremes, 210. 


Face of a solid, 283. 
Figure, 8. 


Figures, equal and similar solid, 283. 


ocus of pencil, 322. 


Foot of perpendicular to a plane, 282. 


Frustum of cone, 284. 


Gauche, 310. 

Generating line of cone, 284. 
— — — cylinder, 286. 
Gnomon, 97. 

Great circle of a sphere, 315. 


Harmonic conjugates, 322. 
— pencil, 322. 

— proportion, 222. 

— range, 322. 

Hexagon, 15. 
Hexahedron, 286, 
Homologou$, 218. 
Hypotenuse, 10. 
Hypothesis, ro. 


Icosahedron, 285. 

Inclination, planes of same, 282. 
— of plane to plane, 282. 

— — straight line to plane, 282. 
Incommenisurable, 97. 

Indirect proof, 27. 

Inscribe figure, 13. 

Internal division of a line, 98. 
Inverse of a point, 324. 
Invertendo, 220. 

Isosceles triangle, ro. 


Lemma, 327. 
Line, 5. 
— straight, 5. 


Loci found, 183, 229, 266, 270, 295, 299. 


Ocus, 9. 


Magnitudes, 17. 
Mean proportional, 218. 
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Means, 2109. 
Medial section, 113. 
Median, 87. 
Multiple, 217. 


Nine-points circle, 185. 
Normal to a plane, 282. 
— -— a tangent, 131. 


Oblique cone, cylinder, or prism, 284. 


blong, 12. 
Obtuse angle, 6. 
Obtuse-angled triangle, ro. 
Octagon, 15. 
Octahedron, 285. 
Opposite angles, 6. 
Oppositely situated, 271. 
Orthocentre, 88. 


Parallel straight lines, 14. 
— planes, 282. 
Parallelepiped, 286. 
Parallelogram, 14. 

Part, 217. 

Particular enunciation, 19.- 
Pencil, 322. 

Pentagon, 15. 

Perimeter, 8. 
Perpendicular, line to line, 6. 
— line to plane, 28r. 

— plane to plane, 28r. 
Plane angle, 6. 

— geometry, 281. 

— surface, 5. 

Point, 5. 

— projection of, 98. 

— of section, 98. : 
Polar, 324. 

Pole, 324. 

Polygon, ro. 
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ns, regular, not inscribable in a circle 


Polygo 

by Eucla methods, 194. 
— — inscribable, 213. 
Polyhedral angle, 283. 
Polyhedron, 286. 
Postulate, definition of, 17. 
Prism, 283. 
Problem, definition of, 19. 
Projection of point on line, 98. 
— — line on line, 98. 
— — point on plane, 282. 
— — line on plane, 282. 
Proportion, 218. 
— continued, 2109. 
s oe 222. 
— Narmonic, 222. 
— reciprocal, 222. 
Proportional, mean, 218. 
Ptolemy’s theorem, 265. 
Pyramid, 283. , 
Pythagoras, theorem of, 77. 


Q.E.D., Q.E.F., meaning of, 18. 


Quadrant, 131. 
Quadrilateral, ro. 
— complete, 276. 
Quantity, 217. 
Quantuplicity, 217. 
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Radical axis, 183. 

— plane, 315. 

Radius of a circle, 8. 

— — sphere, 284. 

Range, harmonic, 322. 
Ratio, 217. 

— compound, 218. 

—- duplicate, 218. 

— extreme and mean, 222. 
— of greater inequality, 219. 
— of less inequality, 219. 

— reciprocal of a, 219. 

— triplicate, 218. 

Ratios, equal, 278. 

Ray, 322. 

Rectangle, 14. 

— contained by two lines, 97. 
— under two lines, 97. 
Rectangular parallelepiped, 286. 
Rectilineal figures, similar, 222. 
Reductio ad absurdum, 27. 
Re-entrant, 60. 

Regular figure, 14. 

— solids, five only, 316. 
Revolution, solids of, 287. 
Rhomboid, 12. 

Rhombus, 12. 

Right angle, 5. 

— cone, cylinder, or prism, 284. 
— line, 6. 

Right-angled cone, 284. 

— — triangle, ro. 


Scalene triangle, ro. 

Secant, 129. 

Section, common, 282. 

— medial, 113. 

—ofa line, points of, 98. 

Sections of Book I., 52, 62, 79. 

Sector, 131. 

Segment of a circle, 8. 

Segments of a line, 98. 

— similar, 131. 

Self-conjugate triangle, 324. 

Semicircle, 8. 

Similar cones and cylinders, 285. 

— figures, 222. 

— segments, 131. 

Similarity, centre of, 271. 

Similarly situated, 222. 

Similitude, centre ‘of, 270. 

Simson, propositions inserted by, 221, 228, 
262, 3006. 


Simson’s corollary to I. 11, 288. 
— line, 179. 

— theorem, 179. 

Small circle of a sphere, 315. 
Solid, 281. 

— angle, 283. 

Space, 281. 

Species, triangle of given, 324. 
Sphere, 284. 

Square, 12. 

— definition faulty, 75. 
Straight line, 5 

— — parallel a plane, 286. 
Sub-multiple, 217. 

Subtend, ro. 

Superficies, 5. 

Superposition, 23. 
Supplementary, 7 


Surface, 5. 

Symbols, x. 

— + and -, use of, 117, 219. 

— — — — geometrical meaning of, 114. 


Tangencies, the, 275. 
Tangent, 129. 

— as limit of secant, 143. 
Term, 6. 

Terms of a ratio, 218. 
Tetrahedron, 283. 

— regular, 28s. 

Theorem, definition of, 19 
Third diagonal, 276. 
Three dimensions, 281. 
Transversal, 320. 
Transverse common tangents, 181. 
Trapezium, 12. 
Trapezoid, 14. 

Triangle, ro. 

— of given species, 324. 
— self-conjugate, 324. 
Trihedral angle, 283. 
Triplicate ratio, 218. 
Trisect, 12. 

Trisection of angles, 61. 
— — a straight line, 80, 81, 229, 237. 


Vertex of angle, 6. 

— — cone, 284. 

— — pencil, 322. 

— — pyramid, 283. 

— — triangle, 11. 
Volume of a solid, 286. 
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4 BLACKIE’S EDUCATIONAL WORKS. 


History. 


THE OXFORD MANUALS OF ENG- 
LISH HISTORY. Edited by C. W. C. 
Oman, M.A. In fcap 8vo volumes, with 
maps, &c.; cloth, 1s. 

[. The Making of the English 
Nation, B.c. 55—A.p. 1135. By C. G. 
Robertson, B 
oe gn ne and Baronage, A.D. 1135- 

28. By W. H. Hutton, B.D. 
V. King and Parliament, A.D. 
1603-1714. By G. H. Wakeling, M.A. 


A SUMMARY OF BRITISH HIS- 
TORY. With Appendices. By the Rev. 
Edgar Sanderson, M.A. Cloth, 1s. 


A HISTORY OF THE BRITISH 
EMPIRE. By the Rev. Edgar San- 
derson, M.A. 476 pp., cloth, 2s. 6d. 


THE WARWICK ENGLISH HIS- 
TORY. A Sketch of the Development of 
England and the Empire. From B.O. 55 
to the present time. Cloth, 3s. 6d. 


THE WARWICK HISTORY READ- 
ERS: Illustrated Reading Books in 
English History. Crown 8vo, cloth. 


I. Simple Stories from English History. 


POAR Simple Stories from English History. 


No. III. Stories from English History, B.C. 
55—A.D. 1485. 1s. 


No. IV. Stories from English History, 
1485—1688. ls. 4d. 


No. V. Stories from English History, 1688 
to Present Time. By J. H. Rose, M.A 


18. 6d. 
No. VI. History of England to 1603. By the 


Rev. Edgar Sanderson, M.A. Ils. 6d. 
No. VII. History of England from 1603 to 
Present Time. ByG. H. Ely, B.A. 18. 9d. 


OUTLINES OF THE WORLD'S HIS- 
TORY, Ancient, Mediæval, and Modern. 
By Edgar Sanderson, M.A. Cloth, 6s: 6d. 


Also:—Part I., ANCIENT ORIENTAL 
MONARCHIES, 18.; Part II., GREECE AND 
ROME, 2s.; Part IIL, MEDIZVAL HISTORY, 
ls.; Part IV., MODERN HISTORY, 28. 6d. 


AN EPITOME OF HISTORY, Ancient, 
Mediæval, and Modern. By Carl Ploetz. 
Translated by W. H. Tillinghast. Crown 
8vo, cloth, 78. 6d. 


ASYNOPSIS OF ENGLISH HISTORY. 
By Herbert Wills. Crown 8vo, cloth, 2s. 


ASYNOPSIS OFSCOTTISH HISTORY. 
By Herbert Wills. Crown &vo, cloth, 2s 


OUR COUNTRY: a History for Lower 
Forms. By the Rev. Edgar Sanderson, 
M.A. Illustrated. Cloth, 1s. 4d. 


THE STORY OF ENGLAND: a His- 
tory for Lower Forms. By the Rev. 
Edgar Sanderson, M.A. Illustrated. 
Crown 8vo, cloth, 1s. 6d. 


The two volumes “Our Country” and 
“The Story of England” are complemen- 
tary of each other. Each traverses the 


field of English History, but the first 


deals at greater length with the earty 
history, and touches more fully upon 
the romantic episodes than the other. 


THE SCOTS READER: a History of 
Scotland for Junior Pupils. By David 
Campbell. F’cap 8vo, cloth, 18. 


Geography. 


MAN ON THE EARTH: 2 Course in 
Geography. By Lionel W. Lyde, M.A. 
Fully illustrated. Crown 8vo, cloth, 2s. 


BLACKIE’S DESCRIPTIVE GEO- 
GRAPHICAL MANUALS. By W. G. 
Baker, M.A. 


No. 1. Realistic Elementary Geography. 
Taught by Picture and Plan. Is. od 


No. 2. The’British Isles. 2s. 
No. 8. The British Colonies and India 22. 


No. 4. Europe (except the British Isles). 
Crown 8vo, cloth, 2s. 


No. 5. The World (except sae British Posses- 
sions). Crown 8vo, cloth, 


The Geography of the British Empire. Com- 
plete. The above Nos. 2 and 3 in one vol- 
ume. Crown 8voọ, cloth, 38. 6d. 


ZEHDEN’S COMMERCIAL GEO- 
GRAPHY OF THE WORLD. Trans- 
lated from the German of Professor 
Zehden, Handelsakademie, Leipzig. 
Second Edition, corrected to date, 592 
pages, crown 8vo, cloth, 5s. 


AUSTRALASIA: a Descriptive Ac- 
count of the Australian and New Zealand 
Colonies. By W. Wilkins. Illustrated. 
Crown 8vo, cloth, 2s. 6d. 


A PRONOUNCING VOCABULARY 
OF MODERN GEOGRAPHICAL NAMES. 
By George G. Chisholm, M.A., B.Sc. 
F’cap 8vo, cloth, 1s. 6d. 


A SYNOPTICAL GEOGRAPHY OF 
THE WORLD: a Concise Hand-book for 
Examinations, and for general reference, 
With a complete series of Maps. Crown 
8vo, cloth, 18. 


THE GEOGRAPHY OF NORTH 
AMERICA: a Synopsis with Sketch 
Maps. Cloth, 6d. 


THE GEOGRAPHY OF ASIA: a 
Synopsis with Sketch Maps. Cloth, 6d. 
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THE CENTURY GEOGRAPHICAL 
HANDBOOKS: with Maps. 


No. III. England. 16 pp., 2d. 

No. LV. British Isles. 32 pp , 2d. 

No. IV. a-s. Scotland, Ireland, Canada, 
United States, &c. 3d. 

No. IV.c. Europe, British North America, 
Australasia. 48 pp., 3d. 

No. V. Europe. 48 pp., 3d. 

No. VI. British Colonies and Dependencies. 
Olimate, Interchange of Productions. 3d. 

No. VII. United States. Ocean Currents. 3d. 


No. VII. B. The World, with exception of 
Europe. 


Arithmetic. 


LAYNG’S ARITHMETIC. By A. E. 
Layng, M.A. Part I. To Decimals and 
the Unitary Method. Crown 8vo, cloth, 
25. 6d., with or without Answers. 


LAYNG'’S ARITHMETICAL EXER- 
CISES, for Junior and Middle Forms 
{5000 Exercises). Crown &vo, 18.3; with 
Answers, ls. 6d.; Answers alone, 6d. 


PICKERING’S MERCANTILE AR- 
ITHM ETIC, for Commercial Classes. By 
E. T. Pickering. Cloth, 1s. 6d. 


A COMPLETE ARITHMETIC. Cloth. 
With Answers, ls. 6d. Exercises only, 192 
pages, ls. Answers alone, 6d. 


EXAMINATION ARITHMETIC. Pro- 
blems and Exercises (with Answers) from 
University Local Exam. Papers. By T.S. 
Harvey. Cloth, 2s. KEY, 4s. 6d. 


Mathematics. 


EUCLID’S ELEMENTS OF GEOME- 
TRY. With Notes, Examples, and Ex- 
ercises. Arranged by A. E. Layng, M.A. 
Books I. to VI., with XI., and Appendix. 
Crown 8vo, 38. 6d. 


Books I. to IV. in one vol., 2s. 6d. 
BooK I., 1s.; II., 6d.; III., 1s.; IV., 6d.; 
V. and VI. together, 1s.; XI., 1s. 6d. 


KEY to BooK I., 2s. 6d.; to Complete 
Euclid, 5s. 


PRELIMINARY ALGEBRA. By R. 
Wyke Bayliss, B.A. 138. 


ALGEBRA. To Progressions and Scales 
of Notation. By J. G. Kerr, M.A. With 
or — Answers. F’cap 8vo, cloth, 
28. 


ALGEBRAIC FACTORS. By Dr. W.T. 
Knight. F’cap 8vo, cloth, 2s. KEY, 3s. 6d. 


ELEMENTARY TEXT-BOOK OF 
TRIGONOMETRY. By R. H. Pinker- 
ton, B.A. F’cap 8vo, cloth, 2s. 


qr 


MATHEMATICAL WRINKLES for 
Matriculation and other Exams. By Dr. 
W. T. Knight. F’cap 8vo, cloth, 2s. 6d. 


AN INTRODUCTION TO THE DIF- 
FERENTIAL AND INTEGRAL CALCU- 
LUS. With examples of applications to 
Mechanical Problems. By W. J. Millar, 
C.E. F'cap 8vo, cloth, 1s. 6d. 


Science. 


DESCHANEL’S NATURAL PHILO- 
SOPHY. An Elementary Treatise. By 
Professor A. Privat Deschanel, of Paris. 
Translated and edited by Professor J. D. 
Everett, D.C.L., F.R.S. Medium 8vo, 
cloth, 18s.; also in Parts, limp cloth, 4s. 
6d. each. 


PART I.—Mechanics, Hydrostatics, 
&c. PART II.—Heat. PART III.—Elec- 
tricity and Magnetism. PART IV.—Sound 
and Light. 


A TEXT-BOOK OF ORGANIC CHEM- 
ISTRY. By A. Bernthsen, Ph.D., for- 
merly Professor of Chemistry in the 
University of Heidelberg. Translated by 
George M‘Gowan, Ph.D. Crown 8vo, 
cloth, 7s. 6d. 


A TEXT-BOOK OF SOLID OR DE- 
SCRIPTIVE GEOMETRY. By Alex. B. 
Dobbie, B.Sc. Crown 8vo, cloth, 2s. 


HEAT, AND THE PRINCIPLES OF 
THERMODYNAMICS, By C. H. Draper, 
D.Sc., B.A. Cloth, 4s. 6d. 


HYDROSTATICS AND PNEUMA- 
a By R. H. Pinkerton, B.A. Cloth, 
4s. 6d. 


AN ELEMENTARY TEXT-BOOK 
OF ANATOMY. By Henry E. Clark, 
M.B.C.M., Professor of Surgery in St. 
Mungo’s College, Glasgow, d&c., &c. 
Crown &8vo, cloth, 5s. 


ELEMENTARY PHYSIOLOGY. By 
Professor J. R. Ainsworth Davis, B.A., 
Professor of Biology in University College, 
Aberystwyth. IF'cap 8vo, 2s. 


THE STUDENT'S INTRODUCTORY 
HANDBOOK OF SYSTEMATIC BO- 
TANY. By Joseph W. Oliver. Illus- 
trated. Cloth, 4s. 6d. 


ELEMENTARY TEXT-BOOK OF 
PHYSICS. By Professor Everett. F’cap 
8vo, cloth, 3s, 6d. 


OUTLINES OF NATURAL PHILO- 
SOPHY. By Professor J. D. Everett. 
Fcap 8vo, cloth, 4s. 


THEORETICAL MECHANICS, By 
R. H. Pinkerton, B.A. F'cap 8vo, cloth 
28. 


6 BLACKIE’S EDUCATIONAL WORKS. 


ELEMENTARY TEXT-BOOK OF 
DYNAMICS AND HYDROSTATICS. By 
= oe Pinkerton, B.A. F'’cap 8vo, cloth, 


The ARITHMETIC OF MAGNETISM 
AND ELECTRICITY. By Robert Gunn. 
F’cap 8vo, cloth, 2s. 6d. 


MAGNETISM AND ELECTRICITY. 
By W. Jerome Harrison and Charles A. 
White. F’cap 8vo, cloth, 2s. 


LIGHT, HEAT, AND SOUND. By 
Charles H. Draper, D.Sc. (Lond.). F'cap 
Svo, cloth, 2s. 


ELEMENTARY INORGANIC CHEM- 
ISTRY: Theoretical and Practical. By 
Professor A. Humboldt Sexton. F’cap 
8vo, cloth, 2s. 6d. 


CHEMISTRY FOR ALL, or Elemen- 
tary Alternative Chemistry in accordance 
with the Science and Art Syllabus. By 
w. Jerome Harrison, F.G.8., and R. J. 
Bailey. F’cap 8vo, 1s. 6d. 


QUALITATIVE CHEMICAL ANA- 
LYSIS, Inorganic and Organic, By Edgar 
E. Horwill, F.C.S. F’cap 8vo, cloth, 28. 


AN ELEMENTARY TEXT-BOOK OF 
PHYSIOLOGY. By J. M‘Grecor-Robert- 
gon, M.A., M.B. F cap 8vo, cloth, 4s. 


ELEMENTARY PHYSIOLOGY. By 
Vincent T. Murché. F’cap 8vo, cloth, 2s. 


ELEMENTARY BOTANY. By Joseph 
W. Oliver. F'cap 8vo, cloth, 2s. 


AN ELEMENTARY TEXT-BOOK OF 
GEOLOGY. By W. Jerome Harrison, 
F.G.S. F cap 8vo, cloth, 2s. 


AN ELEMENTARY TEXT-BOOK OF 
APPLIED MECHANICS. By David Allan 
Low. F'cap 8vo, cloth, 2s. 


EARTH-KNOWLEDGE. PARTI. A 
Text-book of Elementary Physiography. 
By W. Jerome Harrison and H. Rowland 
Wakefield. F’cap 8vo, 2s. 


ELEMENTARY AGRICULTURE. 
Edited by Professor R. P. Wright. F’cap 
8vo, ls. 6d. 


ELEMENTARY HYGIENE. By H. 
Rowland Wakefield. F’cap 8vo, 2s. 


FOOD AND ITS FUNCTIONS: A 
Text-book for students of Cookery. By 
Jas. Knight, M.A., B.Sc. Crown 8vo, 
cloth, 2s. 6d. 


Science for Beginners. 


CHEMISTRY FOR BEGINNERS. By 
W. Jerome Harrison. Cloth, 1s. 


AGRICULTURE FOR BEGINNERS. 
Edited by Professor R. P. Wright. C1., la. 


BOTANY FOR BEGINNERS. By 
Vincent T. Murché. Cloth, 1s. 


MAGNETISM AND ELECTRICITY 
FOR BEGINNERS. By W. G. Baker, 
M.A. Cloth, 138. 


MECHANICS FOR LEGINNERS. By 
David Clark. Cloth, 1s. 6d. 


ANIMAL PHYSIOLOGY FOR BE- 
GINNERS. With Coloured Illustrations. 
By Vincent T. Murché. Cloth, 1s. 6d. 


SCIENCE READERS. Fully illus- 
trated. 
Country Stories; Infant Reader. 6d. 


oe I. Ts and Talks on Common Things. 
art 


Book II.—Tales and Talks on Common 
Things. Part II. 10d. 


Book [II.—Seaside and Wayside; or, The 
Young Scientists: BIMPLE PRINCIPLES OF 
CLASSIFICATION, &c. 18. 


Book IV.—Our Friends of the Farm. By the 
Rev. Theodore Wood, F.E.S. la. 4d. 


Book V.—Animal and Plant Life. Part I. By 
the Rev. Theodore Wood, F.E.S. la. 6d. 


Book VI.—Animal and Plant Life. Part II. 
By the Rey. Theodore Wood, F.E.S. 1s. 6d. 


Reading Books. 


READINGS FROM STANDARD AU- 
THORS, &c, Each foolscap 8vo, strongly 
bound in cloth. 


The Spectator Reader: Selections from Addi- 
son’s Spectator. 1s. 3d. 
Readings from Sir Walter Scott. Is. 8d. 


Mary Queen of Scots: being Readings from 
THE ABBOT. 1s. 3d. 


Tales from Henty: bein 
Historical and other 
Henty. Illustrated. 1s. 6d. 


The Charles Dickens Reader. 18. 4d. 


The ee Reader, r fully illustrated, form- 
ing n = t historical of the events 
n Victoria’ 8 Reign. By G. A. Henty. 


Selections a the 
a of 


H 
The — His Ricgets AND RESPONSIBILI- 
TIES. By Oscar Browning, M.A. 18. 6d. 


The Newspaper Reader: Selections from the 
: r iiti of the Nineteenth Century. la. 


The British Biographical Reader. Sketches 
of Great Men selected from the Writings of 
Standard Authors. 18. 6d. 


Readings from Robinson Crusoe. Illustrated 
by Gorden Browne. 13. 8d. 


Blackie’s Shakespeare Reader. le. 
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STORIES FOR THE SCHOOLROOM. 
Edited by J. H. Yoxall. Selections from 
the works of favourite modern authors, 
illustrated by leading artists. Five books, 
prices 8d. to ls, 6d. Primers, 3d. to 6d. 


THE CENTURY READERS. Six 
books, prices 8d. to Is. 6d. Primers, 
24d. to 6d. 


Drawing, Painting, Writing, 
Åc. 


VERE FOSTER’S DRAWING COPY- 
BOOKS, 72 Numbers at 2d. Complete 
Edition, in Eighteen Parts at 9d. (Each 
part complete in itself.) 


VERE FOSTERS MODEL DRAWING. 
Cloth, 1s. 6d. 


VERE FOSTERS RUDIMENTARY 
PERSPECTIVE. Cloth, ls. 6d. 


VERE FOSTER’S WATER-COLOUR 
DRAWING-BOOKS. With coloured fac- 
similes of original water-colour drawings, 
and hints and directions. Complete List 
on Application, | 


POYNTER'S SOUTH KENSINGTON 
DRAWING-BOOKS. Issued under the 
direct superintendence of E. J. Poynter, 
R.A. Complete List on Application. 


A SELECTION FROM THE LIBER 
STUDIORUM OF J. M. W. TURNER, 
R.A. In Four Parts, square folio, 12s. 
6d. Don: or complete in Portfolio, £2, 
12s. 6d. 
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VERE FOSTERS WRITING COPY. 
OKS. 

Original Series, in Twenty-two Numbers, 
price 2d. each. 

Palmerston Series, in Eleven Numbers, on 
fine paper ruled in blue and red, 3d. each. 

Bold Writing, or Civil Service Series, in 
Twenty-seven Numbers, price 2d. each. 

Upright Series, in Twelve Numbers, 2d. each. 


Dictionaries, &c. 


The STUDENT'S ENGLISH DIC- 
TIONARY. By John Ogilvie, LL.D. 
New Edition, revised and enlarged by 
Charles Annandale, M.A., LL.D. Illus- 
trated by 800 Engravings. Large fcap 
4to, cloth, 7s. 6d.; half-persian, 108. 6d.; 
half-morocco, flexible, 12s. 6d. 


ANNANDALE'S CONCISE ENGLISH 
DICTIONARY. By Charles Annandale, 
M.A., LL.D. New Edition, revised and 
extended : 864 pp., fcap Ato, cloth, 6s.; 
Roxburgh, 6s. 6d.; half-morocco, 98. 


A SMALLER ENGLISH DICTION- 
ARY. Etymological, Pronouncing, and 
Explanatory. For the use of Schools. 
By John Ogilvie, LL.D. Cloth, 2s. 6d.; 
Roxburgh, 3s. 6d. 


COMMON WORDS COMMONLY MIS- 
PRONOUNCED. With Hints on Correct 
Articulation. By W. Ramsay-Crawford. 
Cloth, 2s. 


A PRONOUNCING VOCABULARY 
OFMODERN GEOGRAPHICALNAMES, 
nearly ten thousand in number. By 
George G. Chisholm, M.A., B.Sc. E’cap 
8vo, cloth, ls. 6d. 


New Series of Books for School Libraries and Prizes. 


BLACKIE’S 
SCHOOL AND HOME LIBRARY. 


Carefully edited—clearly printed—strongly bound. 


Under the above title the publishers have arranged to issue, for School 
Libraries and the Home Circle, a selection of the best and most interesting 
books in the English language. 

In making a choice from the vast treasure-house of English literature the 
aim has been to select books that will appeal to young minds; books that are 
good as literature, stimulating, varied and attractive in subject-matter, and 
of perennial interest; books, indeed, which every boy and girl ought to know, 
and which, if once read, are sure to be read again and again. 

The Library includes lives of heroes ancient and modern, records of travel 
and adventure by sea and land, fiction of the highest class, historical romances, 
books of natural history, and tales of domestic life. 


NOW READY: 


Strongly bound in cloth. Price 1s. 4d. each. 
By Sir Scotts Ivanhoe. 2 vols. 


In crown Svo volumes. 


The Downfall of Napoleon. 


Walter Scott. 
What Katy Did at School. 
The Log-Book of a Midshipman. 
Autobiographies of Boyhood. 
Holiday House. By Catherine Sinclair. 
Wreck of the “Wager” and Subsequent 
Adventures of her Crew. 
What Katy Did. By Miss Coolidge. 
Miss Austen’s Northanger Abbey. 
Miss Edgeworth’s The Good Governess. 
Martineau’s Feats on the Fiord. 
Marryat’s Poor Jack. 
Passages in the Life of a Galley-Slave. 
The Snowstorm. By Mrs. Gore. 
Life of Dampier. 
The Cruise of the Midge. M. Scott. 
Lives and Voyages of Drake and 
Cavendish. 
Edgeworth’s Moral Tales. 
Irving’s Conquest of Granada. 2 vaa 
Marryat’s The Settlers in Canada. 


Michael Scott’s Tom Cringle’s Log. 
Goldsmith’s Vicar of Wakefield. 
White’s Natural History of Selborne. 
Cooper’s The Pathfinder. 

The Lamplighter. By Miss Cummins. 
Old Curiosity Shop. 2 vols. 
Plutarch’s Lives of Greek Heroes. 
Parry’s Third Voyage. 

Cooper’s Deerslayer. 

Miss Alcott’s Little Women. 
Marryat’s Masterman Ready. 

Scotts The Talisman. 

The Basket of Flowers. 


‘Miss Mitford’s Our Village. 


Marryat’s Children of the New Forest. 
Autobiography of Benjamin Franklin. 
Lamb’s Tales from Shakspeare. 
Dana's Two Years Before the Mast. 
Southey’s Life of Nelson. 

Waterton’s Wanderings. 

Anson’s Voyage Round the World. 


A new volume is published each month. 


“The Library is one of the most intelligent 
enterprises in connection with juvenile litera- 
glance at the 


ture of recent years. 


list proves that the editing is in the hands 
of some one who understands the likings of 
healthy boys and girls.”—-Bookman. 


Detailed Prospectus and Press Opinions will be sent post free on Application. 


LONDON: BLACKIE & SON, 


_ 


LIMITED; GLASGOW AND DUBLIN. 


